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Abstract. In this paper, we give a class of new endomorphisms with some properties based on the
concept of morphic endomorphisms, called generalized morphic. We discuss the connection
between the generalized morphic and the structure of groups. It is proved that the quasi-cyclic group
is a generalized morphic group, rather than a morphic group. At the same time, we give out some
applications of generalized morphic.

1. Introduction

G. Ehrlich investigated unit regular endomorphisms, and revealed the closely connection between
the morphic endomorphisms and unit regular endomorphisms in [1]. He showed that an
endomorphism o of a module ;M is unit regular if and only if it is regular and M /M*
~ Ker(a). W. K. Nicholson and M. F. Yousif proposed the concept of morphic and it has been

extensively studied in module and ring theory respectively in [2] and [3]. They also obtained many
famous results. Y. Li, W. K. Nicholson and L. Zan, investigated the concept of morphic in the
category of groups, and gave an important connection between morphic endomorphisms and the
structure of groups in [4].

In this paper, on the basis of the concept of morphic, we give a new observation of morphic
endomorphism, called generalized morphic. Note that a morphic endomorphism is a generalized
morphic endomorphism. Conversely, we can prove the following main results:

Theorem A Let G be a quasi-cyclic group. Then G is a generalized morphic group, rather
than a morphic group.

As an application of generalized morphic groups, we have:

Theorem B Let G bea generalized morphic group. If K<G and K=zG,then K=G.

If G is a group, we write End(G) for the monoid of endomorphisms «:G —>G, and we

write Aut(G) for the group of automorphisms of G. Let « be a endomorphism of G, denote

by G” the image of «, and denote by Ker(«) the kernel of o . As usual we write N* for the
set of positive integers. And the other symbols are standard that can refer to [5].

2. Generalized morphic

Definition 2.1. Let G be a group, a€End(G). If G* <G, then « is said to be a normal

endomorphismof G.
Definition 2.2. Let G be a group, a € End(G). Then « is called morphic if G* <G and

G/G” zKer(a); Agroup G is called morphic if every endomorphism « of G for which G“
isnormal in G satisfies G/G” = Ker(«).

Proposition 2.3. Let G be a group, the following are equivalent for « € End(G).

(1) G*<G and G/G“” can be embedded in Ker(«).

(2) Thereexists SeEnd(G) with G” <Ker(a) and G“=Ker(p).

(3) Thereexists £ <End(G)with G” can be embedded in Ker(a)and G*=Ker(5).

Proof. (1)= (2) By (1), then let o:G/G” — Ker(a) is an injective homomorphism, define
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B:G—>G byg”=(gG“). It is clear that (gG*)” €G. For arbitrary g,,0,€G, if g,=0,,
0,0," =1 G . Therefore g,G* = g,G”. Since & is an injective homomorphism, (9,G*)” = (g,G*)° .
Hence S is well defined. Moreover, since (,9,)” =(9,9,G%)° =g9{9’, B eEnd(G). Hence
G’ =(G/G*)’ <Ker(a) and Ker(B)={geG|(9G*)" =1}={gG|gG* =G*}=G".

(2)= (3) This is obvious.

(3)= (1) Given B asin(3),then G* =Ker(f)<G and G/G“=G/Ker(8)=G”.By (3),
G /G“can be embedded in Ker(e).

Definition 2.4. Let G be a group, a€End(G). Then « is called generalized morphic if
G” <G and G/G"can be embedded in Ker(«); Agroup G is called generalized morphic if

every endomorphism « of G for which G* isnormalin G satisfies G/G“can be embedded
in Ker(a).
Note that morphic is generalized morphic. Conversely, we can prove the following result.
Definition 2.5. Let C be the field of complex numbers and p be an arbitrary prime where

C* is the group of units of C. Write C,. ={zeCx|there is a positive integer n such that
rAd =1}. Then the group C,. is called quasi-cyclic groups.

Theorem 2.6. Let G =C,. be a quasi-cyclic group. Then

(1) Every proper subgroup of G is a cyclic group of order p™ . Write
Cpr ={zeC*|z” =1}, where m isa non-negative integer.

2 G/Cpn=G, m=2.

(3) There exists some « € End(G) such that G“ <G is generalized morphic, but it is not

morphic.
Proof. Suppose that J is a proper subgroup of G, by the well ordering principle for the

positive integers, we can let m=min{neN*|z” =1 , for arbitrary zeJ} . Write
Cor ={z€Cx|z"" =1}. It is clear that J =C,., i.e., every proper subgroup of G is a cyclic

group of order p™.Write Cypn ={z €C*|zP" =1}, where m isa non-negative integer.

Next, we shows that G/C,. =G . Let ¢:G/Cpw -G by (zCpm)? =2zP" , m>2. Let
2Cyn €G/Cpn,zeG. Since G is a group, z” €G. For every z",2" G, if 7" =",
which implies that 7'z, €C,.. Therefore (z;'z,)”" =1, it follows that z,"" =z,”", hence ¢ is
well defined. Since (,C»z,C )" =(z,2,)" =(2C»)"(2.C )", @is a homomorphism. Suppose
that z"=z," , then (z”")'z,"" =1. It obvious that z'z,€C, , which implies that
2C,n =2,C,n, thus ¢ is injective. For an arbitrary ze G, there exists positive integer i, such
that z” =1. There also exists xeC* such that X" =z, which implies that(xpm)pi =1. Hence
xeG, it follows that X* =x" =z, thus ¢ is surjective. Moreover, ¢ is isomorphic, that is,
G/C,, =G

Let »:G—>G/C,, be the natural homomorphism. Write & =y, given gas in (2). Then

a:G — G is an surjective homomorphism and G* =G <G, thus « isa normal endomorphism
and satisfies Ker(a) ={zeG|zr" =5}=C,, #1 and G/G*=G/G=1. Hence G/G” can be

embedded in Ker(«), it follows that « is generalized morphic; Since G/G“ is not isomorphic
to Ker(e), «a isnotgeneralized morphic.
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Theorem 2.7. Let G=C,. be a quasi-cyclic group. Then G is a generalized morphic group,
but it is not a morphic group.

Proof. For any « € End(G), it is obvious that G* <G . Suppose that G* is proper normal in
G, then there exists non-negative integer msuch that G“:Cpm . It follows from the fundamental
theorem on homomorphisms that Ker(a)=G. Hence « is the trivial endomorphism. It is clear
that G/G“” = Ker(«), which implies that « is morphic and is also generalized morphic. Assume
that G”=1, it follows from the fundamental theorem on homomorphisms that Ker(«) =G . Hence
a is the trivial endomorphism which implies that « is morphic and is also generalized morphic.
Suppose that G* =G, by the fundamental theorem on homomorphisms and theorem 1.6 (2),
Ker(a) =C,. #lor Ker(a)=1.If Ker(a)=1, then G/G* =Ker(a), hence « is morphic and

is also generalized morphic. If Ker(a)=C,, #1, then G/G” can be embedded in Ker(c).

Therefore « is generalized morphic. However G/G“ is not isomorphic to Ker(«), hence o

is not generalized morphic. Therefore we conclude that G is a generalized morphic group, rather
than a morphic group.
Normal endomorphisms is not necessarily generalized morphic.

Example 2.8. Let G denote the group C,xC,. Then there exists « < End(G) such that
G“ <G, but «a isnotgeneralized morphic.

Proof. Write C,=<a> and C,=<b>. Define «:C, »C, by (a“)*=b*, where ke N".
Itis clear that « is a homomorphism. Define 7:G —Gby (X,Y)"=(x%), then 7 e End(G)and
G"=1xC, <G , it follows that 7 is a normal endomorphism. By[5], we have
G/G"=(C,xC,)/(1xC,)=C,xC,, Ker(n)={(x,y) G| (X, )" =1}={(X,y) e G| x* =}=1xC, .
Therefore G/G” cannot be embedded in Ker(r), which implies that « is not generalized
morphic.

3. The application of generalized morphic

Proposition 3.1. Let « € End(G) be generalized morphic. If « is one-to-one, then it is onto.

Proof. Suppose that « e End(G) is generalized morphic, then G/G”can be embedded in
Ker(a). Since «a is one-to-one, G/G“ can be embedded in Ker(a)=1, it follows that
G/G“=1.Thus G=G*, which implies that « isonto. In particular, « < Aut(G).

Proposition 3.2.0 If o eEnd(G) is generalized morphic, so are ap and pa for every
automorphism p of G.

Corollary 3.3. Let «,f are generalized morphic. If « is one-to-one, £ is onto, then af,

Pa are generalized morphic.

Example 3.4. Let G be a finite group, K<G. If K=G, then K=G. Note that the result
would fail if G be an infinite group.

Proof. Write G=Z"and K=2Z",then 22" <Z". Let ¢:2Z" —>Z" by (2n)” =n. It clear
that ¢ isisomorphic, which impliesthat 22" =Z" but 22" #Z".

Theorem 3.5. Let G be generalized morphic, If K<G and K=G,then K=G.

Proof. Since K=G, let p:G—> K be an isomorphism, define «:G—>G by g«=g~.

Certainly « e End(G). We have Ker(a)={geG|gr=1}=1 and G*“=G” =K <G. Since G
is generalized morphic, G/G*=G/K can be embedded in Ker(«), it follows that G/K =1,
thatis, G=K.
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Theorem 3.6. Let G;,G, be two isomorphic groups. If G, is generalized morphic, then G, is
also generalized morphic.
Proof. Let ¢:G, —G, be an isomorphism and let BeEnd(G) such that G <G, . It

obvious that @Bp™ € End(G,). Since G, is a generalized morphic group, G =(G,”)” <G,
and G,/G” can be embedded in Ker(pfp'). Let w:G,—G,/G,/ by x’=x’G,”. For all
X, % €Gp, (%X,)" =(X%)’G,” =x”X,7G,” =(x)"(X,)"”, hence y is a homomorphism. For any
xG,” €G,/G), xeG,, because ¢ be an isomorphism, there exists y G, such that y’ =x.
Hence y” =xG/, which implies that y is a surjective homomorphism. Now

Ker(y) ={xeG, | x" =1} ={x G, | x’Gf =G/}={x G, |x e (GF)” }=G"*" 1)
then G /Ker(y)=G,/G”" =G,/G’.

Define 6: Ker(pBp ™) —> Ker(B) by Yy’ =y? . For all yeKer(pBp), y” =1. Hence
y” eKer(p™) =1, which implies that y* € Ker(5), that is, @ is well defined. For arbitrary
v Y, € Ker(pBe™), (V.Y,)" =(%Y,)? =Y.7Y,” =V,"y,” . Hence @ is a homomorphism. Because
Ker(0) =1, sothat & is injective. Forany ye Ker(f)<G,, there exists xeGsuchthat x*=y.
Since X" = ((x*)’)?" =(y”)? =1,xeKer(pBp™). It follows that € is surjective, therefore &
is isomorphic, that is, Ker(pBp ') = Ker(f). Hence G,/G/ can be embedded in Ker(pBp ™), so
that G, is generalized morphic.
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