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Abstract. In this paper, we make mathematical modeling and analysis on the sustainable 

development. In order to assess countries with different degree of sustainable development, we adapt 

the Principal Component Analysis (PCA) to collect a dozen factors which may affect the sustainable 

development for data analysis. For example, we filter 11 sets of data from 1990 to 2014 in the United 

States. Then we use the factor of principal component analysis to decide the solution layer of Analytic 

Hierarchy Process (AHP) and the rule layer. Our purpose is to use the specific value and weight of 

United States (11 factors* 25 years) dates to get calculation formula of level indicators of sustainable 

development. Then we calculate level indicators of 14 countries with different degree of the 

sustainable development, and use these data for clustering analysis. At last, we get five clustering 

center, we divide the sustainable development indicators into five kinds of indicators: unsustainable, 

low level middle level, good level and very good level of sustainability. Therefore, according to the 

levels of these indicators and classification, we have distinguished more sustainable countries from 

less sustainable ones. 

Introduction 

Since the 1960s, the idea of sustainable development is deeply rooted in our hearts and accepted by 

more and more human beings and countries. It is not only the important way to reduce the financial 

burden of the earth, but also a pillar of national stability. Monetary international conglomerate (ICM) 

requires us to create a more sustainable development for a country’s future [1-5]. 

Currently influential representative index system is the United Nations commission on sustainable 

development (LTNCSD) 1996 a state response (PSR) help to pressure as the basic framework of 

indicator system, environment Canada-economic roundtable (NRTEE) 1995 index system based on 

response action one cycle , the 1996 sustainable development index system is put forward, the United 

States in 1996, put forward the index system of sustainable development, and based on the complex 

ecosystem theory, system dynamics theory and multi-objective decision technology and 

environmental economic system coordination degree model theory to construct the evaluation index 

system of sustainable development, etc [6-10].  

In this paper, the main task of our paper is to establish an evaluation model on whether the country 

is sustainable or not, and put forward the reasonable measures of the sustainable development for the 

LDC countries. In the second section, we establish the assumptions that will be used in the rest of this 

article. The weights of criteria level factor can be obtain by Principal component analysis. In the third 

section, we set up the sustainable development model using the Analytic Hierarchy Process to assess 

whether a country is sustainable or not. In the fourth quarter, based on the two models at the front, we 

introduce the method of cluster analysis. According to cluster analysis, we analyze the sustainable 

level of the 14 countries. In the fifth section, we make the rationality analysis on our model and the 

promotion of the model. 
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The Analysis of Criteria Level Factor Weights 

Assumption 

• The elements that we already have taken into consideration play a vital role in the evaluation. 

• These factors that we ignored have little influence on the level of the sustainable development. 

• The data that we have collected is enough and accurate for determining the sustainable level and 

the quantification are correct. 

• The advice we put forward will has great influence on improving the level of the sustainable 

development. 

The Obtainment of the Criteria Level Factor Weights. The weights of criteria level factor can 

be easily found on the Internet. Where in consideration of the weights of secondary critical level factor 

are too complex and unsure to observe visually, the Principal Component Analysis is established to 

determine that. 

We give the Environment subsystem firstly. We find that there are several factors by looking for 

information and caring on the data collection. And these factors have an influence on the environment 

subsystem. Based on the principal component analysis, we analyze the data and all factors. The 

answer we gain is the Fig. 1. 

The above results show that carbon dioxide emissions is exponentially smaller than the component 

matrix of marine protected area forestry area and the water resources of rural improvement which 

means it can be neglected in the following steps . 

Based on the principal component analysis, we analyze the data and all factors. The answer we gain 

is the Fig. 2. 

 

 

 
Figure 1.  Environment-The principal 

component factor 

Figure 2.  Economy-The principal component 

factor 

 

This verifies that GDP growth rate is highly insensitive to the sustainable development, which 

means it can be neglected in the following steps. 

Based on the principal component analysis, we analyze the data and all factors. The answer we gain 

is the following (i.e. Fig. 1.). 

The above results show that the component matrix of female population percentage and the 

amount of unemployed people are less important than other factors, which means we can ignore it as 

our research object in the following steps. 

In some situations, we must favor one over the other. According to the criterion of PCA, we ignore 

some little impact factors to simplified model. As a result, we have processed and simplified the data 

we collect. Our data will be used in the Fig. 3. 
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Establishment of the Evaluation System 

In this section, we set up the sustainable development model using the Analytic Hierarchy Process to 

assess whether a country is sustainable or not. 

As we known, sustainable development can be divided into many aspects. However, in order to 

evaluate the level of sustainable development, based on the date we collect, the sustainable 

development level can be divided into the three systems of the environment, economy and society. 

We further classify this subsystem into several components. The three hierarchy structure contains 

criteria level and the alternatives level is in Fig. 4. 

 

 

 

 

Figure 3.  Social-The principal 

component factor 

 

Figure 4.  The flow chat of Hierarchical analysis 

 

The Three-hierarchy Structure. We will decompose the decision problem into three levels, the 

top one is the goal layer, in this case, the sustainable development level. The bottom one is the 

Alternatives; there are a number of options. The middle layer is the criterion layer; we call it as 

environment, society and economy, respectively. The connection relationship between each layer is 

shown in the Fig. 4. 

Obtain the Index Weight. The weights of criteria level factor can be easily found on the Internet. 

Consideration the weights of secondary critical level factor are too complex and unsure to be observed 

visually, the Principal Component Analysis is established to determine that. By using the internet, we 

obtain the weights of the middle layer, shown in the Fig.5. Therefore, the influence factors of the 

environment are bigger than that of the society and economy. And the influence of the development of 

the society is at very low degree on the sustainable development level. However, we think the 

sustainable development level of human in the period of primitive society is high; it is obvious that 

this is unrealistic.  

According to the principal component analysis, we gain the weight, which is shown in the Fig. 6, as 

the important basis of judgment. According to the one-nine method, we gain the weight of the plan 

layer, shown in this figure. 

Does the Consistency Check? iW  Denotes the weight of thi  criteria level factor, where jW  is the 

weight of thj  secondary critical level factor, and jF  denotes the thj  secondary critical level factor. 

The evaluation grade 
1Y  should be 
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• Weight vector of criteria level 

[0.0882 0.6687 0.2431]aW                                                                                                             (3) 

For this level, the indicator of consistency check 0.0035CI  .The expression of consistency ratio 

0.0068CR  .Satisfying 

0.1
CI

RI


                                                                                                                                            (4) 
Weight vector of social, Environment and Economic alternatives level are

1 [0.0372 0.0054bW  , 

0.0309 0.0147] ,  2 0.0493 0.4302 0.1892bW  ,  3 0.0816 0.0124 0.0232 0.1259bW     

All of these eight vectors satisfy 0.1CI RI  . Finally, we can obtain the final Levels of the 

Sustainable development using AHP models. 

So far, based on the section II and section III we build, we obtained the important influencing 

factors and their weights of the sustainable development level by using the data of America in the past 

26 years. By using the formula (1), we calculate the sustainability level of fourteen countries, these 

country including developed, developing, less developed countries, which is the preparation for the 

next model. 

 

  
 

Figure 5.  The weight figure of Rule 

layer 

 

Figure 6.  The weights figure of all affecting factor 

The Classification of Sustainable Level 

Based on models of the above sections, we develop a model for the sustainability of America. 

However, we do not have the specific data to provide a measure to distinguish more sustainable 

countries and policies from less sustainable ones. Thus, based on the two models at the front, we 

introduce the method of cluster analysis. According to cluster analysis, we analyze the sustainable 

level of the 14 countries in Table 1. Here are the answers.  

Based on Table 1, we gain four final center of cluster and divide the sustainable level into five parts, 

seeing in the Table 2. 
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Table 1  Correlation Matrixes 

 
 

Table 2  The classification of sustainable level 

 
 

Obviously, based on the data gained by the cluster analysis in Table 2, we can make concrete 

distinction on the level of sustainable development. And we find that the level of the sustainable of 

several Developed and developing countries is at good sustainable degree or above, such as America, 

France, England and even China. However, the level of the country from the United Nations list of the 

48 Least Developed Countries (LDC) list is at unsustainable degree. In addition, we distinguish more 

sustainable countries and policies from less sustainable ones successfully. 

Based on Table 1, we gain four final center of cluster and divide the sustainable level into five parts, 

seeing in the Table 2. 

Obviously, based on the data gained by the cluster analysis in Table 2, we can make concrete 

distinction on the level of sustainable development. And we find that the level of the sustainable of 

several Developed and developing countries is at good sustainable degree or above, such as America, 

France, England and even China. However, the level of the country from the United Nations list of the 

48 Least Developed Countries (LDC) list is at unsustainable degree. In addition, we distinguish more 

sustainable countries and policies from less sustainable ones successfully. 

Conclusions 

The mathematical model and analysis on the sustainable development have been further studied in 

this paper. In order to assess countries with different degree of sustainable development, we adapt the 

Principal Component Analysis to collect a dozen factors which may affect the sustainable 

development for data analysis. We use the factor of principal component analysis to decide the 

solution layer of Analytic Hierarchy Process and the rule layer. Then we calculate level indicators of 

14 countries with different degree of the sustainable development, and use these data for clustering 

analysis. At last, we get five clustering center. Therefore, according to the levels of these indicators 

and classification, we have distinguished more sustainable countries from less sustainable ones. 
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