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Abstract. The clock synchronization of GPS navigation system is a key technology. This paper is
based on GPS clock system, aiming at the asynchronous problem of GPS in the clock, and establishes
a more realistic nonlinear dynamic model with coupling delays and delays in the dynamical nodes
than before. The clock lag synchronization criteria for the model have been studied. Via the theory of
Lyapunov stability, adaptive control technique and delay control methods, we design the adaptive lag
feedback synchronization controller. It should be pointed out that the node dynamic need not satisfy
the very strong and the coupling matrices are not assumed to be symmetric. The accuracy, real-time,
stable and reliable clock data is acquired. Finally, the numerical example of the adaptive lag
synchronization problem has been also provided to demonstrate the effectiveness of the theory.

Introduction

GPS is a precise new-generation location system promoted by the fast development of the modem
science and technology. It has many characteristics such as all global all-weather, high position
accuracy continuous and real-time. It has been widely developed in the field of military and civil
affairs. In these years, the technology of GPS location develops very quickly, the technology of
location and navigation comes into a new stage, the clock synchronization of GPS navigation system
is a key technology. To have high precision and stability, the random error of the satellite clock is
needed to be corrected, and achieving the synchronization of the receiver clock and GPS clock.
Establish the mathematical model, so that the deviation can be accepted [1-3].

Recently, the study of various complex networks has attracted increasing attentions from
researchers in various fields of physics, mathematics, engineering, biology, and sociology [4, 5].
There have been a rich body of literature on analyzing complex networks, and one of the most
significant dynamical behaviors of complex networks that have been widely investigated is the
synchronization motion of its dynamical elements [6-8]. Some synchronization phenomena are very
useful for us, such as the synchronous transfer of digital or analog signals in communication networks
[5].

In practice, the information transmission within complex networks is in general not instantaneous
since the signal traveling speed is limited, and this is very common in biological and physical
networks. This fact gives rise to the time delays that may cause undesirable dynamic network
behaviors such as oscillation and instability. Therefore, time delays should be modeled in order to
simulating more realistic networks. The lag synchronization of GPS clock system, which is
considered both coupling delays and delays in the dynamical nodes, has only been lightly covered
[8-11]. As a matter of fact, we can find a lot of examples in the real world which are characterized by
complex dynamical networks with coupling delays and delays in the dynamical nodes. Therefore, it is
imperative to further investigate complex dynamical networks with coupling delays and delays in the
dynamical nodes.
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In this paper, we first introduce a more general model of GPS clock system with coupling delays
and delays in the dynamical nodes than before. Then we further study the adaptive lag synchronization
of this model. Based on the theory of asymptotic stability of time-delay systems and Lyapunov
method combined with adaptive control technique, we treat the realistic case of adaptive lag feedback
synchronization controller of the networks. It should be pointed out that the node dynamic need not
satisfy the very strong and the coupling matrices are not assumed to be symmetric.

Model Description and Preliminaries

The control GPS clock system with coupling delays and delays in the dynamical nodes can be
described as follows:

K0 = 1000 % (=) + Y aTx O+ DB Tx t-7) +u (), &)

where X, (t) = (X, X,,*+, X;,,)" € R"is the state and input variable of GPS node i at time t. i=12,---,N

f:R"xR" — R"is a continuous and differentiable function, z,andz, are the time delay of coupling
delays and delays in the dynamical nodes, respectively, which are arbitrary but bounded, i.e.,
7,,7, €(0,h], where h is a positive constant. A=(a;)eR"" and B =(b,) e R"*" are the coupling
matrices with zero-sum rows, which represent the coupling strength and the underlying topology for
non-delayed configuration and delayed one 7, at time t, respectively, a, >0, b; >0 for i= j,

>0,

a;,b; are defined as follows: if there is a connection from node j to node i(i = j)a; >0,b;

1 1)

otherwise a; =0,b, =0(i= j), and T';,T", e R™"are positive diagonal matrices which describe the

individual couplingus between node i and j for non-delayed configuration and delayed one z, attime t
respectively.
When the GPS clock system (1) achieves synchronization, namely, the states x (t) —---— X, (t)
—s(t), as t —» oo, Where s(t) e R" is a solution of a satellite clock system, i.e.
s(t) = f (s(t),s(t-7,)). (2
s(t) Can be an equilibrium point, a nontrivial periodic orbit, or even a chaotic orbit. Let
C([-h,0],R™) be the Banach space of continuous functions mapping the interval [-h,0] into R"

with the norm || =sup_..,- [|#(8)|, where |+ is the Euclidean norm. The rigorous mathematical

definition of synchronization for GPS clock system (1) is introduced as follows.

Definition 1. Let x(t;t,;¢#),i=12,---,N be a solution of GPS clock system (1) and satellite (2),
where ¢=(¢1T,¢2T,-~-,¢,])T . ¢=¢()eC ([-7,,0],R") are initial conditions. If there is a
nonempty subset A — R", such that ¢, take valuesin A and x (t;t,;¢) € R" forall t>t, and

lim|x, (t:ty;4) ~S(t - 03118, =0, i=12-,N (3)

where s(t;t,;S,) is a solution of the system (2), o is the delay of lag synchronization, then the GPS

clock system (1) is said to realize synchronization, and Ax A x---x A'is called the region of synchrony
of the GPS clock system (1).
Define the error vector by
e(t)=x{)-s(t-o), i=12,---,N 4)
Then the error system can be described by
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& (t) = f(x(t),x (t—7))— f(s(t— @atr—@pfhuﬁm+2qzﬂu@p%m, (5)

Then the synchronization problem of the GPS clock system (1) is equwalent to the problem of
stabilization of the error dynamical system (5).

Assumption 1. We always assume that f («) satisfied the uniform Lipschiz condition with respect
to the time t, i.e., for any x(t) = (x (t), x,(t),---,x ()", y() = (y,t), y,(®),---,y, ()" €R", there exist

constants1<i<n, k; > Osatisfying

| £, (x(), x(t—7,)) - F,(y(0), y(t - )| < iki,. (|%, @ -y, @ +]x,t-7) -y, t-7)|) (6)

Adaptive Pinning Synchronization Control of the GPS Clock System

In this section, we are in the position to present our main results for lag synchronization control of the
GPS clock system with coupling delays and delays in the dynamical nodes by adaptive feedback

controllers. In the following, assume that || A|, = « and denote by p,;, the minimum eigenvalue of the
matrix (A+A")/2. Let A =(A+AT)/2, where A is a modified matrix of A via replacing the

diagonal elements a, by (p,,,/®)a, . B has the same meaning of A. p, =%Z(2ki§g +k2E9y,
s=1

g = K, p=maxp,, q=maxq, |0[=7.

1<i<m 1<i<m
s=1

Theorem 1. Suppose Assumption 1 holds. Then the controlled GPS clock system (1) is globally lag
synchronized with adaptive controllers

—a,()(x (t)-s(t—0o), 1<i<h;
qa):{ 0, h+l<i<N: ")
and updating laws
1) =B xO-st-o) (8)

where B >0(i=L12,---,h).
Proof: Selecting a Lyapunov-Krasovskii function of the form

JCREDICHCLIORS Y MEIOTICEES 3 NECUICLIES YT CORU BN

Combining the Assumption 1, the time derivative of each V (t) along the trajectories of the error
complex dynamical networks (5) can be processed as

V()= _Nzlef OLF (4,0, % (- 7))~ F (5(0), 5t~ 7)) + ilai,-rlej ®+ ilbi,-rze,- (t-2,)]
-3 06 (08,0 + 3 3 Oe 0 - (- re -5
+iu[ef (e, (1) - & (t—7,)e(t —rz)]+i[ai (1) - a]e’ (e (1)
<p2e (e += Ze (t-7)e (t-7,) +Za..n(m.n)||e OF +> Y aynle Ol 0

i=1 j=1, j=i

33 ble e t-o,) +Z 72 [ Ol -]+ e OF -3 le-w)f

i=1 j=1,j=i i=1 i=!
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= pe" (t)e(t) +8" (1), A%E(t) +&7 (t)y,BE(t—7,) +uE" (B)E(t) +%q€T (t)E(t)

~uE (t-7,)et-7,) —& ()De(t)
=8 (t,t—7,t—7,)DE(t,t—17,t—17,), (10)
where

q NS _ Y2 gs
Bt - t—r,) = (€T (M),8 (t—5) & (-5, @=| PTHTRTHATD 5B

* —uly
Due to the fact that (9), one has (p+y+%)lN +7,A° —D+Z—2 B <0 when B(i=12,---,h) are
7
large enough, i.e., @ is negative definite. We have V (t) <0. Then the GPS clock system (1) is
globally lag synchronized. Theorem 1 is proved.

Numerical Simulation

In this section, the simulation example is given to verify the criteria established above. Here, consider
the GPS clock system (1) with 7, =0.5, 7, =1, o =2 that consists of 10 identical Lorenz systems

adaptive controller. We know the Lorenz system can be mathematically described as

10(Xi2 - Xil)’
f (% (1), ) = 28X, — X X5 — Xz, (11)

8
Xy Xip — § Xig-

In the simulation, the asymmetric coupling matrices as A and are random and satisfied with the
coupling condition. And from [10], we know the Lorenz system satisfies Assumption 1. In this
section, the parameters are set as S =1, else. The time series of the GPS clock system (1) with
adaptive controllers are numerically demonstrated as the figure 1. Clear, all errors are rapidly
achieving synchronization. For this simulation, the initial values of states x;(0) (i=1,2,---,10) are

random and s(0) =(1,1,1)".
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Figure 1. Synchronization errors of GPS clock system (1) under the adaptive pinning controller (7)-(8)

Conclusion

A general GPS clock system with coupling delays and delays in the dynamical nodes has been studied
in this paper. We design the adaptive lag feedback synchronization controllers via the theory of
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Lyapunov stability, adaptive technique and delay control theory. The controllers are very useful for
understanding the lag synchronization in GPS clock system with coupling delays and delays in the
dynamical nodes. Moreover, the resulting adaptive feedback controllers for achieving lag
synchronization are expressed in simple form that can be readily applied in practical situations.
Finally, the effectiveness of these synchronization controllers is verified by numerical simulations.
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