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Abstract: In this paper, we introduce a genera iterative algorithm and prove strong convergence
theorems for a non-self k-strictly pseudo-contractive mappings in Hilbert spaces. Our resultsimprove
and extend the corresponding results announced by many others.

Introduction and Preliminaries

Let K be a nonempty subset of a Hilbert space H. Recall that a mapping T:K ® His said to be a
k-strictly pseudo-contractive if there exists a constant k1 [0,1) such that

Irx- v £]x- o +k||(| -T)x- (1-T)y[ foralxyl K. (1.2)
Notethat the class of k-strictly pseudo-contractionsincludes strictly the class of nonexpansive mapping
which are mappings T on K such that

[T%- Ty £]x- y]." x yT K. (1.2)

That is, T is nonexpansive if and only if T is O-strictly pseudo-contractive.
In 2002, Marino and Xu™ introduced and considered the following iterative algorithm:

%! K,

% =a,gf (%) +(1 - 2,ATx," n° 0.
Theorem MX. Let H be a Hilbert space, K be a closed convex subset of H, T:K® K be a
nonexpansive mapping withF(T) * A. Let A be a strong positive bounded linear operator on K with

(13)

coefficient g and f : K ® K be a contraction with the contractive coefficient (0<a <1) such that

0<g <§ . Let {xn} be a sequence in K generated by (1.3). Then, under the hypotheses
N - .. o ¥ . o ¥ a
(i) limgya,=0, (i) @, _a,=¥ and (i) dther g _la,.,-a,|<¥ or iy oy n+l_,,
= - N "
n

{x.} converges strongly to afixed point g of T, which isthe unique solution of the following variational
inequality related to the linear operator A:
((A-gf)a.q- p)£0," pl F(T).
In this paper, motivated by Marino and Xu, we introduce a general iterative and prove strong
convergence theorems for k-strictly pseudo-contractive mappings in Hilbert spaces. Our results

improve and extend the corresponding ones announced by many others.
Throughout this paper, we use F (T) to denote the fixed point set of the mapping T and P, to

denote the metric projection of a Hilbert space H onto a closed convex subset K of H. Recall that a
self-mapping f : K ® K isacontraction on K if there exists a constanta T (0,1) such that

[T f(y)|£alx- y]."x yl K. (1.4)
In order to prove our main results, we need the following definitions and lemmas.
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Lemma 1.1@ If T is a k-strictly pseudo-contraction on a closed convex subset of K of areal Hilbert
space H, then the fixed point set F(T) is closed convex so that the projection B, is well defined.

Lemma 1.2 Let H be aHilbert space, K be aclosed convex subset of H. Let T: K ® H beak-strictly
pseudo-contractive mapping with F(T)* £.ThenF (R T) = F(T).

Lemma 1.3% Let T:K® H be a k-strictly pseudo-contraction. Define S:K® H by
=1 x+(1- 1 )Tx for each xI K .Then, as| 1 [k1), S is a nonexpansive mapping such that
F(S)=F(T).

Lemma 1.4° Assume that {a,} is a sequence of nonnegative real numbers such that
a,.£(1-g,)a,+d,," n3 0. where {g,} is a sequence in(0,1) and{d,} is a sequence such that

& "0, =¥ (i) limsup, %5 0ord"_|d,|<¥ . Then lim,,, a, =O0.

Lemma 1.5, Let H be aredl Hilbert space, the following inequality holds
[ £ +2(y,x+v)," %, yT H.

Main results

Theorem?2.1. Let K be anonempty closed convex subset of area Hilbert spaceH andT: K ® Hbea
k-strictly pseudo-contractive mapping with acommon fixed point for someO£k <1.Let f : K ® K be

a contraction with the contractive coefficient (0 <a <1). Let{x } be a sequence in K generated in the
following manner:
ix! K,
%xnﬂ =a f(x)+@-a )P,"n31
whereS: K ® H is a mapping defined by Sx=1 x+(1- 1 )Tx.If the control sequence{a,} satisfies the
following conditions: (i)lim,,y a, =0; (i & _a, =¥;(ii)& _|a,.-a, [<¥. Then{x} converges
strongly to afixed point g of T, which solves the following variational inequality:
(f(a)-ap-a)£0," pl F(T).
Proof. From Lemmal.3, we know that the mappingS: K ® H is anonexpansive mapping and
F(S)=F(T), By our assumptionson T, we haveF (T)* 4. By Lemmal.1, we see
F(RS)=F(S)* £. SinceP, :H ® K isanonexpansive mapping, we conclude that
P.S: K ® K isalso nonexpansive. Observing the condition (i), we may assume thata, <1forallns 1.
Taking apoint pT F(T),
we obtain
[%a- P =l (F(x)- P)+(@-a,)(RSK - p)|
£(1-a,)[|RS% - p+a,[f(x)- p|
Eg-a,(1-a)dlx - pl+a.]f(P)- pl-

By simple inductions, we have||x, - p| £ max 1 % - p| 31,
i

] |p- (p)llg .

which yields that the sequence{ x } is bounded. On the other hand, we have
Xoo ™ X1 = (1' an)(PKS(n+l - PKS(n) - (an+1 - an)PKS(n

#Hana(fO4) - FOON* F(X)@ s~ a0)].
which yields that
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%02 = Xl £ (1= @) [Xoer = X[+ 120 - @4 1R SK|
Ha . X X1+ OOl s - 2l
£[1- @ (1- @)l[%pu - X[+ 1200 - 2, M, (2.2)
where M, is an appropriate constant such that M, 3 suE){”PKS(n||+|| f ()|}

Noticing the condition (i), (i) and (iii) and apply Lemma (1.4) to (2.1),

we ha\/eLi(E)rQ||>q1+l- x| =0. (2.2)
Noticetit [, P [£ [, - %ol #[5.s- PeSK] £l - %+, F(x)- PeSK]|
It follows from the condition (i) and (2.2) that L|®r9||xn - RS =0. (2.3)

Next we claim that limsup(f (q)- d,x,- q)£0,
n® ¥

(2.4)
whereq =lim, , x withx being the fixed point of the contraction x a tf (x) + (1- t)B S.
Thenx, solves the fixed point equation x[ =tf (x) + (1- t)B, S . Thuswe have

% - %=1 ) (ReS¢ - %) +t( (%) - %)
It follows from the Lemma 1.5 that

I - %[ =]@- t) (RSt - %)+t (F(x)- )
E(L- )RSt - %[ +2t(F (%) %% - %)

2

£(1- 2t+t2)||x[- x|+ fo(£)+20(F (%)= %% - %) +20(% - X, % - X,), (2.5)
where 1,(1) = (2% - % #1, - RS, - RS |® 0(n® ¥). (26)
and (x - %,,% - %,) =[x - . (27)

Combining(2.5) and(2.7), we have
20(% - F(x).% - %) E (8- 2% - %"+, (1) +20(% - %% - %)
EC)x - x|+ £, (t)

It followsthat (x - f(x),x - xn>£ % - %[ +—f 2 (). (2.8)
Lettingn® ¥ in(2.8) and notlng(2.6) yields
. t
limsup(x - (%)% - x,) E=M,, (29)
whereM, > Oisaconstant such that M, 3 ||, - xn||2for altl (0,1)andn? 1. Takingt ® 0in(2.9), we
have Ilmsupllmsup<x[ f(x),%- %)£0. (2.10)
t®0 n®

On the other hand, we have
(f(a)- ax-ay=(f(a)- ax-a)-{f(a)- ax-x)

+((a)- a.%,- %) (F(a)- %%~ %)

()= %% %)= (F(6)- %% %) +(F (%)= %% - %)
It follows that

limsup(f ()- a.x,- ) €[ (a)- aflx - dl+Ix - allimlx, - x|

n® ¥
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+aa- x|limix, - x| +limsup(f (x)- X%, - %).
Therefore, from(2.10), it follows that
limsup( f (a)- g,x, - ) =limsuplimsup( f (q)- q,x,- q) £0
n® ¥ t®0 n® ¥
Hence(2.4) holds. Now from the Lemma 1.5, we have
[ ol =] (2- a,) (ReSK, - a) +a, -q)f

E(L-a,)x - d +aa (len- QII +a - o) +22, (1 (a)- 4%~ ). (21)
which implies that

1-a ) +aa ]

o off e 2o 222 g B (1(q)-gx,.-q)

£e1 Mu” ||2+Zan(1'a)§ 1 (f(g)- A%~ a)+ a4n ﬂ (2.12)
a.a l-aa gl-a $on 2(1-a) gy

whereM ,is an appropriate constant such that M, 3 supnsl{ X, - q||2} :
. _2a,(1-a) 1 a
—_n\v -7 =—(f - —l\/l .
Pty == aa (1 (a)- ax- 9 Ay
Thenwehave [x,.,- o £(1- j,)x,- d]+ jt,. (213)

It follows from the conditions (i), (||)and(24)thatllmj =0, a J, =¥ ,limsupt  £0.

n=1 n® ¥

Therefore, applying Lemmal.4 to(2.13) , we havex, ® gqasn® ¥ . This completes the proof.
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