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Abstract : In this paper, based on the traditional Bayesian risk, aming at the empirical Bayesian
estimation of the double exponentia distribution’s scale parameter, through an improved inequality
about the LINEX loss function, we reduce the order of the convergence speed of the parameterqin
Bayesian estimation , which is from the prior distribution F .

Introduction

The INEX loss function put forward by Varian in 1975 is as follows (Varian,1975):
LG- q)=L(D)=be®- cD- b 1)
D=q-q represent estimate error of q,a,ct 0,0>0, a andb respectively represent dimension
parameters and shape parameters. According to the definition of LINEX loss function, the minimum
value of the loss function| (p)exist when p = o if only the parameters a, b and csatisfy the condition
of ab=c. Obvioudly, when|D| = |q” _q| is very small, the image of the loss function is almost symmetrical,

and nearly close to the square loss. In addition, when the parametera >0, if D=q - q <0then the loss
functionisin linear growth; IfD=q - q >0, the loss function is in exponential growth.

In recent years, there is a lot paper on LINEX, under LINEX loss function, in the condition of
Lomax distribution scale parameter isknown. Y ou and Zhouling (2015) studied the empirical Bayesian
estimation of the postion parameter of double exponential distribution under LINEX loss
function..Xie Xiaoyi, Cao Hong etc (2016) discussed the problem of multilayer Bayesian estimation
and the comparison of the prior distribution of the location parameters of the normal distribution model
based on LINEX loss function. In this paper, we expand the Bayesian estimation under LINEX loss
function and its promotion.

Considering the following density function:

f(x;q,s):zsie%ql(x>0) (2
Here,q represent the location parameters of the double exponential distribution, s represent the

scale parameter, and satisfied the condition: - ¥ <q <+¥,s >0. For arbitrary given parameters , let
q =0, the marginal distribution density of random variable X is:

f(x|s):§esxl(x>0) ©)

G(s )is prior distribution, g(s)is probability density , then the edge probability density of the
random variable X is:
17
f(x)= e dGls ) (4)
The LINEX loss function is shown as follows:
L(s,a)=e"**-cla-s)-1 (5)
In representation (5), a is estimation of s , ¢ is the scale parameter of the LINEX loss function
L(s,a). cl Rc? 0. Under the loss function L(s,a),if G(s )is known, we can calculated the Bayesian
estimation based on random variable X . d =d(x)is decision function, B(s ,d)is the risk function of
s , B(d)is the corresponding risk function of d .Then we have:
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B(d) = é¥ f (X)[Q L(a,d)g(s | X)]dX (6)
In representation (6), g(s | x)is the Conditional probability density of s when given x =x. f(x)is

the marginal distribution density function of random variable X .
When we apply the Bayesian method, if d; =d(x)is the estimation of parameter s , then we

have B(dG):igf B(G).And when g(G)reach the minimum value, B(d):QL(a,d)g(s |x)also reach the

minimum. Through calculating, we obtain the Bayesian Estimation of the distribution groups under
LINEX loss function.

ds (X) = % f (fX(I)C) (7)

In this paper, E,, ., represent the mathematical expectation of the joint distribution of (x,s).Then
we can calculate the Bayeﬁan risk of d,(x):

R(G,dg) = EjalL(s .d6)] = é¥ [e"dG E(e'Od |x)- cd, _cE(e|x)- 1]f (x)dx

= [ cdg +cE(e] X)]f (x)ax 8)
In summary, if G(s) is known, then the Bayesian risk of parameters could be determined
precisely. However, if (s )isunknown, thenthe empirical Bayesian estimation methods will need to be
introduced.

Lemma

Suppose k(x) is Borel Measurable function, k(x) is zero whenxis outside the interval (0, 1),and

satisfies the following conditions:
| 1 t=0

QY Ky = o t1ot=12..s-1 ®
Now define the kernel estimation of the probability density as follows:
X - x,o
f ()= g kK (10)
hn i=1 g n @

When n® ¥ andh, ® 0,k(x) isthe kernel function which satisfying the condition.
Lemmal"ababs 2mﬂ , if%£k<1, then the inequality exists as follows:
2

*- (a- b)- 1£(e""jl - e"'f’)2
Proof: (i) We prove the inequality when g == Suppose x1 [O b we introduce function :

F(x)=e“?- (x- b)- 1- (€“2- eb’z)2

F((X):ex-b_ 1- e2(e¥?- ¢2) =g (&2 - eb/Z)[(ex/Z +eb/2)_ eb+x/2J3 0
In the same way, when x >b, we have F(x)<O0.

(i) when k =1, let F(x):ex'b - (x- b)-1- (ex ) eb)Z
ST AR

then

:e_lb(ex - & Ji- 2¢%¢")2 0,x1 (ab)

In the same way, when x>b, we have F(x)<o0.
(iii) when 1 ¢\ £1,weintroduce the function:
2
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F(xk)=e“"- (x- b)- 1- (€% - &®)? 111]_i =2xe*(€* - €°)£0,(0£ x£h)
From the above (i) and (ii), we find
F(x1) £0, F(x,%) £0
Therefore, the function r(x,k) which is about variable k on interval[1/2,1] is monotonically

non-increasing function. So we haver (x, k) £ 0, (l £k<1).
2

Theorem
Suppose that X, X, ..., X independent and identically distributed sample. In order to build

Bayesian estimation function, at first we should construct estimator of t (x) .Suppose the probability
density function is estimated at (14),the kernel estimation, definite the estimator oft . (x) as follows:

AORRAY

] v
)=t (xrc) — f(x+c) (12)
1 1 other
Here, 0 <v<land v isindeterminate. Definite the empirical Bayesian estimation of s asfollows:
d,(x)=c*Int (x) (13)

Suppose R(G,d, |X,) is the conditiona Bayesian risk of EB estimation d (x) when
X, =(X,,.... X, )isgiven. R(G,d,) = E[R(G,d, | X, )] represent the full Bayesian risk of d,(x).

If for arbitrary prior distribution G under prior distribution familyF , whenn® ¥ , we have
R(G.d,)® R(G,d,)-Thenwe call {d, (x)} as the asymptotically optimal empirical Bayesian estimation of
q under the prior distribution group F (a.0.EB estimation).

IfR(G,d,)- R(G.d.)=0(n9), thenwe call gas the order of the convergence speed of the parameterq in

Bayesian estimation, which is from the prior distribution F.
Theorem 1(Guan Ming, 2010) For arbitrary given natural number s>10<I <1, if the following

conditions are satisfied:

L il t=0
i) Qy'k(y)dy ={ :
()Qy (y) y ,}0 t1 0t=12..5s-1

(ii) s order derivation of f (x) exists, and sup f (x) < +¥,sup | f*(x) < +¥ 3
(iii)@¥ fr! (x)dx,é f! (x+c)f(x)dxand(§t L (x)f (x)dx exist .

1

Then when d, (x) is defined by formula (13) and h, satisfies h, =n 2+

R(G,d )- R(G,d.)=ofn® _Is(-2
(©,)- RG.d.)=oly ) q='%-2

Theorem?2 For arbitrary given natura number s>1,0<| <1, anda,b3 2|n1+2*/§, if conditions of

1

theorem 1 are satisfied. Then when d_(x) is defined by formula (13) and h, satisfiesh, =n 2

R(G.d,)- R(G,dG):o(n"‘)’ qz% (14)

Proof: Inthelight of (9), we have
0<R(G.d,)- R(G.de)= ) E, [ - c(d, - do)- 1)f (x)ax (15)
DenoteA, ={x|x1 (0,+¥)1<t (x)<n},B, =(0,+¥)- A,
According to the Lemma 1, it is easy to obtain
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e £(0- &0 £ nf " EJRo(0)- t oL |

|
L ek K N
=2kV2'IE§fn(X) _ f(X)lJ
(n ) ngfnk(x+c) fk(X+C)uuva

According to the Lemma 3 and Lemma 4(We Laisheng, 2002), we have
Et X —té i ! X+C>I’ (%)
k() (X)] £ (2n®) ><2|f( ) gfk(x+c)
2kv>{f K Elf k(X)||J+Mn2kv>§f»k|(X+C)
Then o Eﬁ K(x)-t g(x)] £ (x)olx
f4()- 15 + 1 (x+o)

(16)

] (o) 110 6
o 8

f¥(x+c)- fk(xjI E

EMq12kv>{fk»lk(X)E fnk(X+C)— fk(X+C]|]f(X)dX

I's

ZW-Té\+¥ . J¥ U
EMn X 2)@(9 flok (x)dx+Q f k'(x+c)dxE§|

According to the condition (i) and Hélder inequality

s
& Eb 5(x)- te G (ace mn ™ 22 (17)
Let E. represents the mathematics expectations of the joint distribution of (X,,..., X,,(X,q)) -
When x1 B,, 1<t (x)<n" <t 4(x),by usingHaider inequality and Markov inequality, we get

Q ER (- t&X) 7 (x)ax
£4Qt 2 (X)1 (x)abe=4E[ & ()1, () € M2 (18)

Let. v - 2k) = 2kv- 15(-2) we have,-_ s
(2s+1) 2(s+2)l

Therefore, R(G.d,)- RG.d:)=0[n")- = |(s2(‘|5.+|2);|<).

Conclusions

Inthisarticle, we use LINEX loss function to estimate the scale parameter of based on empirical
Bayesian method. At first ,we use inequality conversion to transform the LINEX loss function, then
use the optimized inequality to estimate the rate of convergence of Empirical Bayesian estimation. And
use lemma 1, Markov inequality and H&lder inequality to calculate the optimized convergence rate.
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