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Abstract: With characteristics of small volume, low cost and high reliability, MEMS inertial sensors
are developing into one of the mainstream sensors in inertial navigation system, and its output
precision has a great effect on the overall system precision. In this paper, the random error of
inertial sensors output are mainly discussed and identified by Allan variance. To analysis the
random error in the output of MEMS sensors, which contribute to improve the system precision,
Mathematical simulations and actual tests are carried out.

Introduction

With the development of micro-electronic technology, the MEMS-IMU (Micro-Electronic
Mechanical I nertial M easurement Unit) has made great changes in navigation System. In particularly,
the emergence of micro-accelerometer and gyroscope enable the attitude and heading reference
system to be smaller and cheaper.

To some extent, the output precision of inertial sensors determinesthe overall navigation system
precision. Affected by production process and external environment, fractional error exists in the
output of MEMS sensors, which can be roughly divided into deterministic error and random error.
Deterministic error can be obtained and compensated by mathematical modeling while random error
isrelatively difficult to identify. In this paper, simulations and tests are presented to identify random
error in the output of inertial sensors.

For the calibration of MIMU (micro inertial measurement unit) random error, quantity of
researches have been done in drift testing and modeling such as establishing ARMA model, adopting
neural network and using wavelet transform method. But these kinds of error models usually establish
the equations whose orders are too high to do real-time estimation at low cost [1]. Allan variance
analysis is a method based on time domain analysis. It is convenient to do detailed characterization
and identification of error influence on system noise statistical characteristics.

Random error analyssof MEM S

Thetypical random error in output of MEMS inertial sensors mainly includes gauss white noise,
random walk process, flicker noise and the exponentially-correlated process [2].
Gauss white noise. Gauss white noise with zero mean widely exists in the sensor output, its signal

amplitudes to gauss distribution with mean zero(m) =0) and variances 2, while its power spectral
density is uniform. The auto-correlation function is
q, (u) = covfu (t),u(t +u)] =s Zd (u) (1)
In Eq. 1, d(u) isDirac function. According to Wiener-Khinchine law, power spectral density
(Power Spectral, Density, PSD) S, () has the following relationship with variances ?:

S(f)=s; (2)
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Random Walk noise. Random walk noise X, (t) can be considered as aresult of integration by zero
mean gauss white noiseu,, (t) whose autocorrelation functionisq, (m =s jwd (m) .The autocorrelation
function and variance are showed as follows:

g, (t,u) = cov[x, (t) X, (t +u)]

=s; min(t,t+u)

var[x, ()] =q,(t,0) =s;t @

Random walk noise variance changes over time, so its power spectrum density function can be

seen as gauss white noise filtered by H(f) =1/j2p f :

3

S, (f)=|H(H)’ s, () 5)
KnowingS, (f)=s?,
sZ2 1
S.(f)= (2p) = (6)

Flicker noise. Flicker noise x, (t) cannot be described with specific differential equations, but it can

also be obtained by gauss white noise filtered by H(f) :]/ j2p f . Assume the white noise
autocorrelation function is:
q, (1) =s ;d(u) (7)
The PSD of flicker noiseis:
2
Sy, 1
S, ()= 3 f )
Exponentially-correlated noise. Exponentially correlated noisex,(t) is a constant and zero mean
random process, its autocorrelation function is:
G () = covlX, (), X (t +u)] =s ;€™ ©)
The process can be described in the time domain as:
2,(t) = - bx,(t) +/2bu, (1) (10)

In formula(10), u,(t) is zero-mean Gaussian White noise with autocorrelation function
of qe(u):sjed (u), Same to random walk process, exponentially-correlated noise can also be
described in  the frequency domain  with  Gaussian white noise filtered
by H(f)=4/2b /(b + j2p f) .The PSD of exponentially-correlated noise is:

2bs?

S (f )_m (12)

Allan variance analysis

Allan variance analysis which can identify diversity error is an analytical method based on time
domain. Its principle and mathematical expressions are as follows:

Assuming that y, isthe average value of asignal y(t) within a period time oft , theny, can

be described as:;

y _1(5“ y(t)dt

t, =t +t,k=12K
Allan variance of y(t) can be described as:

(12)
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M-1/(v7 v )2
SAy(t ) - ||m é (yk+l yk) (13)

Me¥ M - 1,2, 2
With sampling time interval T_, the signal y(t) which lasts for a period time of T can be denoted
as y(k) k=1,2,..N(N=T/T,) . Then y(k) can be divided into K(K =N/n) clusters with n
sequential data points. The average time for each cluster ist = nT,. The average value of cluster k+1
can be found according to:

_ 147
yk+1(t ) = _a ynk+i (14)
Nz
The Allan variance estimation is:
1 %!t

S t) = ——— Vi - V)2 15
S )’ =5 d G W) (15)

According to reference [2], the error between s', (t) and s (d,,) can be described as:

1

Ds (dy) =———— (16)

J2(N/n- 1)

Based on Eq.16, a conclusion can be drawn that the more data points and less number of points
per data set, the higher the quality of Allan variance estimates.

Simulation and test

Mathematical smulation. Between Allan variance of random signal and the corresponding PSD, a
conversion relationship exists, which can be expressed as follow:

¥ sn’(p ft)
s?(t)=40S,(f)————=df 17
L 0)=4Q8,(N= a7
Substituting Eq.2, Eq.6, EQ.8, Eg.11 into Eq.17, then
Gauss white noise:
2

S
Sa()=2 (18)
Random Walk noise:
S a)—sit (19)
M3
Flick noise:
) 252 1n2
S h ) =—2— (20)
Exponentially-correlated noise:
(21)

According to reference [3], the random error of inertial sensors can be considered to be
composed of gauss white noise and exponentially-correlated noise.
The Allan variance of Gauss white noise and exponentially-correlated noise superposition is

S p () =S4 t)+s 2 () (22
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Figure 1 Gauss white noise and Exponentially-correlated noise superposition
s 2, (t ), variance of Gaussian white noise, isinversely proportional to the time, and the variance
of exponentially-correlated noise s jxe (t) increases initially and then decreases with the growth of
t , reaching its maximum a t =1.893/b , while s; (t) aso reaches its maximum at

t =1.893/b .
Simulation shows that s, (t) reaches its maximum 0.001266 and s, =0.001992 a
t =18.9s withl/b =10s ands, =0.002. The error of s, is within 0.8%. The result shows that

Allan variance can effectively distinguish the random error of inertial sensors.

Actual test. In this chapter, Allan variance is applied to analysis the actual output data of MIMU.

MTI, aminiature inertial measurement unit with three-axis gyroscope and accelerometer as well as

3D magnetometers, is chosen to acquire the test data for 16 hours and a total of 5.76e6 amount.
Take the x axis for example, Allan variance of rate gyroscope and acceleration in

logs ,, (t)- logt plot are showed as follows:
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Figure 3 The x axis gyroscope output ;nd Allan variance analysis
Theresults show that linerswith -0.5 slopein logs ,, (t ) - logt plot can be obtained when mean
time t issmall, suggesting that the output of accelerometer and gyroscope contain Gaussian white
noise. With Allan variance d At ) at =1,s, canbe acquired.
The random error parameters of gyroscope and accelerometer are shown in Table 1 and Table 2.

Table 1 The error mode of gyroscope

Gyros
ARW Gauss Markov t
[rad/+/s] [rad/s] [S]
X 0.00069 0.00016 606
Y 0.00058 0.00018 342
Z 0.00060 0.00017 313
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Table 2 The error mode of accelerometer

Accelerometers
VRW Gauss Markov t
[m/s/Vs] [nYs’] [S]
X 0.00098 0.0018 35
Y 0.00093 0.0012 34
Z 0.00098 0.0017 43
According to reference [4], error model of the chosen MTI is as follows:
Vi =wp +h, +u,, #7=f0+b, +u (23

V,

w !

v, arethewhite noises of gyroscope and accelerometer, and its intensity can be obtained by

table 1. b, : by arethe drift, including constant bias and first-order mark-off noise.
b, =B, + B, by =by +Dy (24)
According to Eq.10, h,, and b, can be expressed as:
B =-b,he +\/EUUN
l§fe =-bbe +,/2buy
b,, b, arethe mark-off process correlated time of Gyroscope and accelerometer, which can be

(25)

acquired from table 1 aswell asthe driving noiseu,,, ,u,, .

_él89 189 1890
Y 8606 342 313H

_é189 1.89 1890
' 835 34 43

(26)

Conclusions

As the output precision of sensors makes great difference in inertial system, in this paper,
random error in the output of MEMS sensorsis mainly identified. Based on the characteristic analysis
of the random error, mathematical simulation is proceeded to obtain the typical random error curve
and Allan variance-average time logarithm curve. With the attitude and heading reference system
MTI, actua test is carried out to obtain the output random error parameters. The simulation and test
results shows random error of inertial sensors output can be well identified with Allan variance
analysis, which provides the basis for further research.
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