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Abstract: Based on the biological control strategy in the pest management, a delayed 
stage-structured predator-prey model with impulsive control is considered. Using the theories and 
methods of impulsive delayed differential equations, sufficient conditions are obtained, which 
guarantee the global attractivity of pest-eradication periodic solution and permanence of the system.  

Introduction  
China is a great agricultural country whose agricultural development level has a profound impact 

on the development of the country. The outbreak of pest will cause the harm for agricultural 
production and development of the country. Therefore the prevention of pest cannot be ignored. 
Currently, there are two methods to control pest: chemical control and biological control. Though 
chemical control effect quickly, it pollutes the environment and does harm to human and other 
beneficial insects. While biological control takes advantage of interactions of biology to eradicate 
pest which is safe and environmental. In order to control pest and eliminate pest in a short time, 
impulsive releasing natural enemies can be considered a better method [1-3]. However, in the 
natural world, many species usually go through two distinct life stages from birth to death, 
immature and mature. Therefore it is practical to introduce and consider the stage-structured model 
[4,5]. 

In this paper, we propose the following impulsive controlling predator-prey system with B-D 
function and delayed stage-structure in prey species  
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where )(1 tx  and )(2 tx  represent the densities of the immature and mature pest at time t , 
respectively; )(ty  represents the density of the predator (natural enemies ) at time t ; r  is the 
birth rate for the immature pest and 1d  is its death rate; 2d  is the death rate of mature pest; 3d  is 
the death of predator; τ  is the maturity of the pest; d  is the self-regulation constant of the prey; 
a  denotes the predation rate of predation and ab /  is the conversion rate of prey into predator, T  
is the period of the impulsive; p  represents the release amount. All the parameters mentioned 
above are positive constants. The initial conditions for system (1) take the form 

0)()(,2,1,0)()( 3 ≥==≥= ttyittx ii ϕϕ , )0,[ τ−∈t , .3,2,1,0)0( => jjϕ ∫−
=

0

21 )()0( 1

τ

ς ςςϕ drex d .  (2) 
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where )],0,([))(),(),(( 3
321 ++ −=∈ RCC τθϕθϕθϕ , }0|{ 33 ≥∈=+ xRxR .  

Preliminary 
Lemma 1 [6] For the impulsive differential system 
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where 0, >pd , then system (3) has a globally asymptotically stable positive periodic solution  
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Lemma 2 [7] Consider the following equation  

)()()()( 2 tcutbutautu −−−= τ& ,  

where 0,,, >τcba , 0)( >tu  for ]0,[ τ−∈t . We have: (i) If ba ≤ , then 0)(lim =
+∞→

tu
t

; (ii) If ba > , 

then 
c

batu
t

−
=

+∞→
)(lim . 

Lemma 3 All positive solutions of system (1) satisfying initial conditions (2) are ultimately 
bounded, that is, there exists a constant 0>M  such that bMtx ≤)(1 , bMtx ≤)(2 , aMty ≤)(  for 
all t  large enough.  

Existence and global attractivity of the pest-eradication periodic solution 

If 0)()( 21 == txtx , from Lemma 1 we know that system (1) has a pest-eradication periodic 

solution ))(~,0,0( ty , where NnTnnTt
e

pety Td

nTtd

∈+∈
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= −
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Theorem 1 Let ))(),(),(( 21 tytxtx  be any solution of system (1). If 2
1 dre d <− τ  holds, then the 

pest-eradication periodic solution ))(~,0,0( ty of system (1) is global attractive. 
Proof.  With the third equation of system (1), we have 
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Consider the auxiliary impulsive differential equation, we have 
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obtain that for all t  large enough 3
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With the second equation of system (1), we have 

)()()()( 2
22222

1 tdxtxdtxretx d −−−≤ − ττ& . 

Consider the following equation 

)()()()( 2
2222

1 tutudturetu d βττ −−−= −& . 

From Lemma 2, we know that, if 2
1 dre d <− τ , then 0)(lim =

+∞→
tu

t
. With the comparison theorem 

+∞→→≤ ttutx ,0)()(2 . With the first equation of system (1), we have 

)()(1
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Since +∞→→ ttx ,0)(2 , than we obtain the limit system of system (4) )()( 111 txdtx −=& . Therefore 
+∞→→ ttx ,0)(1 .  

For any ),0( 31 d∈ε , we obtain
b

x 1
1

ε
<

⋅
holding for all t  large enough. With the third equation of 

system (1), we have 
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Consider the auxiliary impulsive differential equation 
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By Lemma 1 we know that system (5) has a globally asymptotically stable solution 
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By comparison theorem and Lemma 1, let 0→1ε , then we have 1εε +<≤
1

~)()( ututy . Therefore we 
have )(~)(lim tyty

t
=

+∞→
 for all t  large enough, which implies that )(~)( tyty →  as +∞→t , that is, 

the pest-eradication periodic solution ))(~,0,0( ty of (1) is global attractive. This completes the proof. 

Permanence 

Definition 1 System (1) is said to be permanent if there exist positive constants m  and M  
such that each positive solution ))(),(),(( 21 tytxtx of system (1) satisfies Mtytxtxm ≤≤ )(),(),( 21  
for t  sufficiently large enough. 
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Theorem 2 Assume that 2
1 dre d >− τ  and 

b
Mem

d τ1

2

−

>  hold, then system (1) is permanent, 

where M  and 2m  are defined in Lemma 4 and (6), respectively.  
Proof. Let ))(),(),(()( 21 tytxtxtx =  be any solution of system (1) with 0)0( >x , from Lemma 3 

we know that 0>∃M  and bMtx ≤)(1 , bMtx ≤)(2 , aMty ≤)(  for all t  large enough. 
By the proof of Theorem 1, we have 3)( mty >  for all t  large enough. 
Next we shall find a 02 >m , such that 22 )( mtx >  for all t  large enough. With the second 

equation of system (1), we have 
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Consider the following auxiliary equation 
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Define },,min{ 321 mmmm =′ , hence mtymtxmtx ′>′>′> )(,)(,)( 21 for all t  large enough. 
Therefore system (1) is permanent under the conditions of Theorem 2. This completes the proof. 
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