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Abstract: This paper investigates the complex dynamics of fractional-order hyper-chaotic complex
Li system via numerical simulations. It is found that the variation of both the system parameters
and the fractional order can induce bifurcations, and the parameter ranges of chaos are different.
Also, a controller of modified projective synchronization (MPS) is proposed, which can effectively
achieve modified projective synchronization in a class of high dimensional fractional-order systems.

Introduction

In the past ten years, numerous studies and applications of fractional-order systems in many areas
of science and engineering have been presented [1-2]. Moreover, rich dynamic behaviors, including
different kinds of bifurcations and chaos, have been found in many fractional-order systems. In [3]
the fractional-order Chua’s circuit was investigated and a chaotic attractor exists in an order as low
as 2.7. In [4] the chaotic behavior in a Duffing system with order less than 2 was found. In [5] the
authors found that the lowest order in the Chen system is 2.1 and so on.

It is well known, synchronization of hyperchaotic systems is a very important nonlinear
phenomenon, and has been studied to date mainly on real dynamical systems. Different regimes of
chaos synchronization have been developed, including anti-synchronization (AS) [6], phase
synchronization (PHS) [7] etc. In case of PS, the state variables of the drive and the response
systems synchronize up to a constant scaling factor. The main aim of this paper is to study the
fractional-order hyper-chaotic complex Lii system. Dynamic behaviors are numerically investigated
with varying the system parameters and the fractional derivative orders.

Dynamical behaviors of hyper-chaotic fractional-order complex Li system
The hyper-chaotic Li system is described as following:
Yi=aly1=Y2)+ Vs
Y2 =bY, = Y1Y3+Y,
Y3 =Y1Y2 —CY3 (1)
Ya = Y1Yo —dy,
We suppose the state variable vector of the system (9) are defined in the complex field, and the

derivative orders are fractional, then we can describe the corresponding fractional-order
hyperchaotic complex Li system as
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Dflyl =a(y1_y2)+y4v
D/ Y, = byz AR

1, _
Df3y3 =E(y1yz+y1yZ)_Cysv (2)

1. _
D Y, :E(ylyz + ylyz)_dy4v
wherey = (y;, Y5, Y3, ¥4)" iS the state vector, y; =X+ jX,, ¥, =X+ jx, are complex functions, and

Y3=Xs,Ys =X are real functionsand j=+-1.
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Fig.1 Bifurcation of the hyper-chaotic complex Lu system with g, €(0.81,0.99)
The bifurcation diagram with the variation of parameter a is depicted in Fig.2.
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Fig.2 Dynamic behaviors of the system with ae(325,35)
We will investigate the dynamics of system (1) as the parameter d is varied when the derivative
order q=0.95. The phase diagram is depicted in Fig.3.
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Fig.3. The phase portraits of the system for different values of d

Modified projective synchronization o hyper-chaotic complex system
The system (1) is taken as drive system, and the response system is
DX =a(x; — X))+ Xg
D%, =a(X; —X,) + X
DIx; = bxy — X/ X; + X
DX, =bX, — X)X, +X, 3

Ay' — v'v' 1! '
DX = XX + XX, —CXg

DXy = X/X; + XX, —dx;
z, = x+ix},z, = x, +ix, are complex variables, z =x! z,=X isreal variable, and i=+-1.Choose
the arbitrary Hurwitz matrix H =-14 is given by:

DX, =a(X; — X;) + X; + m[a(X, — %) + X, ] —a(m,x; —mx,) —m.x + (a—1)e, + ae, — ¢,

D%, =a(x, — X;) + Xg + M, [a(x, — X,) + X;] - a(m,x, —m,X,) —m.x, + (a—1)e, + ae, — &

Difxg = bxg — X)X + Xg + My[bx, — X X, + X ]—bmyX, —mmyx X, — M, + My, — (L+b)e, + mxe; — e, @
4

Uy! _ hy! ' '
DX, =bx; = XoXg + Xg + M, [bX, — X, X; + X, ] —bm,X, —m,m.X,X, —MsX + M€, — (1+Db)e, +m,x,e, — ¢

DXg = XX + Xy X — CXg + Mg [X,X; + X, X, — CX]— M, X, (M,X, +€,) —m,X, (M, X, +&,) — cm.X, + (C —1)e;

DXy = XX + XoX;, — OXg + Mg[X, X, + XX, — X, ] — myx (M, X, +€,) —m, X, (x,m, +e,) —dm,X + (d —1)e,.

The simulation results are shown in the Fig.4
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Fig.4. State variables and errors of drive system and response system
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Conclusion

The dynamic behaviors of complex system L are studied through bifurcation diagram and the
phase portrait, Various types of behaviors on the routes into and out of chaos in the system with the
variation of both system parameters and derivative orders are observed. Moreover, the scheme of
Modified projective synchronization (MPS) of the fractional-order hyper-chaotic complex Lii
system is designed.
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