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Abstract. In this paper, bifurcation of a fractional-order complex system is studied. As system
parameter is varied, bifurcation of the system is showed by the numerical simulation. The routes
leading to chaos including the period-doubling and tangent bifurcations are obtained. The phase
portraits for different value of parameters are also given to demonstrate the dynamics of the system.

Introduction

Nowadays, fractional calculus plays an important role in mathematical modeling. It has been
applied to physics, engineering, secure communications and so on. Meanwhile, chaotic behavior is
also obtained in many fractional-order systems, such as fractional-order Chua circuit, fractional-order
Lorenz system, fractional-order Chen system, and so on [1-3]. As research continues, the importance
of fractional-order systems with complex variables is realized by many researchers, which can be
widely used to describe a variety of physical phenomena, for example, the atomic polarization
amplitudes, electric field, population inversion, etc [4-6].

System description

In [7], a new three-dimensional system was presented, which can be described by the following
differential equations

Y1 = a(yz - y1)
Yo =YY~ Y, ’ 1)
Y3 =b-Y1¥,-cy;

where y = (Y,,Y,,Ys)' is the state variable vector of the system, a,b,c are parameters. When the

parameters a=5b=16,c =1, the system exists an chaotic attractor.
In here, the state variables of system (1) are defined in the complex field, then the corresponding
fractional-order system is defined as

DqY1 = a(yz - yl)
qu2 =YY, ) (2)

1, =
DRy =b=2 (1Y, +1¥,) - 0¥
where ¢ is the order of derivative, y=(y,Y,,Y,)' is the vector of state variables.

Yy, =X +iX,,Y, = X, +iX, are complex variables, y, =X is real variable, and i=+-1. Then the

complex variables in the system are separated into the real and imaginary parts, respectively.
According to the linearity of the Caputo differential operator, the system (2) can be rewritten as
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D%, =a(X; — %)
D%, =a(x, — X,)
DX, = XX — X ' 3

Oy —
DX, = X, X — X,

D% = b — (X X5+ X,X,) —CXg

Compared with the system (2), (3) is more convenient for analysis and numerical simulation. By
numerical computation, the maximum Lyapunov exponent of the system (3) with
a=5Db=16,c=1,9=0.99 is 4 =0.071, which means the system (3) is chaotic. The chaotic

attractors on different phase space projections are shown in Fig.1
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Fig.1. The chaotic attractors of the system (3) projected onto different phase plane. (a) x, -x, phase
plane; (b) x - x, phase plane.

Firstly, the bifurcation of system (3) as the parameter a is varied will be investigated when the
order is taken as g =0.99, and system parameters b =16,c =-0.2. From Fig.2, there is one limit

cycle until period-doubling bifurcation occurs when a=6.45. When ae[l,1.5]and a<[4,4.5], a

period-doubling bifurcation can be obtained . The corresponding phase portraits are shown in Fig.3,
from which it can be seen that the system (3) exists period-1, period-2 for different values of the
parameter a.
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Fig.2. The bifurcation diagram of the system (3) with parameter a<[0.5,7.5].
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Fig.3. The phase portraits of the system for different values of the parameter a (a) a=7; (b)a=58.

Secondly, the dynamics of system (3) varying the parameter b will be studied when a=5,c =1,
and g =0.99. Via the numerical computation, the bifurcation of the system (3) when the parameter
b €[10,125]is obtained which is depicted in Fig.4. It is clear that with the decrease of the parameter

b, the route out of chaos for the system is through tangent bifurcation when b=110.5. Then two
limit cycles coexist until period-doubling bifurcation occurs when b=105. By a series of
period-doubling bifurcations, the system enters into chaos again.
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Fig.4. The bifurcation diagram of the system (11) with parameter b<[10,125],

Thirdly, when the system parameters are taken as a =5,b =16, the derivative order q=0.99, the

bifurcation diagram of the system (3) with parameter cis shown in Fig.5. The tangent bifurcation
occurs when ¢ = 0.05and the period-doubling bifurcations can be seen withc €[0.04,0.09].
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Fig.5. The bifurcation diagram of the system (3) with parameterc €[-0.4,1.4]

Conclusions

In this paper, bifurcation of a fractional-order complex system is investigated. As the system
parameter is varied, bifurcation of the system is showed by the numerical simulation. The routes
leading to chaos including the period-doubling and tangent bifurcations are obtained. The phase
portraits for different value of parameters are also given to demonstrate the dynamics of the system.
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