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Abstract. In this paper, synchronization of a fractional-order complex system is studied. Based on the 
stability theory of fractional-order systems, the scheme of synchronization for the fractional-order 
complex system is proposed. the synchronization for the system is realized by designing appropriate 
controllers. Numerical simulations are used to demonstrate the effectiveness of the proposed scheme.  

Introduction 

Recently, chaos synchronization has attracted increasing interests which was proposed in 1990 
[1]. Synchronization of integer-order systems has been studied extensively and several methods are 
extended to synchronize fractional-order complex systems [2-4]. As well known, fractional calculus 
is very important in mathematical modeling. As research continues, the importance of 
fractional-order systems with complex variables is realized by many researchers, which can be widely 
used to describe a variety of physical phenomena.  

The fractional-order complex system 

  In [5], a new three-dimensional system was presented, which can be described by the following 
differential equations 
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where T
1 2 3( , , )y y y y is the state variable vector of the system, , ,a b c  are parameters. When the 

parameters 5, 16, 1a b c    , the system exists an chaotic attractor.  
In here, the state variables of system (1) are defined in the complex field, then the corresponding 

fractional-order system is defined as  
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where q  is the order of derivative, T
1 2 3( , , )y y y y   is the vector of state variables. 

1 1 2 2 3 4,y x ix y x ix     are complex variables, 3 5y x  is real variable, and 1i   . Then the 
complex variables in the system are separated into the real and imaginary parts, respectively. 
According to the linearity of the Caputo differential operator, the system (2) can be rewritten as 
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           .                                                              (3) 

Compared with the system (2), (3) is more convenient for analysis and numerical simulation. By 
numerical computation, the maximum Lyapunov exponent of the system (3) with 

5, 16, 1, 0.99a b c q     is 1 0.071λ = , which means the system (3) is chaotic. The chaotic 
attractors on different phase space projections are shown in Fig.1  

 
Fig.1. The chaotic attractors of the system (3) projected onto different phase plane. (a) 1 3x x  phase 

plane; (b) 1 5x x phase plane. 
 
     In this section, the synchronization for the fractional-order complex system (3) will be studied. 

Synchronization 

Firstly, the synchronization scheme for a fractional-order complex system is introduced. The drive 
and response systems are follows, respectively: 

( )D y f y  ,                                                                                    (4)  

( ) ( , )D Z g z u y z   ,                                                           (5) 
where (0,1)  and (0,1)  are the derivative orders of systems (4) and (5), respectively. The 
complex variables are defined as 2 1 2j j jy x ix  , 2 1 2 , ( 1, 2, , )j j jz x ix j n

    . 

( , ) : n n nu y z R R R× → is a synchronization controller which will be designed later. e z y= −  is 
defined as the error vector, synchronization of systems (4) and (5) is achieved if the following 
condition is satisfied 

lim lim 0
t t

e z y
→+∞ →+∞

= − = ,                                                             (6) 

where ⋅  is the Euclidean norm. The error vector can be rewritten as real imagee e ie= + , where 
real real reale z y  , image image imagee z y  . It is need to define a compensation controller 
( ) ( ) ( )y D y g y    and a synchronization controller ( , ) ( ) ( , )u y z y y zθ τ= +  for system (5). Then, we 

can get the error dynamical system by substituting the controllers into the response system (5) as 
following: 

( ) ( ) ( , ) ( , ) ( , )D e g z g y y z A y z e y z       .                                     (7) 
If ( , )y zτ is chosen as ( , )B y z e , and system (7) is rewritten as  
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 ( , ) ( , ) [ ( , ) ( , )]D e A y z e B y z e A y z B y z e     .                                            (8) 
then (8) is asymptotically converge to zero when error vector tends to zero when t →+∞ . 

  The system (3) is taken as the drive system, the corresponding response system with controller 
is  
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1 1 2 2 3 4,z x ix z x ix′ ′ ′ ′= + = +  are complex variables, 3 5z x′=  is real variable. The system (9) can be 
expressed as 
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.                       (10) 

  By computation, we can get A( , )j jx x′  is following 
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    .          

Meanwhile, the matrix B( , )j jx x′  is  
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Therefore, the error dynamical system is  
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The orders of derivative are 0.99q β= = . The synchronization of simulation for the drive and 
response systems are showed in Fig.2, from which it can be seen that the error variables 1 2 3 4, , ,e e e e , 
and 5e converge to zero, which means the synchronization between the systems (3) and (10) is 
realized  under the controllers.  

2016 6th International Conference on Applied Science, Engineering and Technology (ICASET 2016)

© 2016. The authors - Published by Atlantis Press 0156



 

 
Fig.2.  synchronization errors of the systems (3) and (10) 

Conclusions 

In this paper, synchronization of a fractional-order complex system is studied. Based on the 
stability theory of fractional-order systems, the scheme of synchronization for the fractional-order 
complex system is proposed. the synchronization for the system is realized by designing appropriate 
controllers. Numerical simulations are used to demonstrate the effectiveness of the proposed scheme. 
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