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Abstract. This paper presents the unified mathematical model well applicable for the analysis and
design of the planar and spatial cam mechanisms of all categories in terms of the differential
geometry and meshing principle, exploring the interrelation of the various cam mechanisms. The
general-purpose CAD/CAM software package for cam mechanisms is made possible by utilizing
the unified mathematical approach developed in this paper. The normalization of the initial
parameters for the CAD of certain representative cam mechanisms is also examined.

Notations

C constant vector
C: transformation vector of translation
fromSsto S,
C, transformation vector of translation
from S, to S,
Ei% E% rotation matrices for the rotation transformations of S2 about the j axis and S¢ about the

k axis
h,  follower displacement
h,  cam displacement
hix, h1y, h1;  components of any follower displacement h in space in  the direction Xt yrand z¢
J1,J2  2nd and the 3rd component of the rotation matrix
J axis X, or y, or z,
k axis x; ory; or z;
P contact point
R¢ vector notation of X, in S¢

R: vector notation of X, inS;
R, vector notation,s £, inS;

Rc vector notation s X%, in S

re follower rotation radius

ro=ro(os) element function of a specific rotating curved surface

S1 (01, X1,Y1,21)  fixed system on the initial position of follower.

St (01, Xt, Y1, Zs)  motive system on the follower with the initial position lying on S;.

S, (02, X2, Y2, Z2)  fixed system on the initial position of cam, whose direction is consistent with
S1.

Sc (0¢, Xe, Ye, Zc) motive system on cam, whose initial position lies on S,
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t time

V1V,  translatory velocities of follower and cam.

21 mating surface of follower

22 cam curved surface (curve)

¢,0;  curved vein coordinates of the roller curved surface.
p constant angle, = 0° or =90°

Ot » Oy, O, curve vein coordinates of >,

6, 6, angular displacements of follower and cam
@ contact function, ¢(o,,¢,t) =0

w1, w2  angular velocities of follower and cam
o1, P2, -p3  components of 010, in the direction of X3, y; and z;, respecti

Introduction

The traditional design and manufacture of cam mechanisms have not met the requirements of
industry. Although the CAD/CAM technology of cams develops rapidly, nevertheless a number of
CAD software for cam mechanisms find their limited application to some extent due to a great
diversity and variation of cam mechanisms. This paper makes an approach to the development of
the unified mathematical model, the design and the analysis of cam mechanisms.

Formulation of unified mathematical model

(a)Universal geometric model of cam mechanisms

The implement of motion specifications of cam mechanisms is dependent on the cam profile or
the shape of working curved surface and the arrangement of mechanism configuration. For this
reason, it is necessary to formulate the mathematical model of the cam profile or the curved surface
while we proceed to the precise design of cam mechanisms by using the CAD technique. First of all,
a universal geometric model for cam mechanism is constructed. As shown in Figure 1, the
geometric model is represented by the kinematics schematic diagram of the spatial cam mechanism
that is most general. This model can be converted to the planar or spatial cam mechanisms with the
diverse configuration and the forms of motion after the different initial parameters are chosen. The
four different Cartesian coordinate systems are established in Figure 1 to derive the accurate
mathematical formula of cam profile or the working curved surface of cam:

S1 (01, X1, y1, z1 }—a fixed system on the initial position of follower.

St (07, Xt , Vi, Z¢ — a motive system on the follower with the initial position lying on S;.

S, (02, X2, Y2, 2 — a fixed system on the initial position of cam ,whose direction is consistent
with St

Sc (0¢, X¢, YC, zC }—a motive system on cam, whose initial position lies on Sy,

On the basis of the envelope theory of differential geometry, the coordinate transformation can
be made by utilizing the rotation matrix or the translation of coordinates in such a manner that the
vector notation of the mating surface >; of follower in St relative to the contact point P is
transformed to that in S relative to the cam working curved face as the roller curved faces of the
family as the envelope surface. Then the contact equation can be derived by dint of meshing
principle (contact condition) again, resulting in the unified mathematic expression for the
cam-curved surface (curve) Y, that is, Y1 —®— ¥,. The coordinate transformation of vector
* Rf(P) N Rl(P)—) RZ(P)—> RC(F’)

where these vectors above can be simply rewritten as: R R1, R, and Rc.
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Fig.1 The universal geometric model of cam mechanism
(b)Vector notation Rfof X, in St

There are many forms of engagement or contact between a cam curved surface and a follower in
direct contact, such as the roller, the flat-faced, the knife-edge, etc. Among them the roller follower
is most complicated, consisting of the cylindrical roller, the conic roller, the spherical roller and the
other kinds of rollers with rotating curved face, etc. However, no matter what classes of roller, %,
is usually a given simple curved face .The mathematical expression of vector Rs in Sy is generally
simple.

Let X1 be any specific rotation curved surface with the roller follower. As the rotating of roller
about its axis has no effect upon the forms of engagement, the roller can be supposed to be fixed on
the follower as shown in Figure 2. In this case, the vector R¢ for X, is as follows

X¢ Iy Sing
Ri=dy, t={(5, +b)cos B+r,cosp +T, 1)
Z; —(9; +b)sinp
A
Ot
Xr

Fig. 2 Vector R for roller curved surface X,
where ro=ro(5) is the element function of a specific rotating curved surface , ¢ and &
represent the curved vein coordinates of the roller curved surface.
Since the follower is in the translational motion for the flat-faced follower, £ is either O or
90°.As a result, when 3 =0°,

Xf 5fx
Rf =4y, b=4r +b (2)
Zf 5fz

and when £=90°,
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1)
Ri = Yi = 5fy (2
b

where & and S, or o and oy, are the curve vein coordinates of 2., For the knife-edge
follower, ro=06¢=0, therefore, Rt is a constant vector:

X¢ 0
Rt =1y, t=1bcosf+r, 3
Z; bsin g

The Rt above are also suitable for the planar cam mechanisms. In this instance, assuming z¢=0
and $=0, R¢ can be reduced to the two-dimensional vectors. It must be noted that although only the
roller follower was previously illustrated for a clear visualization’s sake, the model shown in Figure
1 is likewise suited for the other forms of contact.

(c) Transformation of coordinates

In order to derive the mathematical formula of R, the transformation of the four coordinate
systems from Stto S will be necessarily made. The transformation of the coordinate from S, to S;
depends on the motion form of follower in addition that the transformation from S; to S, needs to
be added a constant vector C. On the other hand, the coordinate transformation of S, to S depends
on the motion form of cam. In spite of the fact that there are a wide variety of forms in the motion
of cam mechanisms, the unified mathematical model can be obtained from the following several
vectors Rc.

(1) If the cam rotates about the j axis (axis X, or y, or z;) and the follower rotates about the k
axis (axis xj or y;0r z;), then

R.=E% (E™*R;-C) (4a)

where E!% E**are the rotation matrices for the rotation transformations of S, about the j axis

and St about the k axis, 8, and &, are the angular displacements of follower and cam, respectively.

(2) If the cam rotates about the j axis and the follower translates (in-line), then

R.= E (Rf+ C;-C) (4b)

where C1=C;(h;) is a transformation vector of translation from S; to S; h; is the follower
displacement.

(3) If the cam translates and the follower rotates about the k axis, then

R.=(E™*R¢-C)-C, (4c)

where —C, = -C,(h,) is a transformation vector of translation from S, to S¢ h; is the cam
displacement.

(4) If the cam translates and the follower translates (in-line), then

R.=[(R¢+ C;) - C] -C, (4d)

These classes discussed above are the most common forms in the motion of cam mechanisms.
Especially, when the cam contains more complex motions, i.e. both the rotary and the translating
one, the additional cases results:

(5) If the cam rotates and translates, and the follower rotates or oscillates about the k axis, then

R.=E'” (E™**R¢-C)-C, (4e)
(6) If the cam rotates and translates, and the follower translates, then
Rc=E! [(R¢+ C4)- C] -C; (4f)

Summarily, the most general motion forms of cam mechanisms can be boiled down to the
following: cam and follower rotate or oscillate and translate. Such motion forms will cover all kinds
of the motions described previously, and so the unified vector expression for the cam curved faces
or the curves can be constructed as

R.= E”[(E™*R¢+C;)-C]-C; (4)

As the kinematical parameters will be given the different values according to the corresponding
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motion forms, Equation (4) can be converted to the previous expression of R.. For example, as in
cam or follower without translating motion, h, or hy will equal 0, so C, or C; becomes a zero
vector. In case of cam or follower without rotary motion, & or &; will equal 0, so E'% or E™**
can be turned into an identity matrix. In this situation, either the zero vectors or the identity matrix
has no influence on the R, specified by Equation (4). It follows that Equation (4) can represent the
cam curved surfaces or the curves of cam mechanisms with a number of motion forms.

In relation to the planar mechanism, since R. lies in the x-y plane, the rotation matrix will
become

£ _ cosd,  sind,
| -sing, cos6,

5
- {cos@1 —simﬂ ©)

sing, cosé,
if Hl = 92 = O,then

Ejgz — E*kel — 1 0
01

(d)Contact conditions

In addition, since the cam and the follower must satisfy the contact condition at the mating point
P, the unified mathematical formula expressed by Equation (4) remains incomplete. According to
the meshing theory, a fixed position on the follower is in contact with the corresponding counterpart
on the cam at each time t, which indicates that &,, i, h, and h; are all the function of t. From the
envelope theory, it is known that the cam-curved surface is a single parameter envelope surface of
the curved face of follower with respect to t, and the contact conditions (contact equations) are:

(9, p,1)=0 for spatial mechanisms

P, t)=0 for planar mechanisms
that is
JR. JR. OR
5 ] 1t = C, C, ¢ :0 6a
¢(f<o)[0,)5f P ﬁt] (62)
The mixing product of the three vectors R, ,é’RC ,5RC IS zero.
o0, dp Ot
R OR
) =x—=0 6b
$(p,1) ‘ 20 ot (6b)
where
6 @:EJ-HZE*WM&
o, 2P
R .
< —é’ ¢ — Ew2 E_kel 0’)Rf (7)
op op
OR,

L5 =@, E[(E** R, +C,) -C]-V, + E™ (~0,J,R, +V,)

In Equation (7), @1 and w, are the angular velocities of follower and cam, Vi, V, are the
translating velocities of follower and cam, respectively, wi,@2, Vi, V2 embodying the motion
specifications of cam mechanisms, are known, J, and Js are the 2nd and the 3rd component ! of
the rotation matrix.

Hence, the unified mathematical model for the cam curved surfaces and the curve is completely
formulated:

Rc= E%[(E™ R¢+ Cy)-C]-C (%)
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#(5¢,9,t) =0 or ¢(p,1)=0

The contact conditions reflect the relationship between the curved veins coordinates of cam
working curved surface at the contact point P. For each time t and any given & ¢ can be specified.
For a planar cam, when &5 is known as a constant and ¢ is eliminated, the curve equation for cam,
with t being a parametric variable, can be obtained.

Having formulated the unified mathematical model (*) for cam profile or working curved
surface, the unified formula for the pressure angle and the curvature, etc., which will no longer be
discussed here, can be accordingly achieved.

Normalization of the initial parameter for CAD of CAM mechanisms

As the cam profile (or curved surface) is generated, in line with the unified mathematical model
developed above, the normalization of the initial parameters must be taken into account to adapt for
the diverse cam mechanisms. In other words, how to select and enter the initial parameters is a
prerequisite consideration to automatically define every vector and matrix in Equation (*) by
computer. For these vectors and matrices, in addition to the previous expressions of Ry, E % E

we can select, the normalizing model for C, C4, C, is described as follows again:

C=[p,, p, ’_p3]T (8)

where p1, p2, and -psin Figure 1 are the components of O;0,in the direction of xi, y; and z;,
respectively.

Ci=[h,.hy,.h,]1" ©)

where hiy, hiyand hy, are components of any follower displacement hy in space in the direction
Xt, yrand z, respectively. In general, the coordinate system can be so set that the follower moves
along one of the axes. Consequently, the other components will become zero.

Cz=[h,,,h,,,h,, 1" (10)

where hyy, hay and hy, are the components of any cam displacement h; in the direction of x,,y-
and z,, respectively.

Apparently, the initial parameters in the design of cam profile are involved in R¢, E'%  E™% C,

Ci, C,, where the geometric parameters consist of r¢, ro and b as well as p1, p> and ps; while the
kinematical parameters contain &, h,, 6, and h;. Among them, &, and h, are the prescribed
kinematical parameters of cam .The kinematical parameters &, and h ; of follower can be achieved
by means of the motion specifications designed .1t is assumed that the counterclockwise 6; and 6,
are positive and the initial displacements are covered in four displacement parameters.

The following are several examples for the typical cam mechanisms to illustrate the way in
which the initial parameters are chosen in table 1. Only the fixed coordinate systems are plotted for
the simplification of the schematic diagrams. Moreover, the selection of R, E % E *% stated
previously will not be repeated any more, and only the axes represented by the j and k axes for the
spatial mechanisms will be shown.

Conclusions

The unified mathematical model presented in this paper is adaptable for the design of cam
profile and the geometric analysis of all types of cam mechanisms. In the meanwhile it can be used
to develop the general purpose CAD software for the design and the geometric analysis of cam
mechanisms. The diverse cam mechanisms, as long as the initial parameters are adequately chosen,
can be well manipulated via the unified mathematical model.
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Table 1 Typical cam mechanisms name and the initial parameters are chosen

. . Mechanisms name and . . Mechanisms name and initial
Cam mechanisms figure initial parameters chosen Cam mechanisms figure parameters chosen

Plate cam - oscillatin
g Globoid cam - oscillating

follower

b=0,4=0 follower

=0 Y, i>Y,, kox
C=1[p1,-p2]" .
C,1=C,=0 r,=0,=90

C=[0~p,—p3]" s C1=C,=

0

Plate cam - translatin
9 End cam - oscillating follower

follower

6,=0, ;=0 =y, kox
b=0, p=0 r, =0,5=90°
o =0

C=[p1,-pal" C =[0,—p,,0]"
C1=[0,hy]"

1=[0, hy] Ci=Cr=0
szo

Grooved cam - in-line o .
Cylindrical cam - translating
follower

Z
6,=0, ri=0 ! h: follower
—0 ae Zz = - 22y
b=0, B=0 77 01 77 0,=0,j Y,

5=0, C=[0,-py]"
C:=[0,h:]",C2=0 p=90°

Xi
Since this cam possesses //fﬁ : “ 1\ 22 C =[0,p,,—p,1"
X

7
the two profiles, so the - k¢ K
, 0. C, =[0,h,.0]"

value of pwill get "+, -"

from , 1)=0
4(0.9 =0

Plate cam - knife-edge . .
Conic cam - translating follower

follower

6,=0, r, =0 6,=0,j—>1z,
b=0,r,=00;=0 L=y

Ri=0 T c :[Ovav'Pz]T
C=[p1,-p,] ) .
C=[0,-haT", C, =[0,h;siny,h, cosy]
szo

Cz:0

Plate cam - flat-faced Cylindrical cam - oscillating

follower -""’Y follower
6,=0, r, =0 S
' f =Y, k=17
b=0 o
05 =0 p=9%0
C=[p1r'p2]T C:[OlpZV_pZ]T

— T

Cl_[ovhl]v C1=C,=0
C2=0
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