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Abstract. This paper discusses the nonlinear dynamics of Shen-Larter calcium oscillation model
with the center manifold theorem and bifurcation theory. A numerical approach is provided to discuss
the variation in classification and stability of equilibria with parameter value. It is shown that the
critical values of parameter in this model are due to supercritical Hopf bifurcation of equilibria. This
numerical simulation confirms the theoretical results of this research. Finally, a complete description
of the complex dynamics of the Shen-Larter calcium oscillation model is provided by combining the
numerical and theoretical results.

Introduction

Cytosolic calcium has shown its importance in the study of a large variety of cell types. Calcium
has been linked to secretion, heart function, blood clotting, muscle contraction, and diseases of the
muscular and nervous systems apart from cellular functions such as growth, gene expression, division,
and apoptosis. Many activities of biological cells are controlled by calcium (Ca*") oscillations[1].
The mechanisms of delivering external signals to the inside of the cell are complicated, and calcium
plays an important role in it. Commonly, by varying the concentration of Ca®" inside the cell, signals
take place, for example, by intracellular Ca** oscillations. Cells can control signals’ processes in
response to frequency changes. Hence, how Ca?* oscillations effect the cell behaviors by controlling
the signals is of vital scientific interest. Calcium oscillations are often organized into intracellular and
intercellular calcium waves. Cells generate signals from transducer exogenous stimulation into
physiological output. Ca?* acts as an intracellular messenger in many cellular processes such as
vesicle secretion and gene transcription[2].

Typically, Ca®* oscillations arise by an agonist, such as a hormone or a neurotransmitter in
response to external stimulation[3-9]. The agonist initiates a chain of reactions that leads to activation
of phospholipase C which then catalyses the formation of inositol (1,4,5)-trisphosphate (IP3). The
agonist sticks to the receptors on the cell membrane. IP3 sticks to the receptors on the endoplasmic
reticulum which is the cell’s internal store of highly concentrated Ca®* and diffuses through the cell
cytoplasm. IP3 receptors are also Ca* signatures, and open when 1P3 sticks, which leading to a large
flux of Ca®* from the endoplasmic reticulum into the cytoplasm. When IP3 are released from the
receptors, the cell pumps Ca®* back into the endoplasmic reticulum or Ca** them out of the cell.

Over the last decades, a large number of mathematical models are proposed to characterize
changes of Ca** signals inside or outside cell membrane during transduction[10]. Shen and Larter[11]
proposed a mathematical model which is described by some differential equations and some
researchers made a deep study on it[10]. These researches concentrated on numerical simulations of
the critical value of some parameters of calcium oscillations and rarely have notification on
theoretical analysis. Chang and Chen[12] made a theoretical analysis of complex dynamics in Chen’s
system in 2006. They also performed some new numerical simulations which not only have
confirmed the theoretical analysis results but also shown some new phenomena including homoclinic
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bifurcation, coexistence of two stable limit cycles, one chaotic attractor and some periodic solutions
emerging from Hopf bifurcation.

In this paper, we further analyze Shen and Larter calcium oscillation model on the existence, types
and stability of equilibria by qualitative theory and stability theory of dynamical models[13]. Also,
we analyze the phenomenon of the appearance and disappearance of calcium oscillations with the
center manifold theorem and bifurcation theory[14]. At last, we numerically simulate the theoretical
analysis results to verify its rationality and accuracy.

Mathematical Model

The mathematical model proposed by Shen and Larter[4] is described by the following differential
equations:
J o + i —J

pump in

dca,, /dt=J,,+]

dcaer [dt=1 pump ‘Jch - ‘]Ieak (1)
dIP,/dt=J, ~J

leak out

where
3o =Ko (IR 11P + K )(K,Cay, / (Cay, +Kg)) Cay v Jiew =KewCay  J_=k_-IP;
Joump = KoumpCaZ, 1Ca% + K3, i =Ky - T+ Ko, Jo =Ko Cay,, J, =k, -r-Ca,, /Cay, + K.
Parameters  for  which  all  calculations are made if not  otherwise
stated: k, =3000.0uMs™ , K, =1.0s" , k.. =50.0uMs™ , k,, =4.0uMs™ , k, =1.0uMs™ ,
K, =50s"-30.0s", k, =40uMs™, k =2.0uMs™ , r=05, K, =K, =02uM , K,=1.0uM |,
K,=K;=0.69u4M . In the following analysis and numerical simulations parameter K,
considered as bifurcation parameter since it is more easily amenable to experimental manipulation.
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Analysis of Stability and Bifurcation of Equilibria

Letx =Ca,,, z=1R,,r=Kk

dx / dt = 985.527x%yz* / ((x +0.69)°(z* +0.0016)) + y —50%° / (x> +0.04) + 3—rx
dy / dt =50x° / (x* +0.04) — y —985.527x%yz* / (x + 0.69)®(z* +0.0016) (2)
dz/dt=2x/(x+1)-2z
According to the actual meaning of X, y, z and r, only one condition needs to be studied whether
there exists equilibria of system (2) when r €[5.0,30.0]. Based on theoretical analysis we have:

When r < 7.49843, there is a stable node of system (2); when r =7.4984261, system (2) has a
non-hyperbolic equilibrium O, = (0.40008,1.2766,0.28576) ; when 7.49843 < r < 24.37676, system

(2) has an equilibrium (saddle); when r =24.37676, system (2) has a non-hyperbolic equilibrium
O, =(0.12307,9.001,0.10958) ; when r > 24.37676, there exists a stable node of system (2).

When r=r,, the corresponding equilibrium of system (2) is (X,,Y,,Z,), and let X, =X—X,,

y=Ca

er !

system (1) can be rewritten in the following form:

out ?

Yi=Y—VY,, Z,=2-12,, I, =1 —1,.Inorder to apply the center manifold theorem with parameters of a
continuous dynamical system, r, is regarded as a new dynamical variable. Under the consideration of
dr, /dt =0 and system (2), we have:
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dx, / dt =985.527(x, + X, ) (Y, + Yo )(Z, + 2,)* 1 (X, + X, +0.69)°((z, + z,)* +0.0016))
+ (Yo + ¥o) = 50(X, +%,)* / (%, +%;)* +0.04) + 3= (1, + 1) (X, +X,)
dy, / dt =50(x, +X,)* / (X, + X,)* +0.04) — (y, +y,) —985.527(x, + X,)’
(Y, + Yo )(Z, +2,)* 1 (X + X, +0.69)°((z, + 2,)* +0.0016)
dz, /dt =2(x, + %)/ (X, + %, +1) —2(z, + 2,)
dr,/dt=0
It’s obvious that the origin O(x,, Y,,z,,1;) =(0,0,0,0) is the equilibrium of system (3) when 1, =0,
which has the same conclusion as the one O(X,, Y, Z,,,) of system (2) through the analysis, stability
and bifurcation types. The characteristic equation associated with system (3) is given by
P(§)=8(5*+Q&* +Q,¢+Q,) =0 (4)
where Q =—(A+E+1), Q,=AE+ Al +EI-BD-FH , Q, =BDE + FHA- AEI , and
A=—r,—4x, | (x,” +0.04)% — (2956.581x,°Y,Z," (X, —0.69)) / (X, +0.69)" (z,* +0.0016))
B =(985.527x,°z,") / ((x, +0.69)°(z," +0.0016)) +1,
C =(6.3073728x,y,2,°) / ((x, +0.69)°(z," +0.0016)?),
D = (4x,)/ (X, +0.04)% +(2956.581x,° Y, Z," (X, — 0.69)) / (X, +0.69)" (z,* +0.0016)),
E =—(985.527x,°2,*) / ((x, +0.69)°(z,* +0.0016)) -1,
F =—-(6.3073728x,’y,2,°) / ((x, + 0.69)°(z,* +0.0016)°) , G=2/(x,+1)*, H=0, | =-2.
When 1, =7.49843 , characteristic roots of equilibrium O =(0,0,0,0) of system (3) are
& =11.4501, &, =-11.4501, & =-3.5845, &, =0 respectively.

(3)

X, u 0.6193 -0.351 -0.5359 -0.05264
A v 0.6763 0 0.7658  0.15247
Let =U , Where U = , system (3) becomes
Z, w —0.3988 0.041 -0.0384 -0.02685
K S 0 0 0 0.98654
&) (—3.5845 0 0 0)(u 0,
W 0 0 -11.4501 O || v
- + ©)
W 0  11.4501 0 oflw| |g,
& 0 0 0 0){s g,
where

g, =0.2658u —0.2167s +0.3456v —0.275w — 3.1771612 / (0'12 +0.04) -0.49230,0,

~4.21475, | o, - 62.6230%0,0, | (o, +0.0016)5%) +1.0129
g, =1.0758u —10.90855 — 0.8048v +9.939w +32.875207 / (o> +0.04) - 4.38140,0,

~13.11920, / o, + 647.98895°0,5, | ((c, +0.0016)c°) — 6.4859

g, = 2.0477u—0.00785 —~11.7553v — 0.7571w + 68.0970 / (0> +0.04) + 0.43480,0,
+3.72210, | o, +1342.22896°0,0, | (o, +0.0016)0%) — 2.5616 ’

o, =0.05265 —0.6193u +0.351v + 0.5359W— 0.4,

o, = (0.0268s +0.3988u — 0.041v + 0.0384w —0.2858)* , &, = 0.9865s + 7.4984,

o, =0.1053s —1.2386u + 0.702v +1.0718w—0.8002,

o, =0.05265—0.6193u +0.351v + 0.5359W—1.4, &, =0.15255+0.6763u +0.7658W+1.2766,
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o, =0.0526s-0.6193u +0.351v + 0.5359w—-1.09 .

We can infer from the center manifold theory that there exists a center manifold of system (5), and
its form can be expressed as follows:

WS (0,) = {(u,v,w, s) e R*|u=h"(v,w,s),h"(0,0,0)=0,Dh"(0,0,0) = o} (6)
Let h™(v,w,s) =aV® +bw? +cs® +dvw+evs + fws +---, the center manifold should meet
Dh"-(-11.4501w+g@,,11.4501v + g,,0)" +3.5845h" = g, (7)

Now we have a =-0.318, b=-0.3952, ¢=0.026, d, =0.0571, e=0.0611, f =-0.0391.
So the system confined by this center manifold of system (5) is

(\&j ( 0 —11.4501J(VJ [fl(v,w)]
= + (8)
) (11.4501 0 w) { £2(v,w)

where f'(v,w)=10.1919v* +31.7893vw +13.9651v° +---,

f?(v,w) =18.3368v* +57.3773vw + 25.1181v° +---.
Hence , it is not difficult to verify that:

1
a=——"  (f (f 4+ f )= f2(f2+f2)—fLf24f' f?
1612501 T+ Tund = o (o + i) = T oo fa) [ 00 9)
+%(f&vv + fout T2 0oy = 21.3992> 0
4 - d(Re(4(5))) |(o,0,0) 840450 10)

ds
Summarizing the discussion above, we have the conclusion based on Hopf bifurcation theory.
Conclusion 1: A supercritical Hopf bifurcation occurs when r passes through r, = 7.4984261 of

system (2). When r <1y, the equilibrium O, is stable. When r >, the equilibrium O, will lose its

stability, meanwhile the neighborhood around it will have an unstable periodic solution and system (2)
begins to oscillate.
When 1, =24.37676, the system confined by the center manifold of system (3) is

[\&) [ 0 0.82473j(vj (fl(v,w)J
= + (11)
W) |-0.82473 0 w)  f2(v,w)

where f'(v,w) =-1.6758v* —0.5822vw +1.5245v° + - --
f2(v,w) = -0.7731v* — 0.2605vw + 0.7239v° +--- .
Conclusion 2 can be inferred when a=0.3526 >0 and d =-0.2817 <0.
Conclusion 2: A supercritical Hopf bifurcation occurs when r passes through r, = 24.37676 of
system (2). When r <1, the equilibrium O, is unstable and system (2) is going to oscillate. However,

when r >, the equilibrium O, is stable, and oscillatory phenomena of system (2) disappear.

Numerical Simulation

Fig. 1 is a bifurcation diagram of the equilibria of system (2). Each point of the curve (solid line)
means the stable equilibrium, and the dashed line indicates unstable equilibria. Fig. 1 shows that the
equilibrium O(r) undergoes bifurcation two times, marked as HB1 and HB2 of which the

corresponding parameter values are 1, =7.4984261 and r, =24.37676 respectively. When r<r,,

there exists an stable equilibrium of system (2). When r increases, the equilibrium loses its stability
at HB1, and returns to be stable at HB2.
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Fig. 1 Equilibria of system (2) in (r, y) -plane
Fig. 2(a) demonstrates a plot of orbit near a stable equilibrium of system (2), Fig. 2(b) shows time
series of x of system (2) for r =7.49. Numerical simulations illustrate that the equilibrium O(r) is
stable for 5<r <7.4984261 and 24.37676 <r < 30.
Fig. 3(a) indicates time series t—x of system (2) for r =24.3 and Fig. 3(b) shows the stable
periodic orbit of system (2) for r =24.3 and its period T ~11.18.

x &
0.208 4
0.20 ’l|
e -Hfl”"
o 1 —
o {i
0.35¢ I
e R v D
1270 T e 3BET . " A + " At

| D408 \l { \ / \ [
ol Lo |
| 404 \ / [ \ [ \ [
B AR AR
= LY R VR VAR
. "f,_;zzr?zsa x 3: U : Y \J \U{ \Vf: Vo
Fig. 3 (a) Stable periodic orbit. Fig. 3(b) The time series for r =24.3.

Summary

In this paper, we analyze the existence, types and stability of equilibria of Shen-Larter model of
calcium oscillations by using the qualitative theory of dynamical systems and stability theory.

Based on the center manifold theory and bifurcation theory, we make a further study of the
occurrence and disappearance of oscillations of this system, which proves that the phenomena are due
to supercritical Hopf bifurcations of equilibria of this system.

Numerical simulations are carried out with the help of Matlab. The simulation results verify that
they are effective and reasonable.
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