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Abstract. GKS -mappings and GKS-majorized mappings are introduced, and maximal element 
theorems for GKS -mappings and GKS-majorized mappings are established in GFC-spaces. As 
application, a new equilibrium existence theorem for systems of general quasiequilibrium problems 
is obtained. 

1. Introduction 

In 2009, Khanh et al.[1, 2] introduced GFC-spaces. In 2010, Khanh et al.[3] established coincidence 
theorems, maximal elements and nonempty intersections in GFC-spaces. In 2011, Wen[4,5] 
established intersection theorems, fixed point theorems, variational inequalities and existence 
theorems for solutions of generalized equilibrium problems with lower and upper bounds in 
GFC-spaces. In 2012, Wen[6] obtained equilibrium existence theorems for systems of 
quasiequilibrium problems and systems of general quasiequilibrium problems in GFC-spaces. In 
2013, Wen et al.[7-9] obtained matching theorems, saddle point theorems, section theorems and 
existence theorems of solutions for systems of generalized mixed vector quasiequilibrium problems 
in GFC-spaces. In 2014, Wen et al.[10-11] established equilibrium existence theorems for systems of 
general quasiequilibrium problems and abstract economies in GFC-spaces. In 2015, Wen et al.[12-15] 
studied equilibrium existence for constrained multiobjective games, abstract generalized vector 
equilibrium problems, coincidence problems and GFC-KKM theorem in GFC-spaces. 

In this paper, GKS-mappings and GKS-majorized mappings are introduced, and maximal element 
theorems for GKS-mappings and GKS-majorized mappings are established in GFC-spaces. As 
application, a new equilibrium existence theorem for systems of general quasiequilibrium problems 
is obtained. 

2.  Preliminaries 

Let X be a nonempty set. We denote by <X> and 2X the family of all nonempty finite subsets of X and 
the family of all subsets of X, respectively, by △n the standard n-dimensional simplex with vertices 
e0,…, en. Let X and Y be topological spaces. We denote by C(X, Y) the class of single-valued 
continuous maps of X into Y. Following Khanh et al.[1-15], let X be a topological space, Y be a 
nonempty set and F  a family of continuous mappings :N n Xj D  . ( , , )X YF  is said to be a 

GFC-space if for each :N =  0{ , , }ny y Y Î ，there exists :N n Xj D   of the family F . Let 

( , , )X YF   be a GFC-space, Z a nonempty set, :S X Z a map. : 2ZT Y   a mapping. T is said to be a 

GFS-KKM mapping if for each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we 

have
0

( ( )) ( )
j

k

N k ij
S T yj

=
D Ì . 

Now, we introduce the following definitions. 
Definition 2.1  
Let ( , , )X YF  be a GFC-space, Z a topological space, K a nonempty compact subset of Z. :S X Z a 

map. : 2YT Z  is said to be a GKS-mapping if T has weakly compactly local intersection property 
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relatively to K and for each 
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we have 

1

0
( ( )) int ( )

j

k

N k Z ij
S c T yj -

=
D Ç =Æ. 

Definition 2.2 
Let ( , , )X YF  be a GFC-space, Z a topological space, K a nonempty compact subset of Z. :S X Z a 

map. : 2YT Z  is said to be a GKS-majorized mapping if for each z ZÎ satisfying ( )T z ¹Æ , there 

exists a mapping : 2Y
zT Z   and an open neighborhood ( )N z ZÌ of z in Z such that  

(1) 1
zT   is weakly transfer compactly open valued relatively to K; 

(2) ( ) ( )zT x T xÌ for each ( )x N zÎ ; 

(3) for each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we have  

1

0
( ) ( ( )) int ( )

j

k

N k Z z ij
N z S c T y j -

=
D Ç =Æ. 

Remark 2.1  
Definition 2.1 and 2.2 unify and generalize correlated definitions in Wu[16], Wen[17], Wen[18], 
Yang[19] and Ding[20]. 

The following lemma is Theorem 3.1 of Wen[15]. 
Lemma 2.1  
Let ( , , )X YF  be a GFC-space, Z a topological space, ( , )S C X ZÎ  a continuous map, : 2ZF Y   a 
GFS-KKM mapping with compactly closed values. Then 

(1) { ( )}y YF y   has the finite intersection property; 

(2) ( )y Y F y Î ¹Æ  if there exists a nonempty compact subset K Z and M Y  such that 

( )y M F y K Î Ì . 

3. Main Results 

Theorem 3.1 
 Let ( , , )X YF  be a GFC-space, Z a topological space, K a nonempty compact subset of Z. ( , )S C X ZÎ  a 

continuous map, : 2YT Z   a GKS -mapping. Suppose that there exists M Y  such 

that 1\ int ( )y M ZZ K c T y -
ÎÌ . Then there exists  ẑ KÎ  such that ˆ( )T z =Æ . 

Proof Define : 2ZF Y  by 1( ) : \ int ( )ZF y Z c T y for each y Y . Since 1int ( )Zc T y  is compactly 

open for each y Y , then F is compactly closed valued. Note that T is a GKS -mapping. Then for 

each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we have 1

0
( ( )) int ( )

j

k

N k Z ij
S c T yj -

=
D Ç =Æ, i.e., 

1 1
0 00

( ( )) \ int ( ) ( \ int ( )) ( )
j j j

k k k
N k Z i j Z i j ij

S Z c T y Z c T y F y j - -
= ==

D Ì = = , 

which means that F is a GFS-KKM mapping with compactly closed values. Since there exists 
M Y  such that 1\ int ( )y M ZZ K c T y -

ÎÌ , then 
1 1( ) ( \ int ( )) \ int ( )

j jy M y M Z i y M Z iF y Z c T y Z c T y K  - -
Î Î Î= = Ì . 

By lemma 2.1, we have ( )y Y F y Î ¹Æ. Take ˆ ( ) ( )y Y y Mz F y F y K Î ÎÎ Ì Ì , we claim that ˆ( )T z =Æ .  

Otherwise, since T is GKS –mapping, then T has weakly compactly local intersection property 
relatively to K. Define : 2Y

KT K   by ( ) ( )KT z T z for each z K . Since K is compact, than TK has 

local intersection property. Note that ẑ K and ˆ ˆ( ) ( )KT z T z= ¹Æ . Hence, there exists an open 

neighborhood ˆ( )N z ZÌ  such that ˆ( ) ( )z N z KT z Î ¹Æ . Take ˆ( )ˆ ( )z N z Ky T z ÎÎ . Then 1 ˆˆ( ) ( )KN z T y-Ì , so 
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that 1 1 1ˆ ˆ ˆˆ int ( ) int ( ) int ( )K K K K Z Kz T y c T y c T y     , and hence 1 ˆ ˆˆ \ int ( ) ( )K Kz Z c T y F y  , a 

contradiction to ˆ ( )y Yz F y ÎÎ . 

Remark 3.1 
Theorem 3.1 unifies, improves and generalizes Theorem 1 of Wu[16], Theorem 1 of Wen[17], 
Theorem 2.1 of Wen[18]. 
Theorem 3.2 
Let ( , , )X YF  be a GFC-space, Z a Hausdorff topological space, K a compact subspace of Z. ( , )S C X ZÎ  a 

continuous map, : 2YF Z   a GKS-majorized mapping. Then there exists  ẑ KÎ  such that ˆ( )F z =Æ . 
Proof Suppose that the conclusion is false, i.e., 

(1) ( )F z ¹Æ  for each z KÎ . 

Since F is a GKS-majorized mapping, then for each z KÎ , there exists a mapping : 2Y
ZF Z   and 

an open neighborhood ( )N z ZÌ of z in Z such that  

(2) 1
zF   is weakly transfer compactly open valued relatively to K; 

(3) ( ) ( )ZF x F xÌ for each ( )x N zÎ ; 

(4) for each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we have  

1

0
( ) ( ( )) int ( )

j

k

N k Z z ij
N z S c F y j -

=
D Ç =Æ. 

Define : 2YT K   by ( ) ( )T z F z  and : 2Y
ZT K   by ( ) ( )Z ZT z F z  for each z K  . Since K is 

compact, then in virtue of (2), we have 
(5) 1

zT   is transfer open valued for each z KÎ . 

For each z K , we may suppose that open neighborhood ( )N z  is also an open neighborhood of z 
in K. Then by (3), we have 

(6) ( ) ( )ZT x T xÌ for each ( )x N zÎ  

Note that K is compact. Hence for each y YÎ , we have 
1 1 1 1int ( ) int ( ) int ( ) int ( )K Z K Z Z z Z zT y c T y c T y c F y      . 

Hence, (4) implies that 
(7) for each

00, : { , , } ,{ , , }
kn i iz K N y y Y y y N Î = Î Î , we have  

1

0
( ) ( ( )) int ( )

j

k

N k Z z ij
N z S c T y j -

=
D Ç =Æ. 

Since Z is a Hausdorff topological space and K is a compact subspace of Z, then K is a compact 
Hausdorff topological space, and hence K is a regular topological space, so that for each z KÎ and 
the open neighborhood ( )N z  of z in K, there exists an open neighborhood ( )U z  of z in K such that 

( )U z  ( ) ( )Kcl U z N zÌ Ì . By the compactness of K, we have 

(8) there exists 0{ , , }mz z K Î such that 0 ( )m
i iK U z =Ì . 

For each {0, , }i mÎ , define : 2Y
iT K   by  

( ), ( ),
( ) :

, ( ).
iz K i

i

K i

T z if z cl U z
T z

Y if z cl U z

 


 

Then 1 1( ) ( ) ( \ ( ))
ii z K iT y T y K cl U z- -= for each y YÎ . By (5), for each {0, , }i mÎ , 1

izT- is 

transfer open valued. Note that \ ( )K iK cl U z  is open. Hence, 

(9) for each {0, , }i mÎ , 1
iT- is transfer open valued. 

Define : 2YT K  by 0( ) : ( )m
i iT z T z   for each z ZÎ . We claim that T  is a GKS-mapping. First 

of all, since 1 1
0( ) : ( )m

i iT y T y 
   for each y YÎ , then 1T   is transfer open valued by (9). In virtue of 

Lemma 1.3 of Wen[21], T  has local intersection property, so that T  has weakly compactly local 
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intersection property relatively to K.  Secondly, for each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , 

we claim that 1 1

0 0
( ( )) int ( ) ( ( )) int ( )

j j

k k

N k K i N k K ij j
S c T y S T y  j j- -

= =
D Ç = D Ç =Æ . Otherwise, there 

exist 
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î  such that 1

0
( ( )) int ( )

j

k

N k K ij
S T yj -

=
D Ç ¹Æ . Take 

1

0
* ( ( )) int ( )

j

k

N k K ij
z S T y Kj -

=
Î D Ç Ì . Then by (8), there exists {0, , }p mÎ such that 

* ( ) ( )p pz U z N zÎ Ì . Note that 

1 1 1
00 0 0

* int ( ) int ( ( )) int ( )
j j j

k k km
K i K i i i K p ij j j

z T y T y T y   - - -
== = =

Î = Ì . 

Hence, there exists an open neighborhood ( *)O z  of *z  in K such that 1

0
( *) ( ) ( )

j

k

p p ij
O z U z T y -

=
Ì . 

For each 1

0
( *) ( ) ( )

j

k

p p ij
z O z U z T y -

=
Î Ì , by the definition of Ti, we have

0
{ , , } ( )

ki i py y T z Ì  

( )
pzT z= , which implies that 1

0
( )

p j

k

z ij
z T y -

=
Î , and then 1

0
( *) ( )

p j

k

z ij
O z T y -

=
Ì , i.e., *z Î  

1

0
int ( )

p j

k

K z ij
T y -

=
. So we have 1

0
* ( ) ( ( )) int ( )

p j

k

p N k K z ij
z N z S T y j -

=
Î D Ç , which is a 

contradiction to (7). Finally, since T  is a GKS-mapping and K is compact, then for each M Y , we 

have 1\ int ( )y M ZK K c T y
  . In virtue of Theorem 3.1, there exists ẑ KÎ  such that ˆ( )T z =Æ . 

By (6) and the condition of Ti, for each , {0, , }, ( ) ( ) ( )iz K i m F z T z T zÎ Î = Ì , hence, 

0( ) ( ) ( )m
i iF z T z T z =Ì = , especially, ˆ ˆ( ) ( )F z T zÌ =Æ , which is a contradiction to (1). 

Remark 3.1 
Theorem 3.2 unifies, improves and generalizes Theorem 2 of Wu[16], Theorem 2 of Wen[17], 
Theorem 2.2 of Wen[18]. 
Theorem 3.3 
Let I be a finite or infinite index set, for each , ( , , )i i ii I X YÎ F  be a GFC-space, Zi a Hausdorff topological 

space, i iY ZÌ , : :i j ij I
T Z Z Y


  a map, : 2 \{ }iY

iA Z  Æ  a nonempty valued mapping, 

:i iZ Y Z Ry ´ ´   a function, K a compact subspace of Z, : jj I
X X


  , : jj I

Y Y


 , ( , )S C X ZÎ  

a continuous map. Suppose that : 2YA Z  defined by ( ) : ( )ii I
A z A z


  for each z ZÎ is a 

GKS-majorized mapping. Then the system of general quasiequilibrium problems 
SGQEP ( , , )i i i i IT A y Î has an equilibrium in Z, i.e., there exists ẑ ZÎ  such that 

ˆ ˆ ˆ: ( ) ( ), ,

ˆ ˆ ˆ( , ( ), ) 0, ( ), .
i i i

i i

z z A z i I

z T z y y A z i I

p
y
ì = Î " Îïïíï £ " Î " Îïî

 

Proof For each , ,
ii i N ii I N Y jÎ Î ÎF , let { : : }

iN N Ni I
j j j

Î
F= = . Then ( , , )X YF  is a GFC-space. Since Zi 

is a Hausdorff topological space for each i IÎ , then : ij I
Z Z


  is a Hausdorff topological space. 

For each i IÎ , define : 2Y
iP Z  by ( ) : { : ( , ( ), ) 0}i i iP z y Y z T z y   for each z ZÎ . 

Let : { :D z Z   ( )}z A z . Define : 2YF Z  by  

( ), \ ,
( ) :

( ) ( ), .ii I

A z if z Z D
F z

A z P z if z D


       

We claim that there exists ẑ ZÎ  such that ˆ( )F z =Æ . Otherwise, since A is a GKS-majorized 

mapping, then for each z ZÎ , there exists : 2Y
zA Z   and an open neighborhood ( )N z ZÌ  such 

that  
(1) 1

zA  is weakly transfer compactly open valued relatively to K; 
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(2) ( ) ( )ZA x A xÌ for each ( )x N zÎ ; 

(3) for each
00: { , , } ,{ , , }

kn i iN y y Y y y N = Î Î , we have  

1

0
( ) ( ( )) int ( )

j

k

N k Z z ij
N z S c A y j -

=
D Ç =Æ . 

By the definition of F, ( ) ( )F z A zÌ  for each z ZÎ , hence by (2) we have 

(4) ( ) ( )ZF x A xÌ for each ( )x N zÎ . 

By (1), (3) and (4), F is a GKS-majorized mapping. In virtue of Theorem 3.2, there exists  
z K ZÎ Ì  such that ( )F z =Æ , which is a contradiction. Finally, since Ai is nonempty valued, then A 
is nonempty valued. Note that ˆ( )F z =Æ . By the definition of F, we have ẑ DÎ  

and ˆ ˆ( ) ( )ii I
A z P z


  . Since ẑ DÎ , hence ˆ ˆ( )z A z , and then ˆ ˆ ˆ: ( ) ( )i i iz z A zp= Î  for each i IÎ . 

Since ˆ ˆ( ) ( )ii I
A z P z


  , which implies that for each ˆ ˆ( ), ( )ii I

y A z y P zÎ
Î Ï , and then for each 

ˆ, ( )ii I y P zÎ Ï , i.e., for each ,i IÎ  ˆ ˆ ˆ( ), ( , , ) 0i iy A z z T z yyÎ £ . Therefore, ẑ ZÎ is an equilibrium of 

the system of general quasiequilibrium problems SGQEP ( , , )i i i i IT A y Î  in Z.  
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