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Mixed finite volume method for elliptic equations problems

Sun Jia-hui *' 2, Pang shi-chun®¢, Ma Ming-Juan *¢
'No 7855, people’s street, Changchun, Jilin Province
2 No 7855, people’s street, Changchun, Jilin Province

* No 7855, people’s street, Changchun, Jilin Province

Keywords: mixed finite volume method; error estimates; overall space.

Abstract. This paper briefly describes the relevant conclusions of the mixed finite volume method is
mainly based on a set and two mesh mixed finite volume method on triangular mesh, also lists the
convergence results corresponding format.

1 Introduction

A mesh of elliptic equations with mixed finite volume method problem
1.1 Mixed finite volume method triangular grid
Consider the second-order elliptic equations:
-V-xkVp=1f inQ
p=0 onoQ
Introducing a new flow variable: u:=-xVp, Then the equation can be rewritten as a first-order
partial differential equations below
Vau-1f=0 1inQ
u+xvp=0 inQ (2)
p=0 onoQ

Mixed finite volume method: Find (u,, p,) €V, xY, , making

)

V- —f, =0
{( u, Xx) (3)
(U, +&Vp,, 2 ) =0
Error estimates:
If the data of the problem is smooth enough data, Making pe H> ~H,', and
u(x) =—-xVp(x) e H(Q)",
and We assume x e W"*, then there exists a plus constant C independent of h making
[p=pul, <Ch*( ], +]fl). tl,  H'(K), vK e,
[Pyl <Chlf],
Ju=ufl, < Chl ], +ul,)
U=ty ey SCh[ F],+ Tl € HY(K), VK €T,
1.2 Online quadrilateral mixed finite volume method
Consider a common second order elliptic problem with boundary condition:
-V(xVp) = f(X),VxeQ (4)
Weak form:
-1 . SN
(x u,V)—Q; (], vvp—J, Pv:m=0. WveH, (div);
' (5)

> (| -Va-u+] u-na)=(f,a),  VaeH(T,)

Tel'y
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We depart from the weak form derived finite volume method, we establish two control volume
method: a symmetrical and the other asymmetrical.Defind a bilinear form defined

A(v, p;w,q) on (V,,\W.) x (Vn,W,)
A(v, p;w,q) =a(v,w)+b(w, p)—b(v,q) (6)
Then a non-symmetric control volume method:
Order V, =V, V1 =7V,, That find
Uy €\7h7 P, €W,

Making A(Uy, p,; 7,W, ) = (. 0) P
Another symmetrical control volume method: Order
Vi =V = 7/h\7h'
that findd, €V, p, €W, , Making
A7y, Py 7W, 0) = (,0) (8)

Error estimates:
Theorem: Assuming u is a solution of the weak form factor (5), The u, is the solution of

symmetrical method (8) or asymmetric methods (7),then there exits a number C, > 0 independent of
h,making
Ju=uifl, +][p = ull, < Cih(ull + [ pl,) (9

2 Two meshing problems elliptic equations mixed finite volume method

2.1 Mixed finite volume method triangular grid
We still consider the second-order elliptic equations on a plane convex domains:
-V-kVp=1f inQ
p=0 onoQ2

Which is symmetric positive definite matrix functions and meet the conditions, we introduce a
new variable flow , The problem can be transformed into a mixed question follows:

V.u-1=0 1inQ
Uu+xvp=0 inQ (1D
p=0 onoQ2
Solving space:
V = H(div,Q) ={v e L*(Q) : diw € L*(Q)},
H*®(div,Q) ={ve L*(Q):diw e H*(Q)}
In the definition of the lowest order spatial Raviart-Thomas, we use the reference cell on the

local space, which is defined as:

V,(Q)={V:V=(a+bx,c+dx),a,b,c,d eR}
Then each quadrilateral Q on local spatial unit is defined as:
Vi (Q) ={v|, =P,V :V eV, (Q)}
The whole space:
V,={veV :V|Q eV,(Q),vQeQ,}
If n. is a unit normal vector outside edge of the unit Q, then right v €V, (Q) there,
le|v-n =v-n,i=1234

(10>
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Among, n; as a unit outside the normal vector on the edge e, , The arbitraryv eV, In any one unit

Q edge of the component to a conventional method.

2.2 Online quadrilateral mixed finite volume method

We still consider the problem of second order elliptic equations with Neumann boundary condition

on the plane convex domains Q

-V-kVp=1f inQ

kVp-n=0 onoQ

Corresponding to the problem (7) standard mixed finite element method

is:find (G, p,) € H, x L, making

(12)

{(Klﬂh,vh)—(divvh, p.)=0 Vv, eH, (13)
(divay,q,)=(f,q,) va, €L
Solving space: Trial function space H, is called the lowest order Raviart-Thomas space, Then
define the trial function spaceY, Next, define the operator

Vo tHy 2 Y iy W, = (Zuh (Ci+1/2,j)Zi+1/2,j’ZVh (Ci,j+1/2)7(i,j+1/2)
0 i

W, = (Uy, V)
Corresponding variation in the form of volume control: findu,, p, € H, x L, making
{a(uh’7hwh) —b(7,W,, Py) =0 VW, eH,
_C(Uhaqh):(quh) thELh
Error estimates:
Theorem: ForQ regular meshQ, ;, Solution Let the problem (9) isu,, p, > And u, p is the problem

(14)

(7) solution, There is nothing to do with an h, However, the constant C depends on
[l v,  p], sueh

||u_uh||H(div)+||p_ ph”o <Ch (15)
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