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Abstract. Firstly we build a set of models to describe the temperature of the bathtub water in time. In
this section, we analyze the variation process of water temperature under the condition of Natural
cooling and injecting hot water respectively through a macro perspective. The Newton’ s cooling
law and the energy conservation law are used in these two models orderly. And we draw the
conclusion that the temperature has a linear correlation with time under the condition of small change
in temperature. Secondly, we improve our model by taking natural cooling factor into consideration
while injecting hot water. Moreover, on the basis of the analysis of the last step, we simplify our
model. Then we use the optimal analysis method to find the best strategy on the foundation of our
improved model. And the best strategy is to keep the best rate of injected water constantly. In this way,
we can keep the temperature of water as close as possible to the comfortable temperature without
wasting too much water only by adjusting the appropriate rate of the injected water.

Introduction

Imagine you drag your tired body home after a busy day, have a hot bath and then read a book on
the sofa with clean and relax. Isn’ t it an exciting thing in a day? However, the problem is that the
bathwater will get cooler after a while, and you have to make your enjoy time interrupted to add hot
water into the bathtub. But meanwhile you don’ t want to waste too much water. In this case, we
should propose a solution that makes sure you have a comfortable bath without paying excessive
costs for water.

Fundamental Assumptions

@® No heat loss and no thermal power conversion in the system. And the system keep a dynamic
balance in the heat exchange process.

@ The bathroom is a closed system without ventilation so that we don’ t take the impact of the
wind in the cooling process into consideration.

@ The evaporation of water is not included in the calculating of water.

@ The temperature in the bathroom is constant, maintained at 25° C; And the temperature of the
injected water is constant.

@ The location of the faucet in the bathtub is fixed. To reduce water consumption, the faucet is
fixed at the bottom of the bathtub.

@ After entering the bathtub, the quality of the water in the bathtub stays the same
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The traditional models about thermodynamics
Table.1Parameter description

Parameter Description

h Convective heat transfer coefficient

T, The water temperature of any time

T, Indoor temperature

A Cross section area

c Specific heat

m, The quality of the water in the bathtub

T, The initial temperature

T, The temperature of water when it starts to cool

0, The flow rate of the injected water,the quality of injection water
per second

T, The target temperature

Aq The speed difference between the inflow and outflow water

T The temperature of the injection water

m, The quality of injection water

m, The quality of outflow water

The temperature of the bathtub water in space and time is solved by using three traditional
mathematical models, a model of nature cooling, a model of injecting hot water, and a model of the
water temperature distribution in the bathtub. The first two models describe the temperature in the
bathtub in time from a macro perspective. The temperature distribution of the water in bathtub shows
the temperature in the bathtub in space from a micro perspective.

Newton gave a description on the decrease rate of the object ‘s temperature with the law of cooling.
And it reveals that when the object” s temperature is higher than the surrounding media’ s, it will
transfer heat to others and cool down following the law. When there is temperature difference
between the surface and the surrounding, the heat loss from the unit area per unit time is proportional
to the difference, and the proportional coefficient is called heat transfer coefficient[1]. It can be
described as follows:

dQ
= _h(T,-T
dSdt (L-T)

Make integration on the cross section of heat conduction,

dQ
= _ AN(T. -T
dt (T-T)

According to the formula of heat calculation, when the temperature changed from T,toT, ,the heat
emitted Q = cm, (T, T, )—cm, % = Ah(T, —T, ) After derivation calculus to t , we can get

Ah . :
ThusT, =" + T, Where k =———, sis aconstant. We assume the temperature when it starts to
cm,

cool is T,, and we can determine the value of based on s initial condition , thatiss = In(T, —T,) Thus,

the temperature of the water at any time when it naturally cool can be described as
follows: T, =e" (T, - T, )+ T, Based on the formula of heat calculation, and the law of conservation of

energy, we can obtain the equation of the heat exchange on a macroscopic
level:cm, (T, —T ) = —c(m, + Aget —m, ) (T, - T, ) [2]. We approximately simplifies the equation, and it

turns to: (m0 + Aq-t)ATl [ At+q,T, =q,T . Assume At tends to infinity and we can get the following
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qi T — qi
m, +AQet © m, +Aqet
equation, when the water temperature reaches its expected value, namely T, =T, the time of injecting

differential equation after simplifying. T, + T . Solving the differential

—%

—T \aa -
hot water is: t _My [T oT -1 0< Ll <1
Aq\ T, =T

0

In this section,we assume that the initiative water in the bathtub has reached its capacity, so that
the water inflow is equal to the water outflow when injecting hot water later. That is g, =q,, and
AQ=0

Gy

Thus, the temperature of the water T, =(T,-T)e™ +T, The time required for the water reaches

. . my, T,—-T
its expected value T, turnsinto t, = ——2In—=>—
4 To -T

Improved model

We state that the parameters we used in this section are consistent with the previous part.In the
models above, we have established models to describe the change of water temperature over time. We
consider the situations natural cooling and injecting hot water respectively. But in reality, cooling
process also occurs when injecting hot water. Therefore, we improved our models by considering the
two cases comprehensively. In order to make sure the temperature as close as possible to the initial
temperature, we set the fluctuation range of one degree Celsius.

We assume the faucet is turned off when the temperature reaches T, +1,and turned on when the

temperature reaches its lower limit T, .We know from the model of Nature cooling that
T, =e“(T,-T,)+T,, and combined with the conditions above, we letbe T, =T,, T, =T, +1. Thus, we
1. T,-T, ¢ my, T.-T

can obtain the reducing time required for one degree Celsius:t; =—In o =——In=——,
k T,+1-T, q T,-T
m,, T,+1-T . , . L
when T, =T, +1, t , =——In————We consider the influence of cooling while injecting hot

Q, To =T

water. We know the rising rate of temperature is — without consideration of cooling, and the

on

. .1 . . .
reducing rate is — when only consider the cooling process. we superpose temperature and time two

on

o . . 1 t ot
factors and the required time for rising one degree becomes t,, = T 1 - o M _ Therefore, we
- = off ~ ‘on
on toﬁ
can obtain a set of equations about the water temperature:
t.i(t—nN)JrT0 nN <t<t, +nN
T = °”l ; n=0,12..
T C 2 (t=nN)+T, 4142 £ 40N <t<(n+D)N
off off
N=t +t,
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Determine the best strategy

Let the total time to take a bath be Z, the total consumption of water be D, then D = %t;n -g,, and

: . Dt . :
the consumption per unit time is f = 7= %As the total time to take a bath differ from man to
+

on off
man, and it” s too difficult to evaluate, we only analyze the consumption per unit time, and our goal
40°C <T <45°C
is to seek the minimum of f . And the constraint conditions are :10< g, <0.3 In the case of
36°C <T,<42°C
injecting hot water discontinuously, the rising rate of water temperature should not be lower than the

I o +1-T
: : . Ah T,-T
reducing rate in a cycle, that means t, -t <0, solve it and we get ¢, > — 7 5 4 After
c _
In2>——=
T,—24

simplified the formula, we can find that the consumption of water per unit time is independent of
g,any more. We assume the water in the bathtub. Find the optimal solution by computer. Letbe

g, =03
Here
T, 36.0000
T 45.0000
A 1.0500
h 200.0000
t 73.6780s
ty 400.2523s

The initial temperature of water also represents a person’ s requirement to the water temperature.
We can see from the data that when the water temperature requirements to achieve the minimum
value, the maximum value of hot water temperature, the water consumption is the least.

Summary

Through the analysis above, we can draw a conclusion that there are two strategies that we can
take to make the water consumption achieve the optimal. Keep g, =q, the temperature in the bath
can be maintained without controlling the faucet. Let g, > q, the temperature in the bath varies in one

degree Celsius by controlling the time that faucet turns on.Through the comparative analysis of the
above two strategies, we can find that the first one is more convenient. And if we take the temperature
influence on the k into consideration, the first strategy is prior to the second one. Therefore, the first
strategy is the best strategy that we find to make the water consumption achieve its optimal.
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