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Abstract. The improved kinematics method based on the orthogonality of rotation matrix and matrix
block is presented for MOTOMAN - HP20 robot to improve the computing speed of the robot
kinematics.Firstly, according to the robot structure, the forward kinematics model is established with
D-H method. And for the inverse kinematics, the separation method of position and orientation
matrix is used to transform complex matrix equation into eight algebraic equations to improve the
computing speed. For extraneous roots, the optimal solution is confirmed by selecting the closest one
to the current joint angle with the solving order directly, instead of computing all the roots. Finally,
the workspace is obstained by the simulation and the kinematics analysis method is proved to be
efficient.

1. Introduction

For the kinematics analysis, the forward kinematics equation is generally established by D-H
Kinematics parameters, but the inverse kinematics is more complicated, and there are some popular
methods, e.g. the matrix transformation method based on D-H parameters [2]. Matrix transformation
is widely applied, but the method needs more homogeneous transformation matrix inversion and
repeatedly multiplication by inverse matrix. Another method is geometric method for the robot
structure [3]. Although it has the advantage of fast operation speed, it is limited by the structure of the
robot. Screw transformation and quaternion method [4] is more complicated. Neural network [5],
genetic algorithm [6] etc. also have been used to the inverse kinematics. But the stability and
precision are still unable to meet the requirements of real-time control. So some modified methods
have been proposed to improve the operation rate of matrix transformation method [7-8]. The vector
operation of a nonlinear equation [9] was also proposed to solve the inverse kinematics problem.

For MOTOMAN-HP20 robot, an inverse kinematic method is presented to avoid inverse
computation of large-scale matrices based on the orthogonality theory of the rotation matrix,
homogeneous matrix is decomposed into rotation matrix and position matrix, the inversion for the
matrix is transferred into transposition operation, improving the solving efficiency. And according to
the principle of "minimum distance™ for each joint angle, the optimal solution of the inverse
kinematics is selected to avoid solving extraneous roots. Finally, the robot workspace was obtained
by simulation, and the kinematics method is verified to be correct.

2. Forward kinematics analysis

MOTOMAN - HP20 is six degrees of freedom (6 DOF) serial chain robot with a spherical wrist.
The coordinate system is shown in Fig.1.

Fig.1 The coordinate system of MOTOMAN-HP20
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Robot D-H parameters are shown from Table 1.
Table 1 D-H parameters table

f"i” o) dmm )  a(mm) )9r3“98(°

1 6, 0 0 0 -180~180
2 6, 0 90 a,=150 -110~155
3 0, 0 0 a,=760 -165~255
4 6, d,=795 90 a,=140 -200~200
5 0, 0 -90 0 -50~230
6 0, 0 90 0 -360~360

Use the homogeneous matrix of D-H to describe the coordinate transformation matrix of two
adjacent links, the matrix [9] can be expressed as
cosé, -siné 0 a,

iy _ sind cose;, cosf cose; -sing, -sine,d, {Ri Pi} M
' |singsing, cos@sing, cosa; cosqd, 0 1
0 0 0 1
where & is the link length, d; is the distance between adjacent link, R; is 3x3 rotation matrix:
cosé, —-sing, 0
R =|siné cosa;, cosé cose; —sing, (2)

sing sing; cosdsing;  cose;

P IS 3x1 position sub-matrix as

P =[a;—d;sing; d;cosq;] (3)
Then the kinematics equation can be
nX OX aX pX
R P n o a p
R I S @
0 0 1

where (T is the pose matrix; [ p, p, p, ] is the position vector, [n, n, n, ]T , [0, 0,0, ]T [a a, a T
are respectively orientation vector of the coordinate system of the end operator relative to the x, y and

z axis of the reference coordinate system.
By the D-H parameters in Table.1 with the Eq.(1), the homogeneous transformation matrix
between the adjacent links can be written as

cosg, -sing, 0 0O cosd, -sing, 0 150 cos@d, -—sing, 0 760
_ sing, cos¢, 0 O i 0 0 -1 0 o7 _ sing, cosg, 0 O
! 0 0 1 0| ?* |sing, cosd, 0 0| ° 0 0 1 0
0 0 01 0 0 0 1 0 0 0 1
cosgd, -sing, 0 140 cosg, -—sing, 0 O cosg, -sing, 0 O
|0 0 -1 -79%5 . | O 0 10 |0 0 -1 0
“ |sing, cosg, 0 0O ® | -sing, -cosd, 0 O “|sing, cosg, 0 0
0 0 0 1 0 0 01 0 0 0 1

Then n, 0, a, p canbe derivedin x,y, zindex.

3. Inverse kinematics solution
3.1 Inverse kinematics method

The inverse kinematics of the robot is the process to compute joint angle of each link based on
given pose of end-effector operator, which plays an important role in the robot control system. The
condition that the robot existing a closed form solution of inverse kinematics is to meet one of two
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conditions of Pieper criteris [11] for the robot's mechanical structure: (1) The axises of three adjacent
joint need to intersect to one point; (2) The axises of three adjacent joint are parallel to each other.
The mechanical structure is designed with the axes of the three adjacent joint intersect, so the
closed-form solution exists. Transformation matrix with the two adjacent link as Eq.(1) is divided
into rotation matrix and position matrix, with inverse rule of partitioned matrix the rotation
sub-matrix is orthogonal matrix, it meetsR™* =R". Thus,

i-Iry-1 _ RiT _RiTPi -
( |T) _|: 0 1 :| (|_1127 76) (5)

Therefore, inversion compution of the rotation matrix is converted to compute transpose. Thereby,
the amount of calculation significantly is reduced. To find the inverse kinematics solution, link
transformation equation can be rewritten as

GDIEN) TG =TT (6)

The left and right matrixes of Eq.(6) are
C;C,C—S,S;  —C,C,S. —S,C. —C;8, 140c, +795s, + 760

RzT R1T RR6T _RzT RiT RRBT P+ RzT R1T p_ RZT R1T P - RzT Pyl _ | S3CqCstCySy  —S5C,8; +CoCs =S58, 140s, — 795c, (7)
0 1 - 5,C 5,5, C, 0
0 0 0 1

Considering the structure characteristics, the first three joint angles (¢~ 6,~ 6;) are used to decide
the position of the end-effector, and then the last three joint angles (6, 6. &) determine the
oriention of the end-effector, so the solution of the inverse kinematics can be decomposed into the
position and posture matrixes. For the left and right sides of Eq.(6) are equal, and the equations for the
first three joint angles can be derived by the corresponding element in the position sub-matrices, and
by the posture matrix, five equations for the last three joint angles can be obtained. Suppose ¢ = cosé,
and s =sind,, then the equations are as follows:

S Py —Cp, =0
C,(pC, + p,s, —150) + p,s, = 795s, +140c, + 760
=S,(p,C, + pyS; —150) + p,c, =140s, —795¢,
—C,(ca, +5,a,) —S,8, = —C;C,S; — S,Cs
$,(C,a, +5,8,) —C,@, = —5,C,S; +C4C; (8)
-Sa, +c¢a, =-S,S;
(&N, =s,n ) C+ (8,0, —C,0,)Ss =—S,C5
(Clny —5Nn,)Ss — (8,0, _Cloy)CB =-C

By solving the above eight equations, various joint angles can be shown as follows:
6, = Atan 2(py’px) or Atan 2(-py’-px) ; 0, = Atan 2(h;p, —hh,,hh; + p,h,);

6, = Atan 2(h,,/1—h,2) — Atan 2(140,795) Or Atan 2(h,,-\/1—h,?*) — Atan 2(140,795) ;

g, = Atan 2(Clay_slax 18,853+ Cyg (Clax+slay)) ; 6, = Atan2(y1- g%,9)0r Atan2(-1-9%,9);
0, = Atan2(s,c;(s, n, —¢;n, ),s,c;C, —8,C5(8,0, —€,0,)) .
where b =p,c+ S —150 | h, = (h? + p,2 ~140% — 7957 — 760%) /1520~/140% + 795? , h, =140c, +795s; +760,
h, =140s, —795¢c, | § =5,(C,a, +5a,) —Cyxa, .
3.2 Choosing method of the optimal solution

For any given end-effector pose, there are eight groups of inverse solution. But only a set of
definite solution is needed, so choose the closest solution to the last angle from multiple sets of
inverse solution within the scope of the joint movement. In general, the optimal solution of inverse is
selected after the inverse solutions of all the joint angles are calculated, and the optimal set among all
the inverse solutions is that the sum of all the joint angles is smallest. It can be expressed as

min S =min26:|9i—9ib| 9
i=1

But this method requires to compute all the solutions, and then to determine a set of the optimal
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solution. To reduce the motion time and ensure the lest change of the joint angle from the current pose
to the next pose, only make sure the change value of every joint angle is minimum, and the change
sum of all angles is minimum. Therefore in the process of computing the joint angles of inverse
kinematics, for the joint angles that exist multiple solutions, firstly, to estimate whether the value of

these joint angles is within the allowed scope, then by min|9i —9ib| to determine the most optimal

solution, using the optimal solution to calculate the next joint angle and determine the minimum
value of the next joint angle by the same way.

4. Simulation and verification of kinematics

4.1 Simulation of the robot workspace

Workspace is an important kinematics indexes for assessing the robot ability to work. The most
common method to calculate the workspace is the monte-carlo method [11], the cycle strategy is used
to calculate the robot workspace in this paper. The position vector of robot end-effector is given in

Eq.(14), the scope of the workspace is determined by the position vector, according to P, Py
P, and the scope of the robot joint angle to determine the robot workspace. The specific steps are:

(1) The position vector: p, =140c,c,, +795¢,s,,+ 760c,C, +150C, , P, =1405,C,, + 7955, 5,3+ 7605,C, +150s, ,
and p, =140s,, —795c,, + 760s, .

(2) The range of the joint angle is as follows:

(—7<6, =<7, —Eﬂ'ﬁezéﬂﬂ 7E7rs93§£7r —EESQ4S£7T —iﬂ'ﬁesgéﬂ' 27 <6,<2rx )
36 ' 12 12 ! 9 9 ' 18 18 !

all the end-effector coordinates within the change scope of the joint angle can be obtained.
(3) The workspace result is shown in Fig.2.
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3D workspace (b) XOY éD workspace (c) YOZ 25 workspace (d) X0z 2D Workspace
Fig.2 The robot workspace
4.2 Verification of the robot kinematics

Firstly, a motion trajectory is given. The trajectory within Os to 50s: p, =sin(t) ; p, =10x(t-sin(t)) +670;
p, =10x(1-cos(t)) +415 from Fig.3(a). Secondly, keep the orientation of the robot end-effectoras R=[01
0;001; 100]. According to solving inverse kinematics of MOTOMAN-HP20, the changes of the six
joint angles are shown in Fig.4. By the forward kinematics equation, the position vector can be
obtained. The simulation trajectory of the manipulator is shown in Fig.3(b). Finally, comparing with
the result of Fig.3(a) and Fig.3(b), the trajectory curve by the forward kinematics equation is the same

as the curve space given in Fig.3(a), the correctness of the forward and inverse kinematics solution
can be verified in this work.

(a)'xvz

Fig.3 (a) The given space spiral curve; (b) The trajactory of the forward kinematics
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(a) the change curve of angle &, (b) the change curve of angle 6, (c) the change curve of angle &,
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(d) the change curse of angle 6, (e) the change curse of angle &, (f) the change curse of angle &;
Fig.4 The change of joint angle

5. Summary

The kinematics of MOTOMAN - HP20 robot was studied in the paper, and a kind of method about
the kinematics analysis based on rotation matrix orthogonality and matrix block thought is put
forward. By the simulation, the robot workspace is calculated, and the correctness of the forward
kinematics solution and inverse kinematics model is given to provide the theoretical foundation for
the research of robot control and trajectory planning optimization. This method can also be used to
provide the kinematics reference for other industrial robot with six-degree- of-freedom.
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