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Abstract. This paper is addressed on the joint angle-doppler estimation (JADE) for the uniform
circular array (UCA) with coprime sampling. Space-time adaptive processing (STAP) can
conveniently estimate direction-of-arrival (DOA) and radial velocities of emitting sources. And
UCA can realize the azimuth angle of the 360° detection without angle ambiguity. In this paper, we
extend the coprime sampling for the linear array to UCA by utilizing the real beamspace
transformation , we map the UCA manifold vector onto a virtual ULA manifold. And nonuniform
time samples at different sensor of the virtual ULA can be employd to generate a full rank
autocorrelation matrix by spatial smoothing. Then, we can use MUSIC algorithm to estimate the
angle and doppler frequency jointly by applying UCA, coprime samples with STAP framework.
Simulations show that making use of UCA also achieve good performance compared to coprime
linear array.

Introduction

Space-time adaptive processing (STAP) is a normalized technique in airbone MTI radar signal
processing [1]. It refers to the use of two-dimensional (2D) (direction-of-arrivals and Doppler
frequencies) spatio temporal adaptive filters. There are many methods to estimate the angle-Doppler
information, such as MUSIC algorithms [2], ESPRIT algorithms [3], time-space-time MUSIC [4],
and so on.

For coprime sampling [5], two uniform samplers with sample spacings as MT and NT are used,
in which M and N are coprime and T is the minimum sampling interval. Coprime sampling can
offer an enhanced degree of freedom.

Uniform circular array (UCA) [6] is of interest in many applications, including radar, sonar and
navigation. Because it has desirable properties, UCA is capable of providing 360° azimuthal
coverage of the same aperture in any direction and also offers information for source elevation
angles. However, uniform linear array (ULA) only in the —60° to 60° has a high angle resolution. So
we propose the coprime sampling on UCA for estimating joint angle-Doppler [7] at the output of
each sensor. Firstly, transforming the beamspace is to map the UCA to ULA; Secondly, taking
advantage of spatial smooth is to construct autocorrelation matrix with full rank; Lastly, using
MUSIC algorithm is to achieve JADE. By using UCA and coprime sampling, we proved that JADE
also can be figured out and the performance is better.

This paper is organized as follows. In Section 2, the signal model is briefly reviewed. In Section
3, real beamspace for uniform circular arrays is introduced in detail. In section 4, we propose
beamforming and joint angle-doppler estimation, which are verified by simulations in section 5. The
section 6 concludes the paper.
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Signal model

Consider a UCA with M sensors in the space, there are D sources emitting electromagnectic
wave impinging on the UCA. We take samples at time instant nT in time, T is the minimum
sampling interval. At each sensor, two samplers run at sampling rates M1T and N1T, where M1 and
N1 are coprime integers, n€ {0,M1, --- (N1 —1) MI1,N1, --- (2M1 —1) N1}. Each source is
represented by its DOA ¢; and its radial velocity v; with A being the wave length [8]. The
observation signal X(m,n) can be modeled as

D

X(m,n) = Z A;els cos(§i—rm) gf2mfin | N(m,n), 1)
i=1
where source signals {4;}2, is modeled as zero-mean random variables with the uncorrelated
property E[A7A;]=076;; . Here f; is normalized Doppler frequencies defined by

1 - 2mm
Ji=5va€ = korsinf, where fie[<1/2,1/2), ru= % (m=1,2,-- M)
ko = 2;. Additive white noise N(m,n) with E[N*(m,n)N(m',n’)] = Jzénlznllénbn-'. In there we

assume that noise is uncorrelated with the sources {4;}2.,.
Change Eq.(1) into matrix form. Defining a random matrix X =[X(m, n)], Eq.(1) becomes
D

X =" AV(6:;,6)V] (fi) + N, 2
i=1
where V,(6;,¢;) are spatial steering vectors corresponding to # and V,(f;) denote temporal
steering vectors.

Real beamform for uniform circular arrays

In this section, by the beamspace transform [7], we consider the discontinuous circular aperture,

and get the following formula: @ =~ Kyr, where ¢ for the continuous array to be able to stimulate

. 2
the maximum phase mode and %, = ;\T

There M is the number of sensors, and the weighted vector of the normalized phase excitation
function of the Q is defined as

Wf - % [qumﬁjqrz’ ... 763'(1?.«-;} ) (3)

We use The UCA-RB(real beamspace) algorithm which transform element space to beamspace
with the beamformer F!/.The beamspace transformation FZa(#) = b(#), so the UCA manifold
vector «(#) onto the beamspace manifold 5(#), here define beamforming matrix F!!,

F. = Cc,VZ, where

C, = diag{j=9,--- 571" 579, (@)
and
V=vM [W_QE Wi EWQ] : (5)

W, corresponds to the UCA mode space of the first g virtual array element. The role of C, isto
eliminate the J in the imaginary part index. The synthesized UCA mode space matrix is:

a.(0,¢) =F.Ma(0,¢) = C,V"a(,0) = VMIcayca (¢), (6)
where the expression of ayca (¢) and ULA are similar. The elevation angle of the signal depends
on the { as the parameter of the symmetric Bessel matrix J.

ayca (6:) :[e*;iQrm: e*j(Qfl)rm! . ’ej(Q*I)(f")-i’ ech‘%—] ? )
and
JC = di(Lg[JQ(C), T Jl(C)a J(J(<)~. JI(C)~ T JQ(C)] (8)
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Beamforming and joint angle-doppler estimation
We apply beamforming in (2).
D
Y :JEIFCHX - Z Aivss(gia CSL)V!T(JF-'} + JC_IFriHNa (9)
i=1
where
Vi, 0i) = I 'F IV (05, 6)
0;,

=J; 'C VIV, (0;, )
~J WMIcapca(d:)
Magca(p;).
Vectorizing (9) leads to the following expression
D
x =vec(Y) =Y AV i((0:.6:). f;) +m, 11

i=1
where n = vec(J-'F."'N), and

Vssf((gicgz)af_’t) - Vss(gﬁ,a q_)z) ®Vi(f_2)- (10)
represents space-time steering vector.
The autocqrrelation matrix of x can be estimated as

K
R, = %Z x(k)x" (k). (11)
k=1

Next, we &udy the autocorrelation matrix x. From (11), the ideal autocorrelation matrix of x is
found to be

(10)

D
E [XXH]:Z U?VSH,t((g‘h é!)" ﬁ)vi,l((g-‘, é!)* ft) + n.f? (12)
i=1
where
n' = ’E(I,©J (I HT). (13)

Here I, is the (Ni+2M;—1)x (N +2M;—1) identity matrix. The term
Voot (@5, i), FOVE ,((8;,8,), Ji) can be rewritten as follows

(Vi(FOVE(F) @ (Vs(8i, 6:)VE(0;, ¢:)), which is because of (12) and the property

(A ®B)(C®D) = (AC) ® (BD). The entries in V;(f;)V(f;) are in the form of

1271 Hence, we converts W, (f;) = [/2°/7), 7 = —M Ny, -- -, My Ny. So that the new steering
vector W, (f;) is viewed as the collection of 2M1N1+1 uniform samples. In there W, (6;.¢;) can
be also regarded as steering vectors [¢/“™), according to Real beamform for uniform circular arrays, the
range of » is —2Q to 2Q. From its conversion form we know, W, (f;, ;) is satisfied with
centro-Hermitian.

In there W, (0;, ¢;) = [¢’9™], m = —20Q, - - - 2Q). On the basis of the equivalence of (3) and (4), a
matrix Z < cU@t=@MNHD s constructed from E [xx!] such that

Z= Za W03, 0i) W (f;) + . (14)

where " = o*E(ere @ J ' (J;)) L e = [Brag i e2 = [Branm ]t

Then, spatial smoothing [9]-[11] can estimate the autocorrelation matrix of Z. Finally, the
MUSIC algorithm can resolve the DOA and the Doppler frequency information. For spatial
smoothing, the submatrix of Z is defined as Z,, € C2QTV*M+1) the spatial smoothed matrix
R, as

] 2Q M Nz
e Zpa? 17
(2Q+1)(ﬁ/flj\‘r1 +1 ZO QZD P p q: (17)

And then we defined the V(/;) and V.. (6;, ¢;) as
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Vi(fi) = [, 7 =0, MINY, (15)
V(0 0:) = [e79], 7 = 0, - - - 2Q, (16)

Wss,t((éia (f;z) f) = vss(gé: aT)l) & vt(fz)
= [¢197] @ {emﬂﬁ] .
In the end, R, can be utilized in MUSIC algorithms to estimate ((6;,¢;), f), let U,, denote the

noise subspace of R.., the MUSIC spectrum for the coprime sampling on a uniform circular array
is then defined as
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Fig.3 Angle-Doppler pattern using coprime linear array model
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Simulation results

We provide simulation results to evaluate the performances of the co-prime sampling on a
uniform circular array approach for Joint angle-Doppler estimation in this section. In this section,
we use the MUSIC algorithm with coprime sampling on a uniform circular array. In the simulation,
M1= 4 and N1= 5. The number of sensors is 15. According to (13), the autocorrelation matrix of x
is estimated from 200 snapshots. The input signal is mixed with additive white Gaussian
noise with 0dB SNR. We set the angle and frequency in advance for [150, 220], [50, 240].
Simulation results are shown in Fig.1 and the planform of Angle-Doppler pattern is Fig.2 In Fig.3,
we exhibit coprime linear arrays and samplers for estimating the JADE, Fig.4 is Fig.3’s planform.
Its angle and frequency is [50, 220], [70, 240].

Conclusion

In this paper, we have proposed a coprime sampling for angle-Doppler estimation with the uniform
circular array (UCA) model. We have finished real beamspace of UCA, the beamspace manifold
whose form is similar to the ULA manifold. So that we established a spatial smoothed matrix. The
spatial smoothed matrices are admitted to define the MUSIC spectrum over the angle-Doppler plane.
The estimated results were verified great through simulations.
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