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To the question of the uniqueness of the
reduction potential in the inverse problem of the
Borg-Levinson
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This paper reviews an inverse problem of spectral analysis of
the Dirichlet’s boundary value problem for Laplace operator with

potential in a bounded domain  in R2 or R 3 .
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Under inverse problems of spectral analysis to
understand the problem of reconstructing an operator from
its predetermined spectral characteristics. In this study,
hesitant recovery uniqueness of the operator from the
spectral data, specified for different boundary conditions.
Many inverse problems are not the only solution. Thus, for
example, Borg showed that Sturm - Liouville generally not
uniquely defined by one spectrum. Therefore, one of the
most important is the problem of the uniqueness of the
potential recovery in the solution which raises the question of
the identification of additional conditions to ensure the
uniqueness of the inverse problem solution.

For the first time the inverse problem for the Sturm -
Liouville was set VA Ambartsumian, and in its simplest
formulation, it zaklyualas to identify the operator, knowing
its spectrum. Further advances in the theory of inverse
problems has been achieved as a result of the application to
the study of inverse problems of the so-called conversion
operators. This method was developed in detail in the works
of VA Marchenko, MG Crane, IM Gelfand, BM Levitan, LD
Faddeev, MG Gasimov, YM Berezan and others. They were
considered by the theorem on the existence of capacity in the
inverse problem of spectral analysis for ordinary differential
equations, and the formulation of the inverse spectral
problem was to find a building for a given spectral function

Pa(2).

Further A.l. Nachman, J. Sylvester, G. Uhlmann [7]
published an article devoted to the proof of the theorem of
multidimensional Borg - Levinson. Consider the following
problem:
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ul, =0,

S

{(—A+q)u = 6Q,

where Q - in a bounded domainR" (n22) with

boundary of class S C”, they proved the uniqueness of the
building restoration q if aware of all the eigenvalues and
values pro-water normal to the boundary S of the
eigenfunctions of this problem.

The fact that the theorem on the uniqueness of the
solution of inverse problems include the value, do not affect
the uniqueness of the RECOVER-building, became clear
after work H.Isozaki [6]. He proved a theorem on the
uniqueness of the reduction potential in the problem (1) if
there is no finite number of spectral data.

Let QQ - in a bounded domain RN , where N>2, with

boundary of class S C™ . Consider the Dirichlet boundary
qeC”(Q)

value problem with the actual function with a

spectral parameter A:

{— (AU)(X) +g(X)u(x) = Au(x),x e Q,

u(x)/; =0. 0

A solution of problem (1) is a function of Cw(ﬁ),

satisfying (1) everywhere on (). The solution to this
problem will be considered in the space L, ().

It is known that the problem (1) has no more than a
countable number of Own-governmental values, each of
which actually and has finite multiplicity.

Let the eigenvalues f4,4,,... of (1) are numbered

based on the increase and M, =m,(q) - multiplicity of an

eigenvalue ££4,(Q). Across U, 1< j<m, denote the

it



orthonormal eigenfunctions corresponding 4, . These

feature sets are not uniquely defined. We believe

y y i
Et(q)={( g, Yagg),.., “'()] }

where Vv - the outer normal to the surface S. We consider
two systems of eigenfunctions

(UTRUSUNTING S VARVARSSRTAN

equivalent if there exists an orthogonal matrix T, for which

_ﬁult cee é’umit = ﬁvlt cee é’vmit
ﬁv”ﬁvs ov' v

These equivalence classes denoted by W,. Let the
function V € C” (5_2) , considered as an element of L, (§_2)
, it is the solution of the Dirichlet problem

—(AV)(X)+g(X)V (x) = AV (x),x € Q,
{V(x)/s = f,

T

S

f eC°°(§_2) considered as an element of
L,(Q), and A=y (q), tzl,_oo. We introduce the
N:L,(Q) — L,(S)

where

operator Neumann using equality
N
N(A4,q)f =—.
Aot =— S
Consider  the  problem (1) the  potentials

1,0, €C (Q) We define the scattering function

F(/’L,a), e;qj ): I(N (j”qj )(pﬂ.,w XX)(pl,—@(szx ;

where SX - surface area of the element,
0.0 (x) =00 (iv 20> X) A eC/(-x;0)
N1 @ X= Za)k X .
@,0 €3 , r=1 , 1=12 4t is known
that
F(,06:q,)=

6’ a) jexp( hfe cox)dx+fexp( lfﬁ a)x)q (Ex

=.[_A+qi_ ) (qj(%,wxx 'msx.
B
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Let £€R", &0 - an arbitrary fixed vector. Choose
ane R", |77| =1,sothat 77 orthogonal & .

We define for sufficiently large natural setting n the
following sequences:

1
22

Cn = 1
2n 2n

l, =(n+i).

Here and everywhere below i - imaginary unit.

With this choice of variables I“’en’a)“’cn have the
equality [3]:
lim F(In,en,a)n,q ‘5‘ Iexp ix - &)dx +
2

+ [ep(-ix- &), (x)dx

Some degree Neumann operator is an integral operator.
Neumann kernel of formally given by the equation:

_ou (q ) 8u iqj )
(x) ()
Z ov ov
a,)-4)" xyes
Difference ker N(4,09,)—kerN(4,q,) it is the

kernel of an operator in L, (S xS). Then the definition of
the scattering function,

IF(4,0,0;,0,)-

<|N(4,9,)-N

Showing that

kerN(

F(4.0,0;0,) <
T 0 R O

|ker N(Z,0,) —ker N(4,0,)| >0 atn—>o0w (3
we can say,
I|m|F(|n J 0n 1 Dy s ql)_

0,(X)=0q,(x) for anyone X € Q. Let the dimension of
the space is equal to 2 or 3. For sufficiently large natural T at

condition W, (q,) =W, (q,).

The requirement (3) is executed if the condition is true:

using equation 2 that
F(In,Hn,a)n;qz) =0, and hence



a al
L A ) W () 0,)- (@)
lim | — a
N—>o0 1T 1 (a(0) = 1)(e1 (@) = 1)
L,(SxS)
=0.
(4)
Academician VA Ilyin and IA Shishmarev in [2] it was
shown that
ou, AR
ey (qj) =0 :ut(qj)] ) J:]-! 2.
L, (S)
2
~ .t N
By Theorem Hormander we have: M= Gt at
t—> ©
Therefore, we can say that
ou .
‘@) =o(t?). j-v2
&V Lo(S) .
Thus, the requirement (4) is valid if
. > t
lim > k =0
n—ow k=1 ‘:utk (ql) - In Hy, (qz) - In

Let subsequence of eigenvalues of the problem (1) satisfy
the condition

VkeN(tk—HZ/bl] (5)

t,
What sequence called lacunar. In addition, we consider

arbitrary strictly increasing sequence of positive integers,
satisfying the condition

(6)

It can be shown that with this choice of the sequence, the
requirement (4). Theorem.

Theorem 1. Let € - in a bounded domain R? , with
boundary S class C* |, {/“tk (qj)}“o 7 1=1 2,

k=1
subsequence of eigenvalues of the problems (1) the

potentials di , the properties (5) or (6). If 4 and EP such
that for their own orthonormal functions Dirichlet problems
(1) the following conditions are met with appropriate
potentials:

There is a sufficiently large natural T such that when
t>T have the equality W, (q,) =W, (a, ).
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zut(ql)::ut(qZ) at t itk]

for any x of € have the equality ¢, (X) =, (X).

Consider now the theorem on the uniqueness of the
potential recovery in the event.

The same is true for the statement of the theorem in this
case.

Theorem 2. Let Q - in a bounded domain RN, N =3 ,
with boundary S class C” {,utk (qj )}:’:l, i=12, -
infinite subsequence of eigenvalues of the problems (1) the
potentials ; , indices which satisfy the requirements of:

5 1
e >t +ate limac=+o, D a s <+, (0
k—o0

If q; and Q, such that for their own orthonormal

functions Dirichlet problems (1) the following conditions are
met with appropriate potentials:

1. there is a sufficiently large natural T such that when
t>T have the equality W, (q,) =W, (a,).

2. 14,(9;) = 14(q,) at t=t,, then forany x in Q have
the equality @, (X) =, (X).
Conclusion.

1. We prove that there are infinite sequence of
eigenvalues, do not affect the uniqueness of liability
reduction potential in the problem of the Borg - Levins-on
with Dirichlet boundary conditions. Infinite sequence-of, do
not affect the uniqueness of recovery poten-tial for boundary
value problems of the 2 nd and 3 rd type were obtained in

[1], [3]- [8]

2. Condition (5) satisfy the sequence t, =[a-kb] at
a>0,b>2. Condition (7) satisfy the same type of
sequence, but b >6. And both conditions are satisfied by

the sequence t, = [c~dk] , where ¢ >0, d >1, which is a
lacunar.
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