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Abstract—Despite the possibility of finding exact solutions to the
Einstein field equations, there is another way to obtain new exact
solutions without having to directly solve the Einstein field
equations. This method is the so called “solution generating
theorems”. In the descriptive approximation of stars, we will
bring these solutions to analyze the realistic stars. One of the
popular assumptions is a perfect fluid sphere. The Tolman-
Oppenheimer-Volkov (TOV) equation describes the internal
structure of general relativistic static perfect fluid spheres,
including the pressure and density profiles. In this paper, we find
relative solution generating theorems that map perfect fluid
spheres into perfect fluid spheres in isotropic coordinates. In
addition, we study and develop new solutions for the TOV
equation.
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l. INTRODUCTION

General relativity, also known as the general theory of
relativity, defines the geometric property of spacetime.
Einstein presented an equation that explains the fundamental
interaction of gravitation called the “Einstein field equation”,
which is as following [1-4]

G, =87GT,, 1)

G, - N T, :
where ~#” is the Einstein tensor and “ is the stress energy
tensor.

The Einstein field equation is a fully non-linear partial
differential equation which, in general, cannot exactly be
solved. Therefore, some assumptions must be made in order to
reduce the complexity of the equation. This assumption is the
perfect fluid sphere, which has simply been developed as
idealized models of stars. We can use the perfect fluid
constraint to build several new exact solutions for any
relativistic static perfect fluid sphere [5].

In astrophysics, the Tolman-Oppenheimer-Volkov (TOV)
equation describes the internal structure of general relativistic
static perfect fluid spheres. The significance of the TOV
equation constrains is to study the interior structure of perfect
fluid spheres, which directly provides information about the
pressure profile and density profile [3-4, 6-11].
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At present, we use the “solution generating theorems” to
solve for new exact solutions which can comfortably generate
the class of several new perfect fluid spheres.

In particular, we investigate the solution generating
theorems and the TOV equation in isotropic coordinates, using
pure mathematical principles as a way of finding several new
solutions.

In this paper, we find relative transformation theorems that
map perfect fluid spheres into perfect fluid spheres in isotropic
coordinates. These transformations may allow some
relationship between previously perfect fluid spheres and new
perfect fluid spheres. In addition, we study and develop new
solutions for the TOV equation, thereby also directly giving
information about the pressure and density profiles of general
relativistic static perfect fluid spheres.

Il.  SOLUTION GENERATING THEOREMS

A. Isotropic Coordinates

Generally, there are now several coordinate systems of
perfect fluid spheres. One of the well-known coordinates is
isotropic coordinates. A significant characteristic of the
isotropic coordinates is that the coefficients of radial and
angular coordinates are equal. The metric takes form

ds? =—£(r)2dt? + {dr? + r’dQ?},
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B. Ordinary Differential Equation

In the elementary step of the approximation of stars, we
use perfect fluid spheres to build and develop idealized models



of stars. We also make use of the properties of perfect fluid
spheres. So we obtain

Gy =Gy =Gy
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This equation is a “perfect fluid constraint” which supplies
us with the ordinary differential equation [ODE] for any
relativistic static perfect fluid sphere. Then we derive the
ordinary differential equation for isotropic coordinates as [6-
11]:

[;'Jz_ B'-B/r
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We can write ¢ i equation (6), that is
9(r) = B -B /r.
2B 7
Equation (7) can be rewritten in terms of B(1) as:
B”—E—ZgZB:O.
r (8)

C. Solution Generating Theorems for Isotropic Coordinates

As derived in [7], we have developed several “algorithmic”
techniques that permit one to generate large classes of perfect
fluid spheres. Let us now develop two solution generating
theorems appropriate to isotropic coordinates.

Let’s suppose that{§°(r)’B°(r)}
fluid sphere [8-9, 11].

Theorem 1. (7th BVW or Buchdahl transformation (T7))
Let B, (r) be fixed, then

represents an initial perfect

1
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is also a perfect fluid sphere. That is, the mapping
1
T, :14,(r), B, —,B, .
{So(r),By(n)} a {go(r) (r)} )

takes perfect fluid spheres into perfect fluid spheres.
In addition, transformation theorem defined in theorem 1 is

a “square root of unity” in the sense that T0T: =1 where 1is
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an identity. That is, when we apply theorem 1 twice, we obtain
the initial perfect fluid spheres as the following

1
&(n)’

After applying theorem 1 n-times, we can represent ¢
as:

T, 0T, :{&,(r), By(n)} a { Bo(r)}a {&5(r), By(n)}.

if nis odd number,

1
¢(r)=1¢(r)
Go()

if n is even number.

Theorem 2. (8th BVW transformation (T8)) Let So(r) be
fixed and extend Bo(" to Bo(NZe("): pefine

Z,(r) ={a+gj8”(j:)2},
’ 1)
for arbitrary @ and ¢- Then
1
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is also a perfect fluid sphere. That is, the mapping of
To 1150, Bo (N a {£6(r),By()Z,(B,)} (13)

takes perfect fluid spheres into perfect fluid spheres.

Definition 1. A transformation T is called “idempotent” if

ToT @ where the symbol @ represents equality up to
relabeling of the parameters. In this sense, any theorem is
idempotent if we apply the transformation more than once,
with no further solutions being obtained.

To see this, consider the mapping of theorem 2

T8 0T8 :{40’ BO} a {é/O’ BOZO(BO)} a {4,0' BOZO(BO)Zl(Bl)} (14)

When we apply the transformation of theorem 2 a second
time, it does not lead to a new yield (no additional
information). Therefore, theorem 2 is idempotent.

Having now found two solution generating theorems, this
leads to a new corollary.

Corollary 1. Let (9(M:Ba()} g {66(1).By ()]
fluid sphere and let ¢o(") pe fixed. Then for all 9 ,

be a perfect

{goqua"'(l—Q)Bb} (15)



is also a perfect fluid sphere. Furthermore, all perfect fluid
spheres for a fixed ¢o(") can also be written in this form.Proof
for Corollary 1. From the equation in terms of B(r) , Written as

B -2 _2¢%B-0.
r (16)
B -5 _2g%8 -0, B -2 _2¢%B, 0.
r r

We get

Assume that {£o(r), By(r)}
{So(r),B,(N)}

solves equation (16), we want to
know if also solves equation (16) by writing
B,=0B, +(L-0)B,,B, =B, +(1-q)B,,B, =B, + (1-q)B,
Then
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-29”qB, -29°(1-q)B,,
- B
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r r =0.
Therefore, (€008, +(L-)B,) is a perfect fluid sphere.

D. The New Theorem of Two Linking Theorems

The solution generating theorem we shall present is
slightly different from those developed so far. We can also

simultaneously apply T and e, So, the transformation can be
represented as:

1

Theorem 3. Let %0(") and Bo(") pe changed to (" and
By (r)Z,(r)

The transformation can be

respectively. Define

rdr
B, (r)?

Z,(r)= {0 + sJ
(17

for arbitrary © and ¢ .

represented:

Ty {¢o(. By} {£57(n), By(NZ, ()}, 18)

map perfect fluid spheres into perfect fluid spheres.

We can see that term 22(") has no change. Now, we verify

T,0T,:{¢y By} @ {; BOZO} a {¢y,ByZoZy}

0

(19)
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When we apply Ts once, ¢() perpetually changes.
Therefore, after applying To n-times, the term (" has a
result equivalent to T

IIl.  THE ToV EQUATION

Karl Schwarzschild was the physicist who found and
published the first exact solution in 1916. This solution is
called as the “Schwarzschild solution”, which describes the
gravitational field outside a static spherically symmetric object.
Therefore, the Schwarzschild solution is a useful
approximation for describing slowly rotating astronomical
objects such as many stars and planets.

The Tolman-Oppenheimer-Volkov equation attempts to
find the solution inside a static spherically symmetric object.
In order for the solution to have continuity within the surface,
the TOV equation explains the interior structure of static
perfect fluid spheres.

A.  TOV Equation in Isotropic Coordinates

The solution can be written in the form of spacetime (df‘2 ).
In this current study, the solution can be expressed using the
TOV equation. The TOV equation for isotropic coordinates
can be represented by [8, 10]:

2 _ 2 442 # 2 212
ds? =—¢(r)%dt? + ZVEGT {dr® + r?dQ’}. 20
In the same way as the Schwarzschild metric [3-4]:
do_ <)
dr g(r) (p+ p)’ (21)
we can set ¢ :exp(jg(r)dr). Hence, directly
dp(r) [P0+ pM][m(r) +4zp(r)r* |
dr ré[1-2m(r)/r] 22)
dm(r) =47p(r)r?.
dr (23)

This equation, called the “TOV equation”, describes the
internal structure of general relativistic static perfect fluid
spheres. The significance of the TOV equation is associated
with the constraints in studying the interior structures.

We can see it gives the same result as the result attained
using the Schwarzschild metric. Since the TOV equation
describes the interior of stars in terms of pressure and density,
they are considered as the real measures. Regardless of the
changing coordinates, the form of the TOV equation is not
different.



B. The Main Theorem of the TOV Equation

Having now found the solution generating theorems in
isotropic coordinates, we can then derive these theorems

directly in terms of pressure and density profiles, P(") and

/’(r), which are useful in generating the interior solutions for
perfect fluid spheres [8, 10].

Theorem 4. (P1) Let P(") and #() solve the TOV

m,(r) = 47r‘|.p0(r)r2dr

equation, and hold fixed. Defines an

auxiliary function %(") by

my (1) + 47z py (r)r’

%(r) = r?[1-2my(r)/r]’

(24)

Then the general solution to the TOV equation is given by
p() = Po(1)+SP(), \yhere

op.l-2my/r exp{—zjor godr}

op(r) = — - :
1+476p,| —————6xX {—2 dr}rdr
7o P .[0 '71—2m0 T p _[0 9o (25)
and °P is the shift in the central pressure.

Theorem 5. (P2) Let Po(") and 27 solve the TOV
equation, and hold %(") fixed, in the sense that

my (1) + 47z p, (r)r’
r*[1-2my(r)/r]

_ m(r) +4zp(r)r’

%(1)= r’[L-2m(r)/r]

(26)

Then the general solution to the TOV equation is given by
P(r) = Po(r) + () gpg M(X) =M, (r) +M(r), |y hare

3 . _
sm(r) =L5pcz Xp{zj‘o gol g, dr},
3[1+rg, ] 1+rg, 27)
and
om 1+8zp,r?
r - mo r (28)
Here, %: is the shift in the central density. Explicitly

combining these formulae, we have

1-rg,

Sp(r) = P, l+871'p0 =
+1Q,

[ 0]12m/r

{jgo

dr}.
(29)
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Next, we shall introduce a new modified theorem for the
TOV equation.

C. The modified TOV equation

Theorem 6. Let P(") and (") solve the TOV equation,
and hold (") fixed, in the sense that

My (r) + 4z p,(r)r®
r[1-2my(r)/r]

_ m(r) + 4z p(r)r
S ri-2m(r)/r]’

go(r) =
(30)

Then the general solution to the TOV equation is given by
P(r) = Zo(r)po(r), p(r) = AN po(r): gpg M) =Bo (M, (r). e

define functions Zo(") and /(") by

2,(r) = e+ [0 ADANKO
’ 0 31)
[ AOA0OLO 4,

Vo= 5s(1)

where and

By ()my(r)

AM =B+ T8

(32)
for all arbitrary By(1).

Proof for Theorem 6. From the TOV equation

[p(r)+ p(r)][ m(r) + 47 p(r)r* ]
r’[1-2m(r)/r]

dp(r) _
dr

(33)

Then we Substltute p(r) = ZO(r) p()(r)’ p(r) = AJ(r)pO(r)i and
m(r) =By(NM(") jnto equation (31) to give

A, (1) |, 4Z,() [A(1)20(r) + Zo(1) Py (][ By ()M, (1) + 47Z, () py (1)1 ]

Z, (T =2 K (1) =

r?[1-2B,(r)m,(r) / r]
[oa(r) + po ()] mo(r) + 4R (0] | dZ (r)
r?[1-2my(r) /]

~Z,(r) P (r) =

(A1) 2 () + Zo (1) py (1)][ By (1)my () + 472, (1) po (1) |
r?[1-2B,(r)m,(r) / ]

2,020+ po(0]a )+ 20

Po(r) ==[ A (1) 2 (1) + Z4 () o ()] 9o (r)

So, when we get the first order linear non-homogeneous

equation in terms of Zo("): we can solve for Zo() by
integrating factor method. Finally,

—v(r)J‘e»(r) Ay () p,(r)g,(r) ar,

Z,(r)=—
(=< Bo(1)



0= AOAOL0 o
where P (1)
dm(r) _

Azp(r)r?.

Next, we consider  dr

The extension of ™" and ~("): in a more suggestive form
gives;

By (r)my(r)

AM =B+ T8

IV. CONCLUSION

Generally, we have been generating new several solutions
using an assumption of perfect fluid spheres. In this paper, we
focus on isotropic coordinates for extending class of new
several solutions. We analyzed the relationship between the
solution generating theorems that map perfect fluid spheres
into perfect fluid spheres. These theorems lead us to a new
corollary and some additional properties. Moreover, we
deform these solutions into the TOV equation in terms of
pressure and density and develop a new modified theorem for
the TOV equation.
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