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Abstract—In order to interpret the importance of monitoring and
control of HIV/AIDS, according to our ideas of monitoring and
control of HIV/AIDS, a continuous SUI epidemic model for
HIV/AIDS is established in which S denotes susceptible
individuals, U denotes individuals infected with HIV but
undiscovered and | denotes individuals discovered to be infected
with HIV virus. Since chronological age and infection age play
important roles in the infectivity of infected populations, it is
significant to study HIV/AIDS models with chronological age and
infection age.
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l. INTRODUCTION

Epidemic models study the transmission dynamics of
infectious disease in host populations, aiming at tracing factors
that give rise to their occurrence. Sexually transmitted diseases
such as HIV/AIDS(Human Immunodeficiency Virus/Acquired
Immunodeficiency Syndrome), make more and more
researchers develop suitable mathematical models and study
their dynamic behaviors to describe and interpret the
epidemiology of sexually transmitted infections.

HIV virus has a long incubation and infectious period (from
8 years to 10 years), and no vaccines for HIV virus are
available till now. Many authors try their best to interpret the
pathologic process of HIV/AIDS with mathematical models in
recent years[1]-[11]. Since the infectivity of infected people
varies according to their infection time and their chronological
ages during the incubation period, a large number of age-
structured mathematical models [1]-[9] have been developed to
describe the population dynamics of HIV/AIDS.

Few models discussed the effects of monitoring and control
of AIDS, in order to interpret the importance of monitoring and
control of AIDS and according to the truth that no individuals
can obtain the immunity to HIV/AIDS epidemic. Ignoring the
recovered group, a continuous SUI epidemic model is

established in which the population is divided into three groups:

S (susceptible individuals uninfected with HIV virus but
susceptible to them), U (individuals infected with HIV but
undiscovered) and | (individuals with AIDS or with HIV-
positive, that is, individuals discovered to be infected with HIV
virus). Different from removed group in the mathematical
sense, I-group contains no recovered individual and individuals
in I-group are all patients who need medical treatments.
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Since infection age also plays an important role in the
infectivity of infected populations, it is significant to study
dynamic behaviors of HIV/AIDS model. Unlike the models
mentioned above, we introduce chronological age and infection
age at the same time. In this paper, the continuous SUI
epidemic model with chronological age and infection age is
studied.

The rest of this paper is organized as follows. In Section 2,
we establish a chronological-age and infection-age structured
SUI continuous epidemic model for HIV/AIDS epidemic with
partial differential equations. Some assumptions are also given
in this section to assure the well-posedness of the model and
the stability of the equilibrium solution. The existence and
uniqueness of solution to the SUI model is discussed in Section
3. Section 4 is conclusions of our results.

1. MODEL AND ASSUMPTIONS

According to the truth that no individuals can obtain the
immunity to HIV/AIDS epidemic and ignoring the recovered
group, we divide the population into three epidemiologically
distinct groups: S (susceptible individuals uninfected with HIV
virus but susceptible to them), U (individuals infected with
HIV but undiscovered) and | (individuals with AIDS or with
HIV-positive, that is, individuals discovered to be infected with
HIV virus). Different from removed group in the mathematical
sense, I-group contains no recovered individual and individuals
in I-group are all patients who need medical treatments. We
assume that individuals with HIV-positive in I-group can make
sexual contacts with others by adopting protective measures
and can not infect susceptible individuals. It is convenient to
assume that individuals in U-group and I-group can have their
health babies with the help of advanced technology of medicine
and science.

Let S=5(at) denote the age-density of susceptible
population at time t and chronological age a. Let a_be the

highest age attained by the individuals in the host population.
Let U =U(a,6,t) be the density of undiscovered individuals

infected with HIV virus at chronological age a, infection age
0 and time t. Let | =(a,6,t) be the density of individuals

with HIV-positive or AIDS at chronological age a, infection
age ¢ and time t. For any given time t>0, U(a,6,t) and

I(a,6,t) are defined on the following domain



0={(a0)|0<a<a,0<d<a} (1)

The density of undiscovered individuals infected with HIV
virus at chronological age a and time t can be given by

Uat) = joau (a,0,t)do

and the density of individuals with HIV-positive at
chronological age a andtime t can be given by

Tt = j:‘ 1(a,0,t)d0.

Let 4(a) and y(a,d) denote the age-specific mortality rate,

the rate of transition from U-group to I-group and the birth rate
of the population, respectively.

Here, in order to interpret the importance of monitoring and
control of AIDS and to discuss conveniently dynamic
behaviors of the SUI model, we assume that all newborns
belong to S-group, i.e., individuals in U-group and I-group can
have their health babies with the help of advanced technology
of medicine and science.

The assumption that individuals in I-group can adopt
protective measures not to infect susceptible individuals when
they make sexual contacts with others means that in our model
only individuals in $U$-group can transmit the HIV virus by
effectively contacting with susceptible individuals. According
to the mechanism of infection, we introduce the following age-
specific force of infection denoted by i(a,t):

A@t) = x,(a) jo‘"‘” [ %,(c,0)U(o,0,0d0d0 > 2)

where x (a) and «,(a,#) denote theage-specific contagion rate

and the age-infection-specific infectious rate, respectively.
They satisfy the following assumption.

(HO) «x,(a)>0 is continuous on [0,a,] and x,(a,d) >0 is
continuous on Q.

Hence we have an initial boundary value problem as
follows.

oS oS

o =u@ra@)s )
T O ——(ul@) /@O - @
o o ol _ , 5
o= @) + /(a0 ®)

S(a,0)=5°a), U(a,0,0)=U°@,6)., (6)
1(2,0,0)=1°(a,6), (7

5O = ["p@(s@y+0@n +T(@n)a, (8)
U(6,6,0)=0, U(a,0,t) = A(a,t)S(a,t), )

1(6,6,0)=0, 1(a0,t)=0. (10)
In this model we suppose that the disease does not affect
the death rate and the birth rate, so $imu$ is taken to be the

same for all three groups. We also make the following
hypotheses: (H1) g, x and p, are nonnegative, piecewise

continuous functions on [0,a,)-

(H2) p(a)>0 for ae (A, A)and f(a)=0 for ae (A, A).

where A and A are positive constants and satisfy A <A <a, -
The interval (A, A) means reproduction period.

(H3) J:m u(o)do < +oo such that j:m el 7 ga < 4o

At the same time, we assume that the initial density of
every group is nonnegative, which is biologically significant:

(H4) s°@) >0, U%a,6)>0, 1°(a,6)>0.
IIl.  EXISTENCE AND UNIQUENESS OF THE SOLUTION TO
SYSTEM (3)-(10)

Let 1;, I, be nonnegative real numbers or « . Let the
solution space be defined as follows.

X(I,15) = Xy(T, 1) x X, (0, T5) x X, (10,15) »
where
X,(h1) = C[n. L1 L([0,a,])
and

X, ([, 1,) = (L. LI L(Q)-

These spaces have the following norms:

f,(a,t)|da>

an
H f1HX1(1_1‘1_2) - rngLIj<pl"z J-O

Iy = S ["[|f.aotdoda, i=23




and

2 2 2
H(fl‘ f2’ f3)Hx(rl,r2) = \/H lexl(rl,rz) +H fZHXQ(rl,FQ) +H f3H><2(1'1‘1'2) ’

In order to discuss conveniently the existence and
uniqueness of the solution to system (3)-( 10), we introduce
the following function transformation

S(a,t)
1) = ’
@0 @
u(aot)= V@ (2.0.1) >
p..(a)
. 1(a,6,t)
,0,t) = =2,
@0 =)
where
p. (@) =b, "7
and

by = [ p.(a)da-

Then system (\ref{11})-(\ref{110}) can be changed into

0s

s 05 _ , 11

o =—Aansay (11)
gt—u+%+g—;:—y(a,0)u(a,9,t) , (12)
%i+%;+%:y(a,e)u(a,a,t) ; (13)
s(a,0)=s%(a), u(a,0,0)=u’(a,6), i(a,0,0) =i"(a,6), (14)
s(0,t)=1, u(8,0,0)=0, u(a,ot) = A(at)s(@t),  (15)
i(6,6,00=0, i(a,0,t)=0. (16)

where

Aat) = Kl(a)j:“ [ %,(.0) p.(0) u (0,0,)dodo >
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oy S°(a) |
PO @
0 Uo(avg)
0) =3,
©EO="
0 1°(a,8)
6)=—29),
Pea=" @

7 (@at) = j:u(a,e,t)de

and

i@t = j:i(a,a,t)da-

Because of the reversibility of the function transformation
(11), system (12)-(17) and system (12)-(17) are equivalent. It is
sufficient to discuss the existence and the existence and
uniqueness and stability of solutions to system (12)-(17). Using
the method of characteristic lines in [12], system (12)-(17)
admits a unique solution as given in the following theorem.

Theorem 3.1 If assumptions (H0)-(H4) hold, there exists a
unique nonnegative solution (s(a,t) ,u (a,6.,t), i (a,0,t)) in the
solution space X (0,+w) for system (12)-(17), where the unique
solution (s(a,t),u (a,0,t), i (a,6,t)) depends on the initial data
continuously andsatisfies the following integral system.

—J.U!/I(Pra—t,r)dr

0
s(a—-t)e a>t
S(a,t) = ( n ) 1
—I A(r+a-t,7)dr
e , a<t
0 + 7J‘;}/(r+a—t,r+6—t)dr ot s
u@on=] U@-to-ne : a>t,o>t

6
—joﬂ(r+a—t, 7)dr

AMa—6t—-0)s(a—6,t—0)e , a>6t>0

i’@-t,0-t)+[y(r+a-t,r+0-tu(r+a—t,r+0-t)dr
axt,g>t
a>o0t>60

i(@ot)=
Ma-6t-0)s(a-06,t—6)—u(a,b,t),

IV. CONCLUSIONS

In this paper, we discussed the existence of equilibrium
solutions to a new HIV/AIDS epidemic model---continuous
SUI epidemic model, in which the removed group was ignored
because no infected individuals could be cured and no vaccines
were available till now, and in which individuals infected with
HIV virus were divided into two groups: U-group with HIV
virus but undiscovered and $I$-group with HIV-positive and
AIDS. Different from the removed group in the mathematical
sense, I-group did not contain recovered individuals and
individuals in I-group were all patients who needed medical
treatments.



In order to interpret the importance of monitoring and
control of AIDS, we assumed that individuals in U-group and
I-group could have their babies with the help of advanced
technology of medicine and science. This means that the route
of the vertical transmission of HIV/AIDS diseases can be cut
off by artificial interference. We assumed that individuals with
HIV-positive in I-group could make sexual contacts with others
by adopting protective measures and do not infect susceptible
individuals. According to the practical significance, we talked
about the case that only individuals in U-group could infect
susceptible individuals by effectively contacting with each
other. It was completely different from the models known
before.

The infectivity of infected individuals varies depending on
their infection age and their chronological age. Due to the
important role of the infection age and the chronological age in
the progress of HIV/AIDS epidemic, we introduced
chronological age and infection age at the same time into both
U-group and I-group. It was helpful to accurately analyze the
transmission of HIVV/AIDS epidemic.

For an infection-age-structured model of HIV/AIDS, our
model ignored vertical transmission and assumed that
individuals in three group had the same birth rate $\beta(a)$. A
more reasonable model of partial differential equations with
vertical transmission will be discussed in future. Furthermore,
we supposed that total population reached its equilibrium
distribution because we assumed that the disease did not affect
the death rate and the birth rate. In the future work, we will
discuss the case in which the individuals in $I1$-group will die
because of the disease.
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