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Abstract. In this paper, the stability of equilibrium points of two species competitive model are 

studied. On the base of logistic model, the competitive model of two species living in the same natural 

environment is considered.  Firstly, the four equilibrium points of the two species competition model 

are given, and then stability of each equilibrium point is judged by ordinary differential equation 

stability theory. Secondly, according to the characteristics of the model, the phase plane is divided into 

several regions.  Finally, matlab programs are wrote, and the numerical solutions of two species 

competition model are obtained for several different initial conditions, and the graphics of 

corresponding phase trajectory are drew, and the stability of equilibrium points are analyzed. 

Introduction 

Combination of mathematics and ecology provides an effective tool to understand, explain and predict 

the ecological phenomenon. In the specific ecological environment, generally there are multiple 

species populations, and the increase or decrease of the quantity of each population is not only affected 

by their self limiting law, inevitably will be restricted by other populations. In order to compete for the 

same limited sources of food and living space, there are the mutual competition, and the 

interdependence or the law of the jungle between two or more than two populations live in the same 

environment. The result of competition is that the two populations coexist or the weak competitive 

populations become extinct, while the competitive population can survive and reach the maximum 

amount of environmental capacity (see [1-10]).  

In this paper, we first consider the logistic model of single species, and then consider the model of 

two competition species living the same natural environment. According to the method for solving 

equilibrium points of the differential equations, we obtain four equilibrium points of two species 

competitive model. Then by means of stability theory on the ordinary differential equation, we judge 

the stability of every equilibrium point. According to the characteristics of the model, we divide the 

phase plane into several regions. In order to obtain the numerical solution of the two species 

competitive model under different initial conditions, we write corresponding matlab program, and 

draw the corresponding to the phase trajectory diagram and analysis of equilibrium stability.  

Competitive Model of Two Populations    

When population A and population B live alone in a natural environment, the change rate of a 

population obeys the law of Logistic. Let )(),( 21 tyty  denote the number of population A and 

population B, 21,mm  their intrinsic growth rate, and 21, NN  their maximum capacity. Specifically, the 

number of populations of A satisfies the following differential equation (see [1])  
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where )1(
1
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N

y
  reflect the blocking effect of A on the growth of its own due to the consumption of 

limited resources, 
1

1

N

y
can be explained to amount of food which  unit number A (be relative to 

1N )  

consume. 

When two populations live in the same natural environment, the number of populations of A and B 

satisfy the following differential equation (see [1]) 
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Stability of Equilibrium Points 

According to the method for solving equilibrium points of the differential equations, equilibrium points 

of model (2) are the solutions of the following algebraic equations  
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Solving algebraic equations, we can obtain four equilibrium points of model (2) (see [1]) 
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In order to judge the stability of the equilibrium points, Let  





































)
2

1(

)
2

1(

2

2

1

12
2

1

222

2

111

2

21

1

1
1

21

21

N

y

N

yw
m

N

ywm

N

ywm

N

yw

N

y
m

gg

ff
A

yy

yy

,                                              (4) 
and 

.4,3,2,1,|det

,4,3,2,1,|)(
21





iAv

igfu

i

i

Q

Qyy

                                                                                                        (5) 
By stability theory on the ordinary differential equation, we know the conditions of stability of four 

equilibrium points of model (2) are 0,0  vu . From 0,0  vu  , we see that the conditions of 

stability of three equilibrium points ),0,( 11 NQ ),,0( 22 NQ 
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;1,1 21  ww  ;1,1 21  ww ;1,1 21  ww  respectively. We observe that equilibrium point )0,0(4Q  

always is unstability. 

Diagrams of Phase Trajectory  

In order to analysis phase trajectory of the population model (2), we divide the phase plane into several 

parts by the following straight lines   
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In the case of ,1,1 21  ww  the phase plane is divided into three parts as shown in Fig 1. In the case of 

,1,1 21  ww  the phase plane is divided into three parts as shown in Fig 2. In the case of ,1,1 21  ww  

the phase plane is divided into four parts as shown in Fig 3. In the case of ,1,1 21  ww  the phase 

plane is divided into four parts as shown in Fig 4. Taking initial value in each part of phase plane, we 

write matlab programs for the model (2), and draw the corresponding diagrams of phase trajectory.  

In the case of ,1,1 21  ww  let 1,6.1,8.1,5.2,6.1,5.0 212121  NNmmww , we write the 

following matlab programs(see [2]). 

The function file :  

function  dy=f1(t,y)  

dy=[  (2.5*y(1)).*(1-y(1)/1.6-0.5*y(2)),  (1.8*y(2)).*(1-y(1)-y(2))]’ ;          

The command file 

[t,y]=ode45('f1',[0 5],[0.1 0.1]);           % Taking initial value y1(0)=0.1,y2(0)=0.1  in S1 

plot(y(:,1),y(:,2));                             % drawing the corresponding diagrams of phase trajectory  

xlabel('y1 axis ');ylabel('y2 axis ');             

hold on                                   

axis([0,2,0,2]) ;                                  

grid on            

plot(y,2-(5*y)/4) ;                                 % drawing the line L1      

      

hold on         

plot(y,-y+1,'--') ;                                % drawing the line L2   

gtext('y2=-y1+1');             

gtext('y2=-(5*y1)/4+2');                   

title('the population trajectory graph ')                                     

hold on                                         

[t,y]=ode45('f1',[0 5],[1 1]);              % Taking initial value y1(0)=1,y2(0)=1  in S3  

plot(y(:,1),y(:,2));                         % drawing the corresponding diagrams of phase trajectory 

hold on                               

 [t,y]=ode45('f1',[0 5],[1.8 1.6]);    % Taking initial value y1(0)=1.8,y2(0)=1.6  in S3  

plot(y(:,1),y(:,2));                              % drawing the corresponding diagrams of phase trajectory 

hold on                                

[t,y]=ode45('f1',[0 5],[0.6 1]);      % Taking initial value y1(0)=0.6,y2(0)=1  in S2          

plot(y(:,1),y(:,2))                              % drawing the corresponding diagrams of phase trajectory 

Running the command file, we obtain Fig. 1. 

 

          
      Figure 1. Diagrams of phase trajectory              Figure 2. Diagrams of phase trajectory 
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In the case of ,1,1 21  ww  let 4.1,1,8.1,5.2,6.0,3/4 212121  NNmmww , we write  

matlab programs similar to the matlab programs for the case of 1,1 21  ww . Running the command 

file, we obtain Fig. 2. In the case of ,1,1 21  ww  let ,8.1,5.2,6.0,7/5 2121  mmww  

1,1 21  NN , we write  matlab programs similar to the matlab programs for the case of 1,1 21  ww . 

Running the command file, we obtain Fig. 3. In the case of ,1,1 21  ww  let 

6.1,2,8.1,5.2,3/5,3/4 212121  NNmmww , we write  matlab programs similar to the 

matlab programs for the case of 1,1 21  ww . Running the command file, we obtain Fig. 4. 

 

          
Figure 3. Diagrams of phase trajectory                Figure 4. Diagrams of phase trajectory 

Summary 

From Fig. 1, we observe that in the case of ,1,1 21  ww  the all phase trajectory tend to the 

equilibrium point )0,( 11 NQ . From Fig. 2, we observe that in the case of ,1,1 21  ww  all phase 

trajectory tend to the equilibrium point ),0( 22 NQ . From Fig. 3, we observe that in the case of 

,1,1 21  ww  all phase trajectory tend to the equilibrium point 
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4, we observe that in the case of ,1,1 21  ww  the straight lines 1L and 2L  divide the phase plan into 

four parts 321 ,, SSS and 4S , the all phase trajectory get to 2S  or 4S ,  all phase trajectory which get to 

2S  tend to the equilibrium point ),0( 22 NQ , and all phase trajectory which get to 4S  tend to the 

equilibrium point )0,( 11 NQ . you follow the “checklist” your paper will conform to the requirements of 

the publisher and facilitate a problem-free publication process. 
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