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Abstract. The idea of fractional derivatives was raised first by L'Hospital in 1695. The fractional
calculus and its mathematical consequences attracted many mathematicians such as Fourier, Euler,
Laplace. Various definitions of non-integer order integral or derivative was given by many
mathematicians. In this paper, firstly, we discuss the positive integer higher order derivative of a
function, and obtain general formula of high order derivative. Secondly, we introduce the definitions of
Gr\"unwald-Letnikov, Riemann-Liouville and Caputo. Finally, we point out the relationship between
these definitions. Caputo's integral definition and Gr\"unwald-Letnikov integral definition are
consistent with the Riemann-Liouville integral definition. When f has m+1 order continuous

derivative and m < p <m+1, Gr\"unwald-Letnikov positive non-integer order derivative definition is
consistent with the Riemann-Liouville positive non-integer order derivative definition.

Introduction

The idea of fractional derivatives was raised first by L'Hospital in 1695. The fractional calculus and its
mathematical consequences attracted many mathematicians such as Fourier, Euler, Laplace. Various
definitions of non-integer order integral or derivative was given by many mathematicians (see [1]). For
fractional derivative, the most popular definitions are Riemann- Liouville and Caputo definitions as
follows, respectively. Recently, the fractional calculus methods have become increasingly more
popular and successful in a large number of physical applications (see for example, [2, 3]). The
theoretical and experimental scientists observed that certain materials admit anomalous, fractional
behavior, as [4]. There are many systems which evolution is governed by some fractional differential
equations (for example, [5]). Fractional calculus is nowadays a broad and interesting field of very
active research (see [6-12]).

In this paper, firstly, we discuss the positive integer high order derivative of a function, and obtain
general formula of high order derivative. Secondly, we introduce the definitions of Gr\"
unwald-Letnikov, Riemann-Liouville and Caputo. Finally, we point out the relationship between these
definitions.

General Formula of High Order Derivative

Suppose that function f(t) has n order continuous differentiable derivative on [a,b]. From the
definition of the derivative, we have

df g fO— L)

f'(t) = i lim n )
f"(t)=d2: i O fE=h)
dt? oo h
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By induction we can obtain

_h OhnZ( 1)( jf(t—rh),

where n is a natural number,

(nj: n(n—1)(n—2)---(n—r +1)

r r!

n

f(t) =

Let p be any arbitrary integer, define a new derivative (see [9,10])

DPf (t)= lim h”Z( i ( j (t—rh),

nhta r=0

where h=(t—-a)/n,

p): p(P-D(p-2)--(p-r+1)

r r!
If p<O, let q=—p,
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r r!
then
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r
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or,

o)

From (5) and (9), we have

DI f ()= lim hqi{ﬂf (t-rh), p<0,g=-p>0.

nh=t-a =0

In particular, we have

0t S e

nh=t-a =0

= lim hth rh) I_ (t—s)ds= j (s)ds,

nh—t a =0
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2
:Z , S f(t S)ds— ( )I(t—r) f(r)dr, (13)
Generally, for any positive integer p, define the — p order derivative of a function f (t)

D f(t)= lim hPZ{ } = lim hpz PP+Y(P+2)(PHT D) ¢y )

r!

nh t a = nh—t a
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Since
gt( D" (1)) = r(t-l)ﬁ(t—f)p_zf(T)df=aDt"”f(t)- (15)
Then

D ()= [ D (s)s = [ ds[*, D2 f (c)de

=[dt,[*dt, [~ D7 (t)dt, = [t [ty [ £ (¢, ). (16)
It implies that the derivative of negative integer - p order and the p-fold integral (2.21) of the
continuous function f (t) are equivalent.

Several Fractional Derivatives

Grunwald-Letnikov fractional derivative and integral definitions (see [9,10]): Let p be any arbitrary
positive real number, define p order derivative and p order integral of a continuous function f (t):

LDPf (t)= lim hpZ(l) ( ) (t—rh), 17)

nh—t a

and
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D1 (1) = lim hpimf(t—rh). (18)

nh=t-a r=0
Riemann-Liouville fractional derivative and integral definitions (see [9]): Let m be positive integer,
m< p<m+1, define Riemann-Liouville p order derivative and p order integral of a continuous

function f(t):

RDPF(t) = ( J j(t )" f(r)dr, (19)
and
RD; pf(t)——j (t—7)""f(z)dr. (20)

Define Caputo's fractlonal derivative and integral definitions(see [9]): Suppose that f (t) has m order
continuous derivative, define Caputo's p order derivative and p order integral:

cmp_ 1 ) ~

°D, _F(m_p)ja(t_r)pﬂ_mdf,(m 1<p<m), (21)
and

LD pf(t)_mf (t—7)** f(0)dr. (22)

Comparison of the Definition of Riemann-Liouville, Caputo and Grunwald-Letnikov

Caputo’s integral definition and Grunwald-Letnikov integral definition are consistent with the
Riemann-Liouville integral definition

GD Pf(t)=a RD Pf(t)=a CD pf(t)_ﬁj' (t—7)**f(r)dr. (23)
When p is positive integer and f®(a)=0(k =12,---,p) , Caputo's derivative definition and
Grunwald-Letnikov derivative definition are consistent with the Riemann-Liouville derivative
definition.

SDtp::DtngDtp = f(p)(t)- (24)
If f(t) has m+L1order continuous derivative and m< p <m+1, then

RDP f (t) = ( ] j(t )™ f(7)dr

m £ (k) _ )Pk
— f (a)(t a) + 1 It (t _z_)m—p f(m+1) (T)dT
= I'(-p+k+D I'(-p+m+1)-a
=°DPf(t),m< p<m+1. (25)

It implies that Grunwald-Letnikov positive non-integer order derivative definition is consistent with the
Riemann-Liouville positive non-integer order derivative definition.

Summary

Caputo's integral definition and Grunwald-Letnikov integral definition are consistent with the
Riemann-Liouville integral definition. When p is positive integer and f®(a)=0(k =12,---, p) ,
Caputo’s derivative definition and Grunwald-Letnikov derivative definition are consistent with the
Riemann-Liouville derivative definition. It implies that Grunwald-Letnikov positive non-integer order
derivative definition is consistent with the Riemann-Liouville positive non-integer order derivative
definition.
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