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Abstract. The thermoelastic materials and functional composites are used in some intelligent equipment
in some special fields. The two-scale asymptotic expansion for partial differential equations of
thermoelstic problem in periodic structure with boundary layer is constructed, and the two-scale
asymptotic error estimations corresponding to the asymptotic solution is analyzed.

Introduction

In the developments of thermodynamics and intelligent materials, we usually need to develop some
thermal composites and functional materials. In recent years, many scholars have concentrated on these
materials. For many engineers, their main interests are the effective physical behavior of the
thermal-mechanical and physical phenomenon. In mathematics, many researchers have discussed the
numerical simulation methods and finite element method to simulate these composites [1-4]. Owing to
the small periodicity and coupling effects in multiple physical fields, it is very difficult to obtain the
analytic solutions for these problems. Thus the effective mechanical and physical properties of these
materials are the main research directions for scholars. Up to now, the results of approximation solutions
for general coupling thermoelastic problem in multiple fields with boundary layer are very few. In this
paper, by means of multi-scale method, the two-scale asymptotic expansion and the two-scale asymptotic
error estimation for one class of coupling thermoelastic problem in periodic structure with boundary
layer are analyzed.

The general linear thermoelastic problem in periodic domain with boundary layer in mathematics
could be described by the following boundary value problem,

ai(k;; aaﬁ]—cfeg “h=0,0°,
A (1
?M(aﬁ‘hkghk (U‘E'))—G—Xj(aﬁ‘hkbﬁkﬂf)—dfuf + £, (x)=0, Q°,

0°(x) =6, (x),u’(x)=uy(x),on T_.

Here o isan unbounded periodic domainin R", Q isahbounded domainin R" ,and @ =QNe=QVQ; js
a periodic domain with boundary layer, €27 is the periodic part and <: is the boundary layer part, and

0= {rlos s (dleos)<2e| - ppe =T, satisfies the Lipschitz boundary condition; u®(x) and ¢*(x) denote the
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displacement vector and the increment of the temperature as compared with the reference temperature,
respectively; {aghk},{bﬁk} and {k;}’} are the stiffness, thermal expansion and thermal conductivity of

materials, respectively, and these tensors satisfy &(k,k,) and p(ﬂl,/lz) conditions in [1], ¢* and d’
denote the 1st-order modification of thermal conductivity and the stiffness; f* (x) and h°(x) represent the
internal force and internal heat sources, respectively. For simplicity, it is assumed that f¢,h*,4, and u,
are sufficiently smooth vector or scalar functions in q°. ghk(uf) are the strains evaluated from the
displacement u*(x), and

£\ 1l(ouy ouy
ey (U ) == —/+—
(1) 2{8xk 6xhj.

The Two-scale Formal Asymptotic Expression

Owing to the small periodicity and coupling effects in multiple physical fields, it is very difficult to
obtain the analytic solution for Eq.1. There are some traditional methods to simulate the homogenization
constants for Eq.1, such as averaging method and homogenization method. But these methods failed to
capture the local strains and stresses behavior in detail. So as to capture the local coupling effects let us
turn to discuss the formal asymptotic solution corresponding to Eq.1.

Assuming that in €21, (u”(x),6°(x)) could be expanded formally as follows,

0 890 2 8200 . 6390
0 (x)=0"(x)+ eH, () 8X(X)+g e (f)ﬁx aE(X)” H“1“2“3(§)5X 8x(2>)< e
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w00 @+eN, OL W on, @ T W o 9o e, 270 W,

0‘1 o 0‘1

where H_(&),N_(£)M,(¢) are the 1-periodic scalar, matrix and vector functions defined on R",

respectively, which are solutions of some special partial differential equations defined on unit cube q.
Substituting Eqg. 2 into Eq. 1, by means of detail and careful deducting and comparing the coefficients

of power e, &, &*,...on both sides of Eq. 1, we could define these unknowns cell functions

H,(£) N, (€)M, (¢) one by one, recursively. From Eq. 1, Eq.2 and the coefficients of &7, N, (£), M, (&)
could be determined in Q by the following equations:

0 0
8_51_ [aijhk (g)ghk (N am (5))] = _a_gj(aijmal (5)) £eQ 3)
N,.($)=0 £edQ
0 0
5_95,- [aijhk (é:)ghk (Mo (5))] = a_fj (aijhk (g)bhk (f)) 5 € Q (4)
M,(¢) =0 EedQ

Similarly, Nw(g), M, (&) could be determined by the following equations:
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0 0 0
a_é:_(aijhk (éc)ghk (N oy (5))): _aiazmal (5)_ aiazhk (é)a Nalhm (5)_ a_é(a‘ijhaz (EE)N azhm (SE))
J +8,,1=12,.0,E€Q ’ (5)

Na1a2 (5) = O’ § € aQ

and
aié(aijhk (5)5hk (Mal (GE))) = =8y (&)n (Mo(f))_ai;(aijhal (5)M0h (5))+aia1hk (5)bhk (‘f)
+aié:j(aijhk (§)bhk (‘f) Ha1 (5))"'6ijv §eQ
M, (£)=0, £edQ

(6)

where
éijhk = _[Q [aijhk (SZ)+ ijim (Sg)glm (N hk (5))}:15’ (7)
B, = [ [ B (€) 2 (Mo (£)) =2y (£) b1 () &, ®)

are the homogenization constants. H_ (&) could be defined in unit cell Qin a similar way. (u’(x),6°(x)) is

the homogenization solution corresponding to (u®(x),6°(x)), and it can be determined by the following
equations with homogenization constants that reflect the effective properties of composites,

~ 0
a[k 00

= | k. —80° = —N(x),x e Q,
6Xi ij axj] ( ) (S

O (a 7 - o (¢ :
a—xj(aijhkehk(uo))—diuio Z—fi(X)+a—Xj(bij6’°),l =1,2,...n,xeQ,

U° (x) = Uy (%),60° (X) = 6, (X),x € 6Q. (9)
Where

=L@k (0T e, (10

¢=],c(&)d&d =] d(£)ds f(x)=] f(x&)dEN(x)= ] h(x&)de, 1

In practice, (u°(x),6°(x)) could be approximated by following two-scale asymptotic solution in €21,
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80°(x)+ 24 82¢9°(x)+ - 8°0° (x)

M (x)=6°(x H ot eH D-6°(x),
) (x) (x)+eH, (&) ox, &H,., ox,0x,, s G ox,, %, +ot e H, o D0°(X)
ou®(x) 0%u®(x) 06°(x)
uB(x)=u’(x)+&N —2 1 &N — i eM 0°(x) + M =+
D(x)=u’(x) +&N,, (£) > ¢ e, () oxox, o(£)0° () +£°M,, (&) ox, (12)

e'N,, DU’ () +&7'M,, , D;70°(x),

o

In boundary layer part €22, so as to capture the coupling multiple physical effects, we construct the
following boundary layer problem,

o [, .00%
ke L
ox | " ox

]— c*0®?) +h* = 0,05,

i

i(afhkehk (u®® ))—ﬂ(afhkb;‘ke(b’f))— dful? 4+ £2(x)=0, Q3,

8XJ 1) aXJ 1) 1 1 1

O (x) =0 (x),u®? (x)=u" (x),on o(Q; NQY),

OC?(x) =6, (x),u®? (x)=u,(x),on T,. (13)

Sum up, we have the following formal asymptotic expansion Theorem.
Theorem 1. It is assumed that Ao bh. a7 ¢ ke e L7 (Q),F7(X), U (x),h?(x), 6,(x) are sufficiently smooth

functions in Q° , then:
1) Eq. 1 exists the formal asymptotic expansion of Eq. 2, where N, (¢&),M_ (&) are determined by Eq.

3-Eq. 4, Eq. 5-Eq. 6, the homogenization (u°(x),6°(x)) could be determined by Eq.9;

2) The homogenization constants g,,,b,,d,,¢ k; could be determined by Eq. 7, Eq. 8 and Eq. 10;
3) Homogenization constants 6” satisfy the p(4,, 4,) condition;

4) Homogenization constants g, satisfy the £(4,, 4,) condition;

5) (u(x),6°(x)) could be approximated by following formal two-scale asymptotic solution,

(U (x),0 (%)), xe (14)

(), 0° 7 (y®y ,H(b'l') =
(u (X) (X)) (Ug (X) & (X)) (u(b,g)(x),g(b,a)(X))'XEQZ,

The Two-scale Asymptotic Error Estimation
For the two-scale asymptotic solution, we have the following asymptotic error estimation.

Theorem 2. Assuming that ¢°(x), u’(x) are the weak solution of Eq.1, and 6, u,eH*(Q), h
and f e H?(Q), then the following estimations hold,

) .
167 =608 s, < 1160 Do gy + 10l ), (15)
and
U =0 1] ey = €86 sy + 1 ey 11U sy 1 ), (16)
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where c,and c, are positive constants independent of &

Proof. For simplicity, we only need to prove Eq. 15, Eq.16 could be proved in a similar way. Let
6" (x)=6°(x)-0"(x), then after careful computing and deducting, in < we have the following
equations which holds in distribution,

OX, OX
0®Y =0,0n 2Q,

H(b.1) - ~
a (k = J ¢’ =—(h* —h)+£*F,(H,,6°), x e,

i

17)

Where F,(H,,6°) is a bounded function independent of & and combination of cell functions H_, and

the 3rd-order partial differentials of 6°.
In ©; we have the following equations which holds in distribution,

0 & aég(bll) e n(b.1) £ . &

a_xi[kija—xj -c’0"Y =—(h* —h)+ £’F,(H,,0°),x € Q,

0°Y = g?F,(H,,6°),0n o(Q Q)

Ab1) _

6’7 =00on T, (18)

Where F,(H_,0°) and F,(H_,6°) are the bounded functions independent of ¢ and the combinations of
cell functions H_ and the 3rd-order partial differentials of #°. By means of Holder inequalities and
generalized Lax-Milgram theorem, the problems Eq. 17 and Eq.18 exist one and only one weak solution
in HY(Q) and H*(QS), respectively.

By means of the regularities estimations of solutions for Eq.17 and Eq.18, we have:

105 s ey o (6% IR (Hs 6 s e, 1 h—h]

H 1 (Qg LZ (Qs )

and

102 Ny = €4 NP (H 00 gy 2" NP (0 gy + 1R = )

where c, and c, are positive constants independent of &. Owing to properties of periodic functions [5], it

is easy to prove that || h—h ||L2 o) S G5 here c, is a positive constant independent of ¢. By means of the

extension theorem, trace theorem in Sobolev space and regularity estimation of solution for
homogenization equations Eq. 9, EQ.15 holds in distribution.

Conclusion

In this paper, the two-scale asymptotic expansion for one coupling thermoelastic problem in periodic
structure with boundary layer is discussed. Because the disturbance of the stiffness, thermal-expansion
and thermal conductivity of materials are relatively large and complicated, it is very difficult to obtain the
analytic solutions for these equations in mathematics. We try to compute the two-scale asymptotic
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solution and to simulate their numerical solution. In order to improve the accuracy of the calculation, we
construct the matched boundary layer problem. In addition, some asymptotic error estimates are given,
which show the effective of the expansion. In this paper, we use two-scale method to construct the formal
asymptotic expansion for thermoelastic problem with general items and with boundary layer, what is
more, we improve the asymptotic error estimation order from &2 to «.

The results could be regarded as the reference for evaluating the effective physical mechanic and
thermal behavior. More, our results could be useful for designing the numerical algorithm and computing
the approximate solutions for these coupling systems in multiple fields.
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