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Abstract. The thermoelastic materials and functional composites are used in some intelligent equipment 
in some special fields. The two-scale asymptotic expansion for partial differential equations of 
thermoelstic problem in periodic structure with boundary layer is constructed, and the two-scale 
asymptotic error estimations corresponding to the asymptotic solution is analyzed. 

Introduction 
In the developments of thermodynamics and intelligent materials, we usually need to develop some 
thermal composites and functional materials. In recent years, many scholars have concentrated on these 
materials. For many engineers, their main interests are the effective physical behavior of the 
thermal-mechanical and physical phenomenon. In mathematics, many researchers have discussed the 
numerical simulation methods and finite element method to simulate these composites [1-4]. Owing to 
the small periodicity and coupling effects in multiple physical fields, it is very difficult to obtain the 
analytic solutions for these problems. Thus the effective mechanical and physical properties of these 
materials are the main research directions for scholars. Up to now, the results of approximation solutions 
for general coupling thermoelastic problem in multiple fields with boundary layer are very few. In this 
paper, by means of multi-scale method, the two-scale asymptotic expansion and the two-scale asymptotic 
error estimation for one class of coupling thermoelastic problem in periodic structure with boundary 
layer are analyzed.   

The general linear thermoelastic problem in periodic domain with boundary layer in mathematics 
could be described by the following boundary value problem, 
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Here  ω  is an unbounded periodic domain in nR , Ω  is a bounded domain in nR  , and 1 2
ε ε εωΩ = Ω = Ω ∪Ω  is 

a periodic domain with boundary layer, 1
εΩ  is the periodic part and 2

εΩ  is the boundary layer part, and 
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ε Γ=Ω∂ satisfies the Lipschitz boundary condition; ( )xεu  and ( )xεθ  denote the 
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displacement vector and the increment of the temperature as compared with the reference temperature, 
respectively; { } { },ijhk hka bε ε and { }ijk ε are the stiffness, thermal expansion and thermal conductivity of 
materials, respectively, and these tensors satisfy ( )21,kkε  and ( )21,λλp  conditions in [1], εc  and ε

id  
denote the 1st-order modification of thermal conductivity and the stiffness; ( )xεf  and ( )h xε  represent the 
internal force and internal heat sources, respectively. For simplicity, it is assumed that 0,, θεε hf  and 0u  
are sufficiently smooth vector or scalar functions in εΩ . ( )εε uhk  are the strains evaluated from the 
displacement ( )xεu , and  
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The Two-scale Formal Asymptotic Expression 
Owing to the small periodicity and coupling effects in multiple physical fields, it is very difficult to 
obtain the analytic solution for Eq.1. There are some traditional methods to simulate the homogenization 
constants for Eq.1, such as averaging method and homogenization method. But these methods failed to 
capture the local strains and stresses behavior in detail.  So as to capture the local coupling effects let us 
turn to discuss the formal asymptotic solution corresponding to Eq.1. 

  Assuming that in 1
εΩ , ( )( , ( ))x xε εθu  could be expanded formally as follows, 
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where ( ) ( ) ( )ξξξ ααα MN ,,H  are  the 1-periodic scalar, matrix and vector  functions  defined  on nR ，

respectively, which  are solutions of some special partial differential equations defined on unit cube Q .  
Substituting Eq. 2 into Eq. 1, by means of detail and careful deducting and comparing the coefficients 

of power 1ε − , 0ε , 1ε ,…on both sides of Eq. 1, we could define these unknowns cell functions  
( ) ( ) ( )ξξξ ααα MN ,,H  one by one,  recursively. From Eq. 1, Eq.2 and the coefficients of 1ε − , )(),( 01

ξξα MN m  
could be determined in Q  by the following equations： 
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Similarly, ( )ξαα m21
N , )(

1
ξαM  could be determined by the following  equations： 
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and 
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where  
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are the homogenization constants. ( )Hα ξ  could be defined in unit cell Q in a similar way. ( )0 0( , ( ))x xθu  is 
the homogenization solution corresponding to ( )( , ( ))x xε εθu , and it can be determined by the following 
equations with homogenization constants that reflect the effective properties of composites, 
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In practice, ( )( , ( ))x xε εθu  could be approximated by following two-scale asymptotic solution in 1
εΩ , 
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In boundary layer part 2
εΩ , so as to capture the coupling multiple physical effects, we construct the 

following boundary layer problem, 
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Sum up, we have the following formal asymptotic expansion Theorem. 
Theorem 1. It is assumed that ( ) ( ) ( )0 0, , , , , , , ( ), ( )ijhk hk i ija b d c k L Q x x h x xε ε ε ε ε ε ε θ∞∈ f u  are sufficiently smooth 
functions in εΩ  , then: 
1)  Eq. 1 exists the formal asymptotic expansion of Eq. 2, where ( ) ( ),α αξ ξN M  are determined by Eq. 
3-Eq. 4, Eq. 5-Eq. 6, the homogenization ( )0 0( , ( ))x xθu  could be determined by Eq.9; 
2) The homogenization constants ˆ ˆ ˆˆ ˆ, , , ,ijhk ij i ija b d c k  could be determined by Eq. 7, Eq. 8 and Eq. 10; 
3) Homogenization constants ijb̂  satisfy the ( )21,λλp  condition; 
4) Homogenization constants ijhkâ satisfy the ( )21,λλε  condition; 
5)  ( )( , ( ))x xε εθu  could be approximated by following formal two-scale asymptotic solution, 
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The Two-scale Asymptotic Error Estimation 
For the two-scale asymptotic solution, we have the following asymptotic error estimation. 

Theorem 2.  Assuming that ( x )εθ , ( )xεu  are the weak solution of Eq.1, and  3
0 0,  ( )Hθ ∈ Ωu , ĥ  

and 2ˆ ( )H∈ Ωf , then the following estimations hold, 
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where 1c and 2c  are positive constants  independent of ε . 

Proof.  For simplicity, we only need to prove Eq. 15, Eq.16 could be proved in a similar way. Let 
( ) ( ) ( )( ,1) ( ,1)b bx x xε

ε εθ θ θ= − ,  then after careful computing and deducting, in 1
εΩ  we have the following 

equations which holds in distribution,  
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Where 0
1( , )F Hα θ  is a bounded function independent of ε  and combination of cell functions Hα  and  

the 3rd-order partial differentials of 0θ .   
In 2

εΩ  we have the following equations which holds in distribution,  
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Where 0
2 ( , )F Hα θ  and 0

3( , )F Hα θ  are the bounded functions independent of ε  and the combinations of 
cell functions Hα  and the 3rd-order partial differentials of 0θ .  By means of Holder inequalities and 
generalized Lax-Milgram theorem, the problems Eq. 17 and  Eq.18 exist one and only one weak solution 
in 1

1( )H εΩ  and 1
2( )H εΩ , respectively.  

By means of the regularities estimations of solutions for Eq.17 and Eq.18, we have: 
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where 3c  and 4c  are positive constants independent of ε . Owing to properties of periodic functions [5], it 
is easy to prove that 2

1
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ˆ|| || ,
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h h cε ε
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extension theorem, trace theorem in Sobolev space and regularity estimation of solution for 
homogenization equations Eq. 9,  Eq.15 holds in distribution. 

Conclusion 
In this paper, the two-scale asymptotic expansion for one coupling thermoelastic problem in periodic 
structure with boundary layer is discussed. Because the disturbance of the stiffness, thermal-expansion 
and thermal conductivity of materials are relatively large and complicated, it is very difficult to obtain the 
analytic solutions for these equations in mathematics. We try to compute the two-scale asymptotic 
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solution and to simulate their numerical solution. In order to improve the accuracy of the calculation, we 
construct the matched boundary layer problem. In addition, some asymptotic error estimates are given, 
which show the effective of the expansion. In this paper, we use two-scale method to construct the formal 
asymptotic expansion for thermoelastic problem with general items and with boundary layer, what is 
more, we improve the asymptotic error estimation order from 1/2ε  to ε . 

The results could be regarded as the reference for evaluating the effective physical mechanic and 
thermal behavior. More, our results could be useful for designing the numerical algorithm and computing 
the approximate solutions for these coupling systems in multiple fields. 
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