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Abstract. The knowledge of degree of freedom (referred as DOF) is indispensable before a parallel
mechanism is designed, but the traditional Grubler-Kutzbach formula (referred as G-K formula)
which is widely used is not appropriate for complicated mechanism, especially the hexapod robots. In
order to derive the kinematics model of the robot, the motion of single branch and the corresponding
spinors is derived based on spinor theory. The constraint spinors of each branch are integrated and the
allowed movement matrix is determined. And then, the DOF of the robot in a certain initial state is
derived from the rank of the matrix. Furthermore, the DOF analysis under symmetrically initial states
is discussed in detail.

Introduction

As a basic problem of mechanism analysis, DOF must be first determined according to specific
applications. The traditional G-K formula has been used to calculate the DOF for a long time, but is
no longer applicable because of the development of mechanisms!!, especially for analysis of parallel
mechanisms and spatial mechanisms!®. The latter of this paper shows that a complete position
analysis is indispensable to completely analyze the DOF of parallel mechanisms.

In the early twenty-first century, many significant calculation method like analysis methods based
on group theory and Lie algebras®™® were presented. Furthermore, calculation methods based on
spinor theory, which developed by Zhao Jingshant”!, Huang Zhen'®!, Gosselin™ as representatives, is
very effective in analyzing spatial robot and parallel mechanisms*®**! and have been increasingly
recognized. By representing the basic constraint relations under the reciprocal principle of spinor
theory, this method present an analysis method of DOF for modern parallel mechanisms, which
proves its great universality and practicality.

As one kind of special parallel robots, hexapod wall-climbing robots have six movable legs. The
DOF of the robots changes under different initial states. Usually branch structures of mechanisms are
designed to be symmetrical to ensure the universality of application. And the analysis of DOF under
symmetrically initial states has significant sense, because DOF information under different initial
states have guiding effect on the trajectory planning. DOF analysis under different symmetrically
initial states of hexapod robot are discussed in detail based on spinor theory in this paper.

Motion of Rigid Body and Lie Groups& Screw Theory

According to Chasles’s theorem, any motion of a rigid body can be presented by spinor motion,
that is, by rotating around an axis and then translating along an axis. As shown in Figure 1, any
configuration of a rigid body relative to fixed coordinate could be determined by position (P € R*) and
orientation (R € SO(3)).

Therefore configuration of a rigid body can be expressed as the product space SE(3).

SE(3) = {(R, P):ReSO(3),P e R3} =S0(3)®R®. Where s0(3) is a three dimensional rotation group.
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Figure 1:Rigid body mechanism presented by spinors

Define an expression:
se(3)={§‘§H(é);v):@eso(3),ve R3} (1)

Where £ese(3) is Lie algebraic expression of European group SE(3), which mean the generalized
instantaneous velocity of rigid body. & e so(3) is the Lie algebraic expressions of the European group

so(@3) and so(3)={a3e R :0' =—a‘)} , where & is the corresponding motion spinor of joint(twist).
There is an exponential mapping relationship between the elements of se(3) and the elements of
SE3):
o _ g% (I —eg‘:’)(a)—v)+a9a)a)Tv _ R P )
0 1 0 1
Based on spinor theory, the process of establishing variety coordinate systems is simplified and the
whole system consists of two coordinate systems: the inertial coordinate system{S}and the tool
coordinate system{T}. Thus the analysis process based on spinor theory is simpler than traditional
methods’. The product of exponential formula (POE) is one of the most representative formula of the
kinematic formulas.
gST (9)=e‘91§1egz‘§z .. eelstl . _.eenén gST (0) (3)
Where & is spinor coordinate of unit movement of ith joint under initial configuration gg; (0)

relative to inertial coordinate system. The following of the paper is to analyze the hexapod
wall-climbing robot based on the Lie groups and spinor theory.

Kinematics Model

Figure 2 shows mechanism model of the laboratory wall-climbing robot named ML6-QJ-I. The
joints of hip, knee, ankle and foot are revolute joints. The foot tip is connected with a sucker by a
spherical joint. Each leg has the same structure and size. The initial state when six suckers are on the
ground follows the principle of symmetry. The basic reference frame (o-xyz ) is built at the geometric

center of the six suckers B,B,B,B,B;B, connected to tips of legs. In the same way, the local reference
frame of end effector (o,-x.y.z. ) IS built at the geometric center of the body platform A A, AA, A A .
When MN is the axisymmetric line of initial states, define:

a=4M A A=ZMe A A (4)
B=2My A A=LMs ASA (%)
r=£MsAg A= My AA (6)
When line 0o, is symmetrical axis of initial states, define:
F=LMAR=LM A Ay = LM A Ay = ZMy A As = ZMg A A =2 Mg Ag Ay ()

Where d.8..9 (60O ,1800) .
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Figure 2:Mechanism model of hexapod wall-climbing robot ML6-QJ-I

Generalized instantaneous speed of foot tip is determined by the configuration of foot tip:
gst (6) € SE(3).

e ] n( a .
V=03 (0)00 (0)- 3 0 (0) % ®
i=1 i
The corresponding spinor coordinates can be expressed as:
LN 00 ). .
Vst ZZ[QSTl (@%J 6 = JSST (H)Hi 9)
i=1 i

And & =Ad

(efﬁnin e"’n—lgn—l N ,efﬁméi i1 ) fi '

G (0)=(& & &) 6=(6 6, e'n)T. Where J¢; () is Jacobian matrix of spatial velocity; 6
is the velocity of join ’i’; & is the motion spinor of coordinate system of joint ‘i’ to current

configuration, which is the basis of kinematics of the robot. The DOF is determined by states of spinor
motion of foot tips allowed in the process.

M=rank (& s aann,) (10)

Analysis of DOF

The coordinate system established is shown in figure 3 and the spherical joint of foot tip can be
decomposed into two mutually perpendicular revolute joints in practical situations. The rotation angle
of themare ¢, . 6, respectively. The joints of foot, ankle , knee and hip are definedas 6,. 6, &«
0, respectively. Obviously, rotation range changes under different initial states of the robot.

Figure 3:Transformation model of single-branched structure
Analysis of DOF under Initial States of Axis-symmetry
When MN is the axisymmetric line of initial states, the length of the body platform is defined asRr,,

and he projected length of B,A on planeoxy isR,. The coordinate values of foot tips are
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B{—g R, — Rysina , —% R,+R,cosa, OJ B, (—stin(ﬂ—lzoo) ,—R, - chos(ﬂ—lzo),o)

B, (% R+R,sin(y -60°), —%Rl - RZCOS(7—60),OJ B, [g R+R,sin(y -60°), %Rl + R2C03(7—60),0]

By (~Rysin(5-120°), R, +Rycos(5-120),0) B, [—? R, - R,sina , %Rl - chosa,Oj .

The motion spinor of leg “1” is first analyzed. The matrix of motion spinor of leg “1” is given below
based on the analysis above:

gn=l8 5 & & & & (12)
where
g=[0 01 syM, kM, o]

T
1 [ 1 1 1
= :[501 Cn 0 -CuN;p -spuN; 'M1:|

1_[dl 1 1 1 1\

= [501 Cor 0 -Cou(Ny-miC;) -8y (N;-mic,)  -(My-mys; )J 12)
1_ [l 1 1l 1 1l |

Sa=[So1 Co O -Cor(Ny-myC3-MyCrs) -Sgu(Ny-MiCr-MyCoz)  ~(My-MyS;-MyS;, )J

.
1_[ad 1l 10l 1
S = [501 Cor 0 -CuMySpas  -So1MaSaass  MaCozas :|

N
1 [l 14 1
S6 —['00152345 S01S2345 Coass 0 0 OJ

According to reciprocal principle of spinor theory, the constraint spinor of foot tip ‘1’ is given
below.

.
oA = kl['séls%345 CoSzaas O CoiCoasMi  SoiC2assMy 5§345M1J (13)
Where k, is an arbitrary non-zero constant.

In the same way, constraint spinors of other five foot tips relative to reference frame are determined
as follows.

.
r 2 .2 2 .2 2 2 2 .2 2
S, =Ko ['50152345 CorSz3a5 0 CorCoassMa  S01CoausM2  Sp3u5M ]
T
v 3 3 3.3 3.3 3.3 3
e, =K ['50132345 CorSaass 0 CoiCousMs  S01Co3sMs  S235M 3]

T
: 4.4 4.4 4.4 4.4 4
Sen =Ka| SuSaaus  “CorSoass O CorCosusMy  -SpaCoassMy  SzausM 4} (14)

]

T

Ba =Ks [53152345 “CorSoas 0 CoiCoausMs  ~S01Co3u5Ms 33345'\/'5}
o =Ks [50153345 CorSous 0 CoiCoausMs  -S01C2345M s 326345M6:|
Where  c¢'=cosg’ , §'=sing" , cj= cos(&i“ + 9{‘) ) Ciik = cos(@i" +6] +9Q) ,
Sijk = Sin(ein +6; + 6’,?) , Sj = sin(@i“ + ejn) ;N =My 3 +MyS35-MyChy-M, Congs 5 My =My Co+MyCon+MyS30,+My Sy
Gy=a—-90°+6 05 =p-30°+62,65 =y +30°+ 6,65, =150° —y + 6 , 03, =210° — g+ 67, 65, = 270° —x + 6} »
Therefore the constraint of body platform A A, A,A,AA, Of the robot is:
Chnnnan =[San Goa Gan G Gaa G (15)
Clearly, &iaaana IS related to the initial state and rotational angle of each joint. The

corresponding analysis of DOF is shown as follows.
Since the directions of spinors of end joints connected with platform A A, A,A, A A, are the same in

movement  and  satisfy the  constraint:  @p=0l=0f=0;=0g=0f . That is:
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~C0153345 = —Cor157345 = ~Co1S9345 = C157345=Cor57345=Cor 55345
50157345 = —So1Soa45 = —So153345 = 0152345 =S0155345=S0159345 (16)
Coass = Caas = Coaas = Cyaas = Coaus=Canus
Conclusions can be obtained as follows:
(1) The body platform has three DOF when s}, #0.
Demonstration: If sy,s =0, then chys =clys (i# ) and shys = sk (i# j). Equations are satisfied
as shown below:
cos(a —90° + 6}) + cos(270° — a + ef))

45 (sin(a —90° + 6F) +5in(270° — a + ef))

(17)

sin(8 —30° + 02) £5in(210° - 5+ 7))

l
523
2
S234
2
S2345
3

S23

45 (Cos(y +30° + 67) + cos(150° — 7+014))

2o

(
5(cos(ﬂ—30° +6?) +cos(210° —,B+Hf))
(

(

(

4

0

g )_52345 sin(y +30° +67) +sin(150° - y + "))

According to the rotation range of revolute joint, the condition s}, =0 is satisfied only when the

projection of branch chains on plane satisfy the relations when « =180°. $=120°. »=60°under the
initial state. As shown in figure 4

=180°
. T My .

N
Figure 4:Initial state whit three DOF

The robot is in an state of ‘unconventional’ singular point under initial state when s},,; #0. In the
process of motion, if relation s}, # 0is satisfied, then the contraint 4/ =0must be also satisfied and
Syaus = Seaus = Soaus = —Sgaus = —Soaas = —Soass - 1HE Matrix of spinors which express the constraint motion of
body platform A A, A,A, A A, iS given as below:

r | e T T T T T
5%\%%&‘[5&%\ SBA, SBA SBA  SBA 585/%,]

1 1 1 1 1 1 —
~S345 S35 S35 ~S5345 ~S345 ~S5345 ky
0 0 0 0 0 0 |k
0 0 0 0 0 0 k (18)
B 3
-l o 0 0 0 0 o |«
1 1 1 1 1 1
CoausM1  CoausMy  CoausMy  -CoausMy  -CozsMs  -CozesMg || Ks
1 1 1 1 1 1 k
| S2aasM1 SpzusMy  SyausMy -SygusMy -S5305M5 -Sp345Mg |L76

Normally rank(£3, aana)=32nd one group of motion spinors which present the spatial motion of
the body platform can be determined as follows: &2, s ann =[ke& k& k& |, Where
&=t ooo o o
&5=[0 00010 (19)
&=[0 000 01
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The DOF of end joints of platform is M=rank(égs aans)=3. The robot has motion of translating
along y axis and z axis and rotating around x axis.
(2) The body platform has four DOF when s},,; =0.

Demonstration: Ifs),,; =0, then cl,,;s =1 and the matrix of spinors which express the constraint of
motion of body platform A A,A,A, A A IS given as below:

r | e T T T T T
*fAAzAgAAAsAs—[%KBA SB,A,  SBA SBA  SBA fseAe]

o 0o 0o 0 0 0 k]
o 0o 0o 0 0 0 |k,
0 0 0 0 0 0 |k, (20)
) CuMi ciM, Mz —cpM =My —cgMg ||k,
My M, siMy —sgM, =M —s5Mg || Ks
| 0 0 0 0 0 0 Lk

Normally rank(&; o s o a4 ) =2and one group of motion spinors Which present the spatial motion of
the body platform can be determined as follows: &2, s aan =[ki& k& ke&s k,&,], Where
&=[0 0 010 of
&=[0 00010
&=[0 000 01
&=[0 o100 0
The DOF of end joints of platform is M=rank(&yaaana)=4-The robot has motion of translating

along three axes and rotating around z axis. Obviously, the conditions when« #180° or g =120° or
7 = 60° under the initial state satisfy the requirement. According to conclusion(1) the robot is also on a
singular state when s, =0 and «=180°. B=120°. »=60".

(21)

Figure 5:Initial state four DOF
(3) The robot is in "unconventional” singular state when «=180°. g=120°. »=60°.

Demonstration: When the initial state satisfy «=180°. p=120°. »=60°, based on the analysis
above, the rank of matrix of spinors which express the constraint of motion of body platform under
initial state is N=rank(&aanns)=1- The robot has five DOF in this situation and has motion of

translating along three axes and rotating around x axis and z axis. However, when robot leave this
initial state, the DOF of robot will change into conclusion (1) or conclusion (2) which has three or four
DOF. In this paper we refer it as "unconventional singular state.
Analysis of DOF under Initial States of Rotational Symmetry

When initial state is rotationally symmetrical about line 00, , the length of a side of body platform

is defined as R,. The projected of B,A on planeoxy iSR,. The coordinate values of foot tips are:

B{—% R, —R,sing, —%R1+R20038,0) , B, (—stin(9—120°) =R - ch05(8—120),0) ,
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B, (% R +R,sin($-60°), —% R, — chos(s—ao),oj B, (? R+R,sin(9), %Rl = chos(ls&),oJ ,

3

B (—stin(120° ~9), Ry +Rjcos(120° —3),0) B, (—7 R, —Rysin(240° - 9) ,%Rl ~ Rycos 240° —9),0]

The constraint relations of body platform A A,A,A, A A is similar to section 3.1 and the matrix of
constraints of body platform AA,AA,A A 1S given below:

Shanann =[Gn G Ga SBa Ga Gl (22)
Where
R Ry 11 11 11 1 T
e =K ['50152345 CorSass O CoiCoaasM1 S01CoausMy  SpausMy J
"
2 .2 2 2 2 2 2.2 2
Sea =Ko ['50152345 CorSzaas 0 CorCoausMa  S01CoausMy  Sz3u5M J
N
3.3 3.3 3.3 3.3 3
Soa =Ks ['50152345 CorSzaas 0 C1CousMs  S01Co3sMa  Sp345M3 J (24)
T
4 4 44 4 4 4 4 4
Sea =Ky [50152345 CoSoaus O -CoaCosasMy  -Sp1CosusMy  SpausM 4}
T
5.5 5 5 5.5 5.5 5
Ba =K [50132345 Co1Sz3a5 O -Co1Co345Ms  -S01C3usMs  S235M 5]
T
6 <6 6 <6 6 .6 6 .6 6
Se.a = Ks [50152345 Co1Sz345 O -Co1Co345Me  -S01C235M  Sz345M s ]
The ki is an arbitrary non-zero constant and

Or=a-90"+0; Oy=c-30°+0) G=c+30°+0 Oh=a-90"+¢ Oh=a-30"+0 O =a+30°+0;
Clearly, &aaannn is related with initial states and the rotation angle of each joint. The conclusion is
given as follows.

(1)The DOF of body platform in different initial states is four.

Demonstration: When s,,,s =0, the corresponding constraints in section 3.1 have to be satisfied.
Therefore according to the analysis of last section, the motion of the body platform has no solution
when s, #0, which means that s, =0 in this condition. Besides, according to the second

conclusion in section3.1, the DOF of the robot is four. The robot has motion of translating along three
axes and rotating around z axis. The initial state of robot is shown in figure 6.

Figure 6:Initial states of rotational symmetry

From the analysis above, the DOF of robot is changes under different initial states. According to
the requirement, initial states must be designed firstly. It also shows that workspace of robot is related
to initial states.
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Summary

Based on the spinor theory, the DOF information, especially the DOF information under
symmetrically initial states are discussed in detail. The method to calculate DOF from motion matrix
of platform is more applicable and simpler than the traditional G-K method.

Hexapod wall-climbing robots have "unconventional” singular state because of its special structure.
In that state the DOF of robot is not only determined by structure and initial state, but also determined
by the subsequent motion when the robot leave the initial state. This special feature of hexapod robots
must be concerned in trajectory planning and design of gait and is worth to be deeply analyzed.
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