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Abstract. This paper studies the Lyapunov exponent defined by the matrix with the exponential
rotation. The author applies the theory of subharmonic functions to prove that if the coupling number
is big enough, then the Lyapunov exponent is positive.

1. Introduction
In this paper, we consider the Lyapunov exponent defined by the following matrix:

@) —E vipx) o vim(x)

V21 (x) v(x) o vp(x)
(1) A(X,E) = ) .

Vin ()C) Vin2 (x) e Vi (X)

where every vifxk i j = 1.2---.m. js an analytic function on T = ®\Z- Then

(T - E vip(Tix)y - wig(THix)
0 _ 0 v (TH(x)) var(TH(x)) - van(TH(x))

(2) M Ey=[] ari.Br= ] : ' | -
R T l'lr.ll‘Tl;‘ X 'l'Jllf[?-ll[.r” e -l-mm[:r-'[.r:l:l

is called the transfer matrix of (1) and here T is the exponential rotation:
(3] TiHx) = x+ ',
where “is a irrational number. Now we can define the Lyapunov exponent:

|
4) LiE} = liminf J- log ||M,(x, E)|ldx,

n—oa Qo

where IMatx Bl = maxy,= [Male. EW2 1 this paper, we will show that this Lyapunov exponent is

positive if the coupling number is big enough. For the detail, please see the main theorem at the end of
this paper.

Actually, this question comes from some famous discrete operators, such like the Schrodinger
operator, the Jacobi operator, the extended Harper's model and so on, which have many applications
in Physics. Also, the property of matrix multiplication is a significant topic in computer theory. So,
similar questions were studied in [1], [2] and [5].

2. Positive Lyapunov Exponent

In this section, we show the proof of the main theorem. First, we recommend the following
lemmas from [2] and [4], which will be applied in the proof of the positive Lyapunov exponent:
Lemma 2: For all U < ¢ <¢. there is an € such that

(5] |I_|r' sup inf [vix +iv) - E| = &
B I

Lemma 3: Let #: Q= [~eo.+c0) pe an upper semi-continuous function. Then u(z) is a subharmonic
functionon £ if and only if for any Jordan subdomain £ satisfying £’ < 2<and any <= ithas

o el
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where #(z 9. ) s the harmonic measure of @Y at = = &".

Now without loss of generality, let -t = Y- We all know that if v is real analytic function on T.
then there exists some 7 = ?*such that
(6) vx) = ) Pk)e™™, with [itk)] < e,

kel

So, it has a holomorphic extension

viz) = Z D etk

keZ

to the strip "™ = T satisfying

(7 viz) < Z [k eIl Z e PHePHE < 0,
keX keL
Thus, for any ! =7 =M 1jt has
F,:.i[.l" - Z Ilﬂ,llJll:k]flm'J.'l.‘ “_.i[].. |[”{£-?|I 5 If"_H'H,
L
Then define

Cy= sup vzl 1240, j=m, C=maxj;and p= minp;
[N [N

Eniz] = |_

Then, by uniformly hyperbolic, we can assume that |El<mC4 in the following paper. Thus,

- E , . . . lmz| < &5 . . ) iy
Mz E) defined in (2), is analytic on "" with fixed «iand E, and Mtz ENl = GmCA". gq
define

uylz) := ! log [|M iz, £,
H

which is a subharmonic function on ™ < f: upper bounded by logl2mCAl Then the Lyapunov

exponent becomes
L(E) = liminf L,(E),

where )
LE) = f t, xhdx.

s

Fix V<% <7 and e satisfying Lemma2. Define
Ay = 100mCe™"™ =0

and let 4 = Ao = 0. Then, for fixed E, there is f<wm=<d such that

) ) E
inf vy lx + vy — 7 = gL

wi [l 1]

Thus, by periodic,

(8] mf [ Avy(x + fvg) — E] = de = 100mCe™ = 100mC.
Define

1 u"l’"

] u'g"

J."f.'.l 1 l'-_"-'l'l iy 1 . =
i wi-t

(1]

Then
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'HJI' [ .'11'|]I:II_1|'.::|+E|."“J -E 'I-'|_3|:_J:_‘|'|]+II'.|.-HI] L] '|'|“.|I:J!_'||'.::|+£|.*"J HJll_I

! vay(fvg + w") varlivg + @) oo vamlive + @) w1
Wi Vit v + ') Vigalivp 4+ ") oo Vg livg + ™) |.1':f:|_|

( (v [ivg + @] — E}HJII'] + Z":':: 1.'|J;[F-'l-'|_| + wnlll-i:_]

ET‘:[ "'E‘I'[J._.""Hl + o ]I-lu"::l I
(9) = ’ _

ij;l Vi L0 + nf']u": '
Now we use induction to show that

(1) Iu'"l = IH""I F=2 m, and [wi| = (e - rrr("}lu"{'_'l =ide=mlY, nz=1,
Because "1 = 1+ W) = 0. =2 .m o0 jt yields

|h':| = Ade = 1(Wmi, Iu",l <C, j=2,---.m
which satisfy (10) for n=1. Then let n=t with
(10 il = Wil f= 1, cm, and w)| > (e - mCiw' ™! = (de = mCY.

Due to (9) and (11), it has

Iu'*ll = (le—mCiw) = (de - mC)y!

[ r,'ll < mCw|| < 99mClw)| = (de — mOw|| < Wi, j=2.-- m,

which also satisfy (10) for n=t+1. Thus, the expression (10) holds for any " = !- Then
[|Myiivg, EN| = (de —mC)" and w,(ivg) = logide — mC).

. . - = ¥ o ! L i .
Write E: for the strip 12 = ** %0 =¥ < Tl and denote 00 Ex5) the harmonic measure of £-
at ivg € Hj. Where E, f?Hlt = RUI'L m ThUS by [3]
10y ; 106 dpgix)

0 Mo
ey = —] = anc .
wil ml o i dx |"=" v 4 _-.f:,

So, by subharmonic and Lemma 3, it yields

14

gl 2l dz)
o [=001= 51

f rr,,{.rly_ltff.rj+f Uy lx + iviudx)
y=ll =1

logide = mC) < ty(ivg)

106
$n',\r+ —
-0 F?

sup m,lx +iv)

=
T

1A
]
W
T
+
T

) Cé
%ﬁ'x + —log.d.
ER P

i

M

Then
L(E) = ‘]: wihds = 2 u..w}[z T e ]
> o (lugirit - mi) - 109 Ing[Em(‘d})
2 o
(12) = g(% logd— Hjmlnzﬂn)

= clogd, ¥nz= L.

where the inequality (12) comes from the setting of 4 and 0 < P. Note that the small constant ¢

depends on all */* Thus, it has
L(E) = liminf L,(E) = clog A,
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which proves the following main theorem:
Main Theorem: There exists 4 = 0 such that for any irrational © , if the coupling number Il > q.
then

LiE)y =z clog|d| forall E,
where 40 and ¢ depend only on Vi i f = 1.2.---.m.
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