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Abstract—Some classical inequalities for trigonometric and 
hyperbolic functions, such as Shafer-Fink inequality, Shafer-Fink 
type inequality, and Wilker-type inequality, are generalized to 
the  case of generalized functions. A conjecture posed by Klen, 
Vuorinen and Zhang [Journal of Mathematical Analysis and 
Applications, 409 (2014) 521-529] is proved. 
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I.  INTRODUCTION  
It is well known from basic calculus that 
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For 1 ,p< < ∞ We can generalize the above function as 
follows: 
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The inverse of  arcsin p  on [0, / 2]pπ is called the 

generalized sine function and denoted by sin p . 

The generalized cosine function  cos p is defined as  
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It is clear from the definition that 
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The generalized tangent function  tan p  is defined as  
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Similarly, the generalized inverse hyperbolic sine function 

arcsinh p  is defined as 
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The inverse of  arcsinh p  on [0, ]∞ is called the 

generalized hyperbolic sine function and denoted by sinh .p  

The generalized hyperbolic cosine function cosh p  is defined 
as 
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It is clear from the definition that 
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The generalized hyperbolic tangent function  tanh p is 

defined as  
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when 2,p =  the p −  functions  

sin p , cos p , tan p , sinh p , cosh p , tanh p become our 
familiar trigonometric and hyperbolic functions. 

Recently, the generalized trigonometric and hyperbolic  
functions have been studied by many mathematicians from 
differeent viewpoints(see[1-7]). In [1], the authors gave basic 
properties of the generalized trigonometric functions. In [4], 
Kl é n, Vuorinen and Zhang generalized some classical 
inequalities for trigonometric and hyperbolic functions, such 
as Mitrinović-Adamović’s inequality, Lazarević’s inequality, 
Huygens-type inequalities, and Wilker-type inequalities, to the  
case of generalized functions. 

 
Theorem 1 ( Mitrinović-Adamović’s inequalities [4, p524 
Theorem 3.6] ) For 1,p >  the following inequalities hold 
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Theorem 2 (Wilker-type inequality[4, p525 Corollary 3.19] ) 
For 1,p >  the following inequality hold 
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Morecover, Klén, Vuorinen and Zhang raised the conjecture. 
 

Conjecture 3 ([4, p527 conjecture 3.29]) For 
2,p > 0 2.px π< <  the following inequality 
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hold. 
 

In [7], the author gave Shafer-Fink inequality for the 
generalized trigonometric functions. 

 
Theorem 4 For 1 2,p< ≤  the following inequalities. 
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holds for all 0 2.px π≤ ≤  

In this paper we will give Shafer-Fink inequality for the 
generalized  hyperbolic functions and Shafer-Fink type 
inequalities for the generalized trigonometric and hyperbolic 
functions. we also give Wilker-type inequality for the 
generalized trigonometric functions. Moreover we verify a 
conjecture posed by Klén, Vuorinen and Zhang . 

 

II. LEMMAS 
The following lemmas are needed in sequel. 

 
Lemma 5  ( L’Hopital Monotone Rule see [8] )  

let ,a b−∞ < < < ∞ and let , :[ , ]f g a b → 
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functions that are differentiable on ( , )a b , with 
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Lemma 6  For 2,p >  let 0 1,u< < then  
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III. RESULTS AND PROOFS 
The first result and its proof procedure are presented as 

follows. 
Theorem 7 For 1 2,p< ≤  let 0 ,x r≤ ≤ and 0,r > the 
following inequalities. 

1 1

(1 ) arcsin ( )
(1 ) (1 )pp p p p

p x bxh x
p x p x

+
≤ ≤

+ + + +
    (6) 

holds, where  
( )( )1arcsin ( ) (1 )

.
p p

ph r p r
b

r
+ +

=  

Proof. Let arcsin ( ) ,ph x t=  and   

                    
( cosh ( ))

( ) .
sinh ( )

p

p

t p t
f t

t
+

=                  

  By differentiation, we have 

            2

1( ) ( ),
sinh ( )p

f t g t
t

′ =                        

( ) sin h ( ) sin h ( )co sh ( )p p pg t p t t t= +
2cosh ( ) cosh ( ) .p

p pp tt t t −− −                        
A simple computation leads to 

2 1( ) co sh ( ) [2sin h ( ) sin h ( )p p p
p p pg t t t pt t− −′ = −  

1 1(2 ) cosh ( ) sinh ( ) ]p p
p pp t t t− −− −                          

 
2 1

1

cosh ( ) sinh ( )

[2sinh ( ) (2 ) cosh ( ) ]

p p
p p

p
p p

t t

t pt p t t

− −

−

=

× − − −
              

              2 1co sh ( ) sin h ( ) ( ),p p
p pt t h t− −=                    

where  
1( ) 2sin h ( ) (2 ) co sh ( ) ,p

p ph t t pt p t t −= − − −  
and 

1( ) 2co sh ( ) (2 )co sh ( ) p
p ph t t p p t −′ = − − −

2 2 1(2 )(1 )cosh ( ) sinh ( )p p
p pp p t t− −− − −

1(2 )(cosh ( ) cosh ( ) )p
p pp t t −> − −  

2 2 1(2 )( 1)cosh ( ) sinh ( ) 0.p p
p pp p t t− −+ − − ≥        

Now it is easy to see that ( ) 0,f t′ > therefor  

252



1 ( 0) ( )p f f t+ = + <

( )( )1arcsin ( ) (1 )
(arcsinh ( )) .

p p
p

p

h r p r
f r b

r
+ +

≤ = =  

                                                                                    
This implies the inequality (6).                                            □ 
 

The inequality (6) is so-called Shafer-Fink 
inequality[12,13.14]. The following Theorem 8 and 9 present 
the Shafer-Fink type inequalities[12,13,14]. 
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This implies the inequality( 7).                                         □  
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This implies the inequality (8).                                               □     
 

The next theorem show the Wilker_type inequality for 
generalized trigonometric  functions[10]. 
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Theorem10 For 1,p >  let 0 2,px π< < the following 
inequality holds. 
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                                                                                                □ 
The next theorem answer the conjecture affirmatively. 
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