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Abstract—Some classical inequalities for trigonometric and
hyperbolic functions, such as Shafer-Fink inequality, Shafer-Fink
type inequality, and Wilker-type inequality, are generalized to
the case of generalized functions. A conjecture posed by Klen,
Vuorinen and Zhang [Journal of Mathematical Analysis and
Applications, 409 (2014) 521-529] is proved.
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I INTRODUCTION
It is well known from basic calculus that
. X 1
arcsin(x :I ———dt, X <1,
( ) 0 (l_tZ)ZI/Z
and
—_arcsm(l) J' —dt
2 0 (1-t?)¥?

For 1< p<oo, We can generalize the above function as
follows:

. x 1
arcsmp(x):jomdt, 0<x<1,
and
—_arcsm 1 —dt
2 () .[(1 tp)l/p

The inverse of arcsin  on [0,7,/2] is called the
generalized sine function and denoted by Sin b

The generalized cosine function COS ; is defined as

sm o (%)

co §(x)=
It is clear from the definition that

co §(x) :(1—sinp(x)")]/p

The generalized tangent function tan o is defined as
sin (X
tan  (x) = ﬁ
cos, (X)
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Similarly, the generalized inverse hyperbolic sine function
arcsinh  is defined as

arcsinh (x) = j dt, x>0.

(1+t")’/p

The inverse of arcsinh  —on [0,c0] is called the
generalized hyperbolic sine function and denoted by sinh |
The generalized hyperbolic cosine function cosh p Is defined
as

d .
cosh  (x) = &smhp(x).
It is clear from the definition that
. Ip
— P
cosh,, (x) = (L+sinh (x)°)

The generalized hyperbolic tangent function tanhp S

defined as
sinh_(x
tanh (x)zﬁ.
P cosh _(x)
p
when p =2, the p— functions
sin, , cos, , tan , sinh , cosh , tanh  become our

familiar trigonometrlc and hyperbollc functions.

Recently, the generalized trigonometric and hyperbolic
functions have been studied by many mathematicians from
differeent viewpoints(see[1-7]). In [1], the authors gave basic
properties of the generalized trigonometric functions. In [4],
Kl é n, Vuorinen and Zhang generalized some classical
inequalities for trigonometric and hyperbolic functions, such
as Mitrinovi¢-Adamovi¢’s inequality, Lazarevi¢’s inequality,
Huygens-type inequalities, and Wilker-type inequalities, to the
case of generalized functions.

Theorem 1 ( Mitrinovi¢-Adamovi¢’s inequalities [4, p524

Theorem 3.6] ) For p >1, the following inequalities hold

sin,,(x)
X

cas , (x)V¢P) < <1,0<x<z,/2, @)



Theorem 2 (Wilker-type inequality[4, p525 Corollary 3.19])
For p >1, the following inequality hold
. 2
(smhp(x)j
+

tanh  (x) S
X

, Xx>0.

O]
X

Morecover, Klén, Vuorinen and Zhang raised the conjecture.

Conjecture 3 ([4, p527 conjecture 3.29]) For
p>2,0<x< 7Z'p/2. the following inequality
sinh_(x +1
)P ©
X p+cos, ()
hold.

In [7], the author gave Shafer-Fink inequality for the
generalized trigonometric functions.

Theorem 4 For 1< p < 2, the following inequalities.
1+ p)x P, X

— 7 ___<arcsin, (x) <
p+(L—xP)¥P () 2(p+(1-x")"")

(4)

holds forall 0 < x < 7Z'p/2.

In this paper we will give Shafer-Fink inequality for the
generalized  hyperbolic functions and Shafer-Fink type
inequalities for the generalized trigonometric and hyperbolic
functions. we also give Wilker-type inequality for the
generalized trigonometric functions. Moreover we verify a
conjecture posed by Klén, Vuorinen and Zhang .

1.
The following lemmas are needed in sequel.

LEMMAS

Lemma5 ( L’Hopital Monotone Rule see [8] )
let—o <a<b<o,and let f,g:[a,b] > R be continuous

functions that are differentiable on (a,b) , with
f(a)=g(@)=0 or f(b)=g(b)=0 Assume that
g'(x)#0 for each xe(a,b). If f'/g" is increasing
(decreasing) on (a,b), thenso is f/g.

Lemma6 For p>2, letO<u <1, then

Hu)=2u""-p+(p-Hu*"-u>0. (5)

Proof. For p>3,
H'(u) =2(2- p)u"" +(p-1)(3- p)u* " ~1<0,
Which implies
H(u)>H(@)=0.
For 2<p<3,
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H"(u)=2(2- p)-p)u " +(p-1)B-p)(2-pu"*
=(2-p)1-p)u~’[2- (3~ p)u] > 0.
We have
H'(u)<H'()=2p-p*<0,
This implies
H(u)>H (1) =0.
Therefor inequality (5) holds.

I1l. RESULTS AND PROOFS

The first result and its proof procedure are presented as
follows.

Theorem 7 For 1<p<2, let0<x<r, and r>0, the
following inequalities.
1+ p)x
p+(L+xP)YP

bx
(arcsin hp(r))( p+(1+ rp)]”’)
r
Proof. Let arcsinh (x) =t, and

£t _t(p+cosh,(t))
®)= sinh (t)

By differentiation, we have

f'(t) = sinh_ (0 g(b),

g(t) = psin h(t) +sin h(t)co & (t)
—p cosh ) —tcosh (t)*.
A simple computation leads to
g'(t) =co & (t)*"[2sin h(t)" - ptsin h ()"
—(2— p)tcosh (t)" P sinh (t)"™]
=cosh ,(t)*"sinh ()"
x[2sinh _(t) - pt—(2— p)tcosh  (t)" "]
=co &, (t)* Psin h(t)**h(t),

<arcsinh (x) < (6)

holds, where b =

1

where
h(t) = 2sin h,(t) - pt—(2- p)tco & (1),
and

h'(t)=2co & (t)- p—(2—p)co & (t)"°
_(2 - p)(l_ p) cosh o (t)2—2 Psinh ) (t) p-1

> (2 p)(cosh,(t)—cosh (t)"")

+2= p)(p-Deosh, (0 7 sin, ()" * >0.
Now it is easy to see that f'(t) > 0, therefor



p+1=f(+0) < f(t)

i p\Vp
< f(arcsinhp(r))z(arcsm hp(r))(rp+(1+r ) ):b.

This implies the inequality (6). O

The inequality (6) is  so-called  Shafer-Fink
inequality[12,13.14]. The following Theorem 8 and 9 present
the Shafer-Fink type inequalities[12,13,14].

Theorem 8 For 1< p<2, let 0<x<1, the following

inequalities

ﬂ&arcsin (x) < X
p+(1—xP)¥P P 2+ (m, -2 (L—x")¥P

()
holds.
Proof. Let arcsin  (x) =t, and
f(t) = sinp(t)ftco §(t).
t—sin (t)

Write

f,(t)=sin (t)-tco g(t),and f,(t) =t—sin (1),
then f,(0) =0, f,(0) =0, by simple computations,

fi(t) _teos® " sin, " _ £,

f,(t) 1-co s(t) fo(t)”
with f, (t) =tco §(t)* " sin (t)"™,

fzz (t)=1-co %(01 f11(0) =0, 1E22 (0)=0,

' H t p-1 t
Tl g, (p—2)t—sm"() S (p-Dte 0
f,, (1) co §(t)° sin,, (t)

t t
Write 9. (1) = C.OSp( ) :
g,(t)  sin,(t)
9, (t) 4
——=1-ttan (t)”
9, (t) i

. . - Fi(t)

Which is strictly decreasing and hence so is ———-, by the
f22 (t)

L’Hopital Monotone Rule we see that f(t) is strictly
decreasing, leads to

sin_(t)—-tco s (t
2 _ ¢y c iy OO0 (g
m, =2 2 t—sin (t)
This implies the inequality( 7). O

Theorem 9 For 1<p<2, let0<x<r, and r>0, the
following inequalities
@+ p)x
p+(L+xP)VP
holds.

(b+2)x

S Sl e S 8
b+ (1+xP)¥P ®

<aresin  (x) <

(L+r)¥? (arcsinh, (r))-r
r—arcsinh_(r) '

where b=

Proof. Let arcsinh (x) =t, and
F(t) = tcosh-p(t) —sinh (t) _ A(t)
sin hy(t) -t B(t)
Write

A(t) =tco &, (t)—sin h(t), B(t)=sin h(t)-t,

then A(0) =0, B(0) = 0, by simple computations,
A'(t) tcosh, ()*Psinh ()"  A(t)
B'(t) co &, (t)-1 B,(t)’

with A (t) =tco & (t)* P sin h ()",

B,(t) =co & (t)—Land A(0)=0, B,(0) =0,

AD _,, (2 p)t sinh ,(£)" cosh,, (t)
BI(t) P o, sin 0, (t)

+(p-Dt

o tcosh (t) )
=1+|(2- p)ttanh ()" +(p—1)m , Write

g, (1) _ tcosh  (t)

g,(t)  sin h(t)
QO _ 14 ttanh, (1)
g, (t)
Which is strictly increasing and hence so is All—(t) by the
B;(t)

L’Hopital Monotone Rule we see that F(t) is strictly

increasing, leads to
p=F(+0)<F(t)

(L+rP)¥e (arcsin hp(r))— r
r—arcsinh  (r)

=h.

< F(arcsinh (r)) =
This implies the inequality (8). ]

The next theorem show the Wilker_type inequality for
generalized trigonometric functions[10].

253



Theorem10 For p>1, let 0<x< ﬂp/z, the following
inequality holds.
. P
SIn (X tan (X
»(X) . »(X) 2
X X
Proof. The first inequality in (1) can be re-written as
: P
SINn (X tan (X
(0) tan, (0
X

X
So

. P
sin,, (x) . tan  (x) >3
X X

sin, (x) " tan  (x) oy
X X

O
The next theorem answer the conjecture affirmatively.
Theoremll For p>2, 0<x<z,/2. the following

inequality
sinh (X) y
X

p+1
p+cos, (X)

hold.

Proof. Let f (x) = (p+1)x— psin ph(x)—sin h(x)co s(x),
By simple computations, we give

f'(x)=p+1-pco s, (x)—co B, (x)co 5(x)

+sin h(x)sin, (x)"*co s(x)*°,

and
f"(x)=—pco s, (x)tan h(x)"*—sin ph(x)co s(x)tan h(x)"~*

+2c0 I8 (x)sin, (x)""co §(x)*""

+(p—1)sin h(x)co §(x)*Psin (x)*?

+(p—2)sinh (x)cos, (x)**"sin (x)*"~?

>2co I8, (x)sin, (x)*"co s(x)*"—pco ks, (x)tan h(x)"*
+(p—1)sin h(x)co 5(x)°"sin (x)**

—sinh (x)cos (x)tanh (x)"~*

=2co I, (x)sin, (x)sin, (x)"*co 5(x)* P - psin p(x)tan h(x)"?
+(p—1)sin h(x)co 5(x)°"sin (x)*

—sinh (x)cos (x)tanh (x)"~*

>2sin B(x)sin (x)"?co 5(x)*" - psin p(x)tan h(x)"*
+(p—1)sin h(x)co 5(x)°"sin ()P

—sinh (x)cos (x)tanh (x)"~*
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>sin h(x)tan B(x)"*G(x),
with
G(X) = [2 co 5(x)* P —p+(p-1)co 5(x)*"—co §(x)}
the inequality (9) follows from
sin, (x) >tan B(x) (orco B (x)sin (x)>sin h(x)).
By lamma 6 we get f"(x) >0,so f'(x) > f'(0) =0,
This implies f (x) > f(0)=0 .

The theorem is proved.
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