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Abstract: In this paper, By the use of a new fixed point theorem and the Green function. The 
existence of at least one positive solutions for the fourth-order boundary value problem with the 
first order derivative 
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is considered, where f  is a nonnegative continuous function and 20,0 Aλ π> < < . 

1．Introduction 

Recently, there has been much attention focused on the question of positive solution of fourth-order 
differential equation with one or two parameters. For example, astronomy, biology, physics, 
chemical engineering and information science and other fields. So, the fourth-order boundary value 
problems has very important in real life applications, see for example [1-4, 6-9 ]. 

Li [6] investigated the existence of positive solutions for the fourth-order boundaryvalue 
problem. All the above works were done under the assumption that the first order derivative 'u  is 

not involved explicitly in the nonlinear term f . In this paper, we are concerned with the existence of 

positive solutions for the fourth-order boundary value problem 
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The following conditions are satisfied throughout this paper: 

(H1) 20,0 Aλ π> < < ; 

(H2) :[0,1] [0, ) [0, )f R× ∞ × → ∞  is continuous. 

2．The preliminary lemmas 

Suppose [0,1]Y C=  be the Banach space equipped with the norm
 0 [0,1]

max ( )
t

u u t
∈

= .
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Let 1 2,λ λ  be the roots of the polynomial 
2( )P Aλ λ λ= + , namely, 1 20, Aλ λ= = − . By (H1) it is 

easy to see that 
2

2 0π λ− < < . 

Let ( , )( 1, 2)iG t s i =  be the Green ’ s function of the linear boundary value problem: 

"( ) ( ) 0, (0) (1) 0iu t u t u uλ− + = = = . Then, carefully calculation yield: 

1

(1 ),0 1
( , )

(1 ),0 1
s t s t

G t s
t s t s

− ≤ ≤ ≤
=  − ≤ ≤ ≤

  

2

sin sin (1 ) ,0 1
sin( , )

sin sin (1 ) ,0 1
sin

As A t s t
A AG t s

At A s t s
A A

 −
≤ ≤ ≤

= 
− ≤ ≤ ≤

 

Lemma 2.1: Suppose (H1) (H2) hold. Then for any ( ) [0,1]g t C∈ , BVP 
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the unique solution
 

1 1

1 20 0
( ) ( , ) ( , ) ( )d du t G t s G s g st t t= ∫ ∫ .                              (3)

 where 

1

(1 ),0 1
( , )

(1 ),0 1
s t s t

G t s
t s t s

− ≤ ≤ ≤
=  − ≤ ≤ ≤

,  

2

sin sin (1 ) ,0 1
sin( , )

sin sin (1 ) ,0 1
sin

A A s s
A AG s

As A s
A A

τ τ
τ

τ τ

 −
≤ ≤ ≤

= 
− ≤ ≤ ≤

 

Lemma 2.2[5] : Assume (H1) (H2) hold. Then one has: 

(i) ( , ) 0, , [0,1]iG t s t s≥ ∀ ∈ ; 

(ii) ( , ) ( , ), , [0,1]i i iG t s C G s s t s≤ ∀ ∈ ; 

(iii) ( , ) ( , ) ( , ), , [0,1]i i i iG t s G t t G s s t sδ≥ ∀ ∈ . 

Where: 1 1 2 2
11, 1; , sin

sin
C C A A

A
δ δ= = = = . 

Lemma 2.3: Assume (H1) (H2) hold and are given as above, Then one has: 

31
4 4

0
min ( )

t
u t d u

≤ ≤
≥  
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where:
2

0 0

1

sinA AC Gd
M

= , 
1

0 1 20
( , ) ( , )dC G s s G s s s= ∫ , 

1

1 10
( , )dM G s s s= ∫ , 

31
4 4

0 1[ , ]
min ( , )
t

G G t t
∈

= . 

Proof: By(3)and (ii) of Lemma2.2,we get: 

  
1 1 1

1 2 1 2 1 2 1 20 0 0
( ) ( , ) ( , ) ( )d d ( , ) ( )du t C C G s s G g s C C M G gt t t t t t t t≤ ≤∫ ∫ ∫  

Therefore, 
1

1 2 1 20 0
( , ) ( )du C C M G gττττ   ≤ ∫  

By (iii)of Lemma2.2, we have: 
1 1

1 2 1 1 2 20 0
( ) ( , ) ( , ) ( , ) ( , ) ( )d du t G t t G s s G s s G g sdd  t t t t≥ ∫ ∫  

1

1 2 0 1 20
( , ) ( , ) ( )dC G t t G gdd  t t t t= ∫  

1 2 0
1 0

1 2 1

( , )C G t t u
C C M
δ δ

≥  

Let 
31

4 4
0 1[ , ]

min ( , )
t

G G t t
∈

= , we have: 

31
4 4

1 2 0 0
0[ , ]

1 2 1

min ( )
t

C Gu t u
C C M
δ δ

∈
≥

 

2
0 0

0
1

sinA AC G u
M

=
 

0
d u=  

Theorem 2.1[10]: Let 2 1 0, 0r r L> > >  be constants and  

{ }: ( ) , ( ) , 1, 2i iu X u r u L iα βΩ = ∈ < < =   

two bounded open sets in X . Set { }: ( ) , , 1, 2i iD u X u r iα= ∈ = = ; 

Assume :T K K→ is a completely continuous operator satisfying: 

(A1) 1 1 2 2( ) , ; ( ) , ;Tu r u D K Tu r u D Kα α< ∈ ∩ > ∈ ∩   

(A2) ( ) , ;Tu L u Kβ < ∈  

(A3)there is { }2( ) \ 0p K∃ ∈ Ω ∩ , 

such that ( ) 0pα ≠ and ( ) ( )u p uα λ α+ ≥ ,for all , 0u K λ∀ ∈ ≥ . 

ThenT has at least one fixed point in 2 1( \ ) KΩ Ω ∩ . 
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3. The main results 

Let 
1[0,1]X C=  be the Banach space equipped with the norm

 
'

[0,1] [0,1]
max ( ) max ( )
t t

u u t u t
∈ ∈

= + , and
 

{ }31
4 4

0[ , ]
: 0, min ( )

t
K u X u u t d u

∈
= ∈ ≥ ≥  is a cone in X .

 

Define functionals
 [0,1]

( ) max ( )
t

u u ta
∈

= ， '

[0,1]
( ) max ( )

t
u u tβ

∈
= , u X∀ ∈ . 

then, { }2max ( ), ( )u u ua β≤ , ( ) ( )u uα λ λ α= , ( ) ( )u uβ λ λ β= , ,u X Rλ∀ ∈ ∈ , 

( ) ( ), , ,u v u v K u vα α≤ ∀ ∈ ≤ . 

Assume (H1) hold, the green's function of the problem (2) ( , ) 0iG t s ≥ . let ( ) 1g t = , we have  

21 1

1 2 220 0

sin (1 ) sin 1( , ) ( , )d d
2sin

A t At t tG t s G s s
A AA A

t t − + −
= + −∫ ∫  

we denote: 
1 1

1 20 0[0,1]
max ( , ) ( , )d d
t

M G t s G s st t
∈

= ∫ ∫ , 
3
4

131
44 4

1

1 20[ , ]
max ( , ) ( , )d d
t

m G t s G s st t
∈

= ∫ ∫  

22 sin
[6 (1 cos ) 3sin ]

A AQ
A A A

=
− − −

 

We will suppose that there are 0L b db c∃ > > > > , such that ( , , )f t u v ( , , )f t u v  
satisfies the following growth conditions:   

(H3) ( , , ) , ( , , ) [0,1] [0, ] [ , ]cf t u v t u v c L L
Mλ

< ∀ ∈ × × − ; 

(H4) 31
4 4( , , ) , ( , , ) [ , ] [ , ] [ , ]bf t u v t u v db b L L

mλ
≥ ∀ ∈ × × − ; 

(H5) ( , , ) , ( , , ) [0,1] [0, ] [ , ]Lf t u v t u v b L L
Qλ

< ∀ ∈ × × − . 

Let
 ( , , ), ( , , ) [0,1] [0, ] ( , )
( , , )

( , , ), ( , , ) [0,1] ( , ) ( , )
f t u v t u v b

f t u v
f t b v t u v b

∗ ∈ × × −∞ ∞
=  ∈ × ∞ × −∞ ∞

1

( , , ), ( , , ) [0,1] [0, ) [ , ]
( , , ) ( , , ), ( , , ) [0,1] [0, ) ( , ]

( , , ), ( , , ) [0,1] [0, ) [ , )

f t u v t u v L L
f t u v f t u L t u v L

f t u L t u v L

∗

∗

∗

 ∈ × ∞ × −
= − ∈ × ∞ × −∞ −
 ∈ × ∞ × ∞

 

Define:
  1 1 '

1 2 10 0
( )( ) ( , ) ( , ) ( , ( ), ( ))d dTu t G t s G s f u u sλ t t t t t= ∫ ∫                                 (4) 

1 1 1 1' ' '
2 1 2 10 0

( ) ( ) [ ( , ) ( , ( ), ( ))d d ( , ) ( , ( ), ( ))d d ]
t t

Tu t G s f u u s sG s f u u sλ t t t t t t t t t t= −∫ ∫ ∫ ∫
       

(5) 

Lemma 3.1: Suppose (H1) (H2) hold , then :T K K→  is completely continuous. 
Proof：For u K∀ ∈ , by (5) and Lemma 2.2，there is 0Tu ≥ . 
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so,  
1 1 '

1 2 10 0 0[0,1]
max ( , ) ( , ) ( , ( ), ( ))d d
t

Tu G t s G s f u u sλ t t t t t
∈

= ∫ ∫  

1 1 '
1 2 1 2 10 0

( , ) ( , ) ( , ( ), ( ))d dC C G s s G f u u sλ ττττττ     ≤ ∫ ∫      
1 '

1 2 1 2 10
( , ) ( , ( ), ( ))dC C M G f u uλ ττττττ     ≤ ∫  

we have : 

3 31 1
4 4 4 4

1 1 '
1 2 10 0[ , ] [ , ]

min ( )( ) min ( , ) ( , ) ( , ( ), ( ))d
t t

Tu t G t s G s f u u dsλ t t t t t
∈ ∈

= ∫ ∫  

1 1 '
1 2 1 1 2 2 10 0

( , ) ( , ) ( , ) ( , ) ( , ( ), ( ))d dG t t G s s G s s G f u u sλdd  t t t t t t≥ ∫ ∫  
1 '

1 2 0 1 2 10
( , ) ( , ) ( , ( ), ( ))dC G t t G f u uλdd  t t t t t t≥ ∫  
1 '

1 2 0 0 2 10
( , ) ( , ( ), ( ))dC G G f u uλddττττττ       ≥ ∫  

1 2 0 0
0

1 2 1

C G Tu
C C M
λδ δ

≥  

0
d Tu=  

Therefore, we get ( )T K K⊂ . 

So we can get ( )T K K⊂ .Let B K⊂  is bounded, it is clear that ( )T B  is bounded. Using 

1 1 2, ( , ), ( , )f G t s G t s is continuous, we show that ( )T B is equicontinuous. By the Arzela-Ascoli theorem, 

a standard proof yields :T K K→ is completely continuous. 
Theorem 3.1: Suppose condition (H1)—(H5) hold, Then BVP (1) has at least one positive solution 

( )u t  satisfying: 
'( ) , ( )c u b u t Lα< < <  

Proof : Take
 { }'

1 : ( ) , ( )u X u t c u t LΩ = ∈ < < , { }'
2 : ( ) , ( )u X u t b u t LΩ = ∈ < <

 
two bounded open sets in X and { }1 : ( )D u X u cα= ∈ = , { }2 : ( )D u X u bα= ∈ =  

such that ( ) ( ), , 0u p u u Kα λ α λ+ ≥ ∀ ∈ ≥ , 1 , ( )u D K u cα∀ ∈ ∩ = ,  
From (H3) we have: 

1 1 '
1 2 10 0[0,1]

( ) max ( , ) ( , ) ( , ( ), ( ))d d
t

Tu G t s G s f u u sa λ t t t t t
∈

= ∫ ∫  

1 1

1 20 0[0,1]
max ( , ) ( , ) d d
t

cG t s G s s
M

λ t t
λ∈

< ∫ ∫  

1 1

1 20 0[0,1]
max ( , ) ( , )d d
t

c G t s G s s
M

t t
∈

= ∫ ∫  

c=  
2 , ( )u D K u bα∀ ∈ ∩ = . From Lemma 2.3, we have ( ) ( )u t d u dbα≥ = , 31

4 4[ , ]t∈ , 
so, from (H4) we get: 

1 1 '
1 2 10 0[0,1]

( ) max ( , ) ( , ) ( , ( ), ( ))d d
t

Tu G t s G s f u u sa λ t t t t t
∈

= ∫ ∫  
3
4

131
44 4

1

1 20[ , ]
max ( , ) ( , ) d d
t

bG t s G s s
m

λ t t
λ∈

> ∫ ∫  
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3
4

131
44 4

1

1 20[ , ]
max ( , ) ( , )d d
t

b G t s G s s
m

t t
∈

= ∫ ∫  

b=  
u K∀ ∈ , from (H5) we get: 

1 1 '
2 10[0,1]

( ) max ( , ) ( , ( ), ( ))d d
tt

Tu G s f u u sβ λ t t t t t
∈

= ∫ ∫
1 1 '

2 10 0
( , ) ( , ( ), ( ))d dsG s f u u sλ τττττ    − ∫ ∫  

1 1 '
1 1 2 10 0

( , ) ( , ) ( , ( ), ( ))d dd Q s s Q s f u u sλ τττττ    < ∫ ∫  

2

6 (1 cos ) 3 sin( )
2 sin

A A A A L
QA A

− −
= × L=  

Theorem 2.1 implies there is 12( \ )u K∈ Ω Ω ∩ , such that u Tu= . so, ( )u t is a positive solution 

for BVP(1), satisfying :  
'( ) , ( )c u b u t Lα< < <  

Thus, Theorem 3.1 is completed. 
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