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Abstract: In this paper, By the use of a new fixed point theorem and the Green function. The
existence of at least one positive solutions for the fourth-order boundary value problem with the
first order derivative

u® )+ Au'(t) = Af (t,u(t),u(t)) 0<t<l
u@)=u(l)=u(©)=u(1)=0

is considered, where f is a nonnegative continuous function and A >0,0< A< 7?

1. Introduction

Recently, there has been much attention focused on the question of positive solution of fourth-order
differential equation with one or two parameters. For example, astronomy, biology, physics,
chemical engineering and information science and other fields. So, the fourth-order boundary value
problems has very important in real life applications, see for example [1-4, 6-9 ].

Li [6] investigated the existence of positive solutions for the fourth-order boundaryvalue
problem. All the above works were done under the assumption that the first order derivative u" is

not involved explicitly in the nonlinear term f . In this paper, we are concerned with the existence of

positive solutions for the fourth-order boundary value problem

{u“" (t)+Au'(t)= Af(t,u(t),u'(t) O0<t<1

. . 1)
u(@@)=u@)=u (0)=u(1)=0

The following conditions are satisfied throughout this paper:

(Hy) 1>0,0<A<x?;

(H2) f:[0,1]x[0,0)x R —[0,) is continuous.

2. The preliminary lemmas

Suppose Y =C[0,1] be the Banach space equipped with the norm ||uf|, = max|u(t)|.

te[0,1]
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Let4, 4, be the roots of the polynomial P(1) =A%+ A4, namely, 4, =0,4, =—A. By (Hy) it is
easy to see that —z% < 4, <0.

Let G,(t,s)(i=12) be the Green’ s function of the linear boundary value problem:
—u’(t) + Au(t) =0,u(0) = u(l) = 0. Then, carefully calculation yield:

s(-t),0<s<t<1
t(l-s),0<t<s<1

sinv/Assin</A(L-t)
JAsinJ/A

sinv/Atsin</A(L—s)
JAsinJ/A

Lemma 2.1: Suppose (H1) (H2) hold. Then for any g(t) € C[0,1], BVP

G, (t,s) :{

,0<s<t<1

G,(t,s) =

,0<t<s<1

u®(t)+Au’(t)=g(t),0<t<1 @)
u(0)=u@=u (@) =u(@)=0
the unique solution u(t) = j; j:cal(t, $)G, (s,7)g(r)dzds. 3)
where
Gl(t’s):{s(l—t),OSSSt sl’
t(l-s),0<t<s<1
sin Arsin\/x(l—s) 0<r<s<i
s _ JAsinda T T
2(8,2’)—
sinvAssinvA(l-7) 0<s<r<i
JAsind/a T T T

Lemma 2.2 : Assume (H1) (H.) hold. Then one has:
(i) G(t,s)>0,vt,se[0,1];

(i) G,(t,s)<C.G(s,s), Vt,s[0,1];

(i) G.(t,s)>8G,(t,1)G,(s,5), Vt,s €[0,1].

1 .
Where: C, =16 =1.C, =———, 9. :\/Ksm\/ﬂ.
b 2 sindA'?

Lemma 2.3: Assume (H1) (H2) hold and are given as above, Then one has:
minu(t) > d |ul,

Llcp<3
47t’4
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where: d =

JAsin?JAC,G,
Ml
Proof: By(3)and (ii) of Lemma2.2,we get:
1pl 1
ut)<CC, jo jo G,(5,5)G,(r,7)g(r)drds < C,C,M, jo G,(z,7)g(r)dr

Therefore, |uf, < ClcleI:Gz(r,f)g(r)dr
By (iii)of Lemma2.2, we have:

ut) = 5,5, j: j:cal(t,t)el(s, $)G, (s, 5)G, (r,7)g(r)drds

= 55,C,G,(tY)][ G, (7. 0)g(2)d
L 66.C,

Let G, = trer[Lilr;] G, (t,t), we have:

§CG
minu® ="l

\/73|n\/7CG

*ul,
=d ul,
Theorem 2.1™%: Let r,>r >0,L>0 be constants and
Q ={ueX:a@)<r,pl)<L},i=12

two bounded open sets in X  SetD, ={ueX :a(u)=r,},i=12;
AssumeT :K — K is a completely continuous operator satisfying:

(A1) a(Tu)<r,ueD nK;a(Tu)>r,,ueD,NK;
(A2) pTu) < LueK;
(As)there is3p e (Q, nK)\{0},
such thata(p) =0and a(u+Ap)>a(u) forallvue K,2>0.

ThenT has at least one fixed point in(Q,\Q,) K.
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 Co=[[6,(5:5)G,(s.9)ds, M, =[G,(s,5)ds,

GO = tn'[]lil;]] Gl(t,t) .



3. The main results

Let X =C'[0,1] be the Banach space equipped with the norm |juf| = m§>§|u(t)|+ max|u (t)], and

K={ueX:u>0minu(t)>d]|ul,; isaconeinx.
te[,3] 0

Define functionals a(u) =max|u(t)|. A(u) = tng[oaiﬂu M), vueX.
then, [u] <2max{a(u), B(U)}, a(Au) =|2|a(u), B(Au) =|4| B(u), Yue X,AeR,
au)<a(v),vu,ve K,u<v.

Assume (H1) hold, the green's function of the problem (2) G,(t,s)>0. letg(t) =1, we have

sinvA(L- t)+sm\/_t P -t 1

101
Iojoel(t’S)Gz(saT)deS— AsinJA T

we denote:
M :[D[‘S‘iij [16,(t,5)G, (s, )drds, m= maxj j%e (t,5)G, (s, 7)dds
0- A?siny/A

_[Sﬁ—(l—cos\/x)—%in\/z]

We will suppose that there are 3L >b>db>c >0, such that f(t,u,v) f(tu,v)

satisfies the following growth conditions:

(Hs) f(t,u,v)</1LM,V(t,u,v)e[O,l]x[O,c]x[—L,L];
(Ha) f(tuv)>% v(t,u,v) e[£,2]x[db, bl x[-L, L];

(Hs) f(t,u,v)<%,V(t,u,v)e[0,1]><[0,b]><[—L,L].

Let
f*(t,u,v):{ f (t,u,v), (t,u,v) €[0,1]x[0,b] x (—o0, )
f(t,b,v),(t,u,v) €[0,1] x (b, %) x (—0, )
f*(t,u,v), (t,u,v) €[0,1]x[0,00) x[-L, L]
f,(t,u,v) =9 f(t,u,—L),(t,u,v) €[0,1]x[0, ) x (—o0, —L]
f*(t,u,L),(t,u,v) €[0,1] x[0,0) x[L,0)

Define:
(Tu)() = A[ [ G,(t,5)G, (5,7) f,(z,u(2),u' ())d zdls 4)
(Tu) ©) = 2[[ [, G, (s 0) f,(z.u(@).u (D))dzds - [ [ 56, (s,7) ,(z,u(2).u' (¢))d ] 5)

Lemma 3.1: Suppose (H1) (Hz) hold , thenT : K — K is completely continuous.
Proof: For VueK by (5)and Lemma2.2, thereis Tu>0.
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SO,

[Tul], = max |4 j: jolel(t,s)c;2 (s,7) f,(z,u(z),u ())d zds

te[0,1]

< ;tjo jo C,C,G,(5,5)G,(7,7) f,(z,u(z),u’(r))d zds

<ICCM, [ G,(7,2) f,(z,u(2). U (1))de
we have :
. . 1p1 .
Q;g}(Tu)(t) = tre?;%z jo jo G,(t,5)G,(s,7) f,(z,u(z),u'(z))dzds

> 15,5, jol jolel(t,t)el(s, $)G, (s,5)G, (7, 7) f,(z,u(z),u' (z))d zds
> 16,5,C,G,(t,1) j:GZ (r,7) f,(z,u(z), U (£))d

> 15,6,C,G, [ G,(7,7) ,(z.u(2), U (2))d
28088, [r
“TCCM,
=d|[Tul,
Therefore, we get T(K)c K.

So we can getT(K)cK .Let BcK is bounded, it is clear that T(B) is bounded. Using

f,,G,(t,s),G,(t,s) IS continuous, we show that T(B)is equicontinuous. By the Arzela-Ascoli theorem,

a standard proof yields T:K — K is completely continuous.
Theorem 3.1: Suppose condition (H1)—(Hs) hold, Then BVP (1) has at least one positive solution
u(t) satisfying:

c<a(u)< b,|u'(t)| <L

Proof : Take Q, ={ue X :Ju(t)|< c,|u'(t)| < L} ,Q, ={ueX:Jut)< b,|u'(t)| < L}
two bounded open setsinx and D, ={ue X :a(u)=c}, D,={ue X :a(u)=b}

such that a(u+4Ap)=a(u),YueK,1>0, YueD nK,a(u)=c,
From (H3) we have:

a(Tu) = max Aj:j:cal(t,s)ez(s,r)fl(r,u(r),u'(r))drds‘

te[0,1]

1p1 c
<maxij j G,(t,5)G, (5, 7) - -drds

te[0,1]

M te[ouJ. .[ G, (t,8)G, (s, 7r)dzds

=C
Vue D, nK,a(u)=b. From Lemma 2.3, we have u(t)>da(u)=db,te[$,3],
so, from (H,4) we get:

a(Tu) = max /mj:j:c;l(t,s)ez(s,r)fl(r,u(r),u'(r))dfds

tef0.1]

> max Aj:ijl(t, s)Gz(s,r)/limdrds

tel}.31

749



:Htrr?gg(]j I G,(t,s)G,(s,7)dzds

=b
Vu e K, from (Hs) we get:

ATu)=max| [ [1G,(s,2) ,(z,u(@).u' (D))dzds ~A[ [5G, (s.7) ,(z,u(c).u (¢))drds

te[0,1]
<d /1[ le(s $)Q,(s,7) f,(r,u(z),u'(r))d ds

6\/>(1 cosf) 3Asmf L
A’sin/A

Theorem 2.1 implies there is u e (€, \ﬁ)m K, such that u=Tu _ so,u(t)is a positive solution

:L

for BVP(1), satisfying :
c<a(u)<b,|u'®)|<L

Thus, Theorem 3.1 is completed.
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