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Abstract: In this paper, a scalarization result of approximate weak efficient solution
for a set-vector equilibrium problem (SVEP) is given. With this scalarization result,
the connectedness of ¢ -weak efficient sets for the SVEP is proved under some
suitable conditions in real Hausdorff topological vector spaces. The main results
presented in this paper improve and generalize some known results in the literature
[6,7,10].

1. Introduction

Vector equilibrium problems were first introduced by Blum and Oettli, It is well
known that several problems such as vector optimization problems, fixed point
problems, vector variational problems, and Nash economic equilibrium problems can
be studied as particular cases of vector equilibrium problems.

Vector equilibrium problems research mainly includes the existence of the solution,
the stability of the solution sets, sensitivity analysis, topological properties of the set
of solutions etc. The solution of the connectedness is an important aspect of
topological properties, because it provides the possibility of continuously moving
from one solution to any other solution. Recently, Lee et al. [2],Cheng [3] have
studied the connectedness of weak efficient solutions set for vector variational
inequalities in finite dimensional Euclidean space. Gong [4-6] has studied the
connectedness of the various solutions set for VEPs in infinite dimension space. Chen
et al. [7] studied the connectedness and the compactness of the weak efficient
solutions set for set-valued VEPs and the set-valued vector Hartman-Stampacchia
variational inequalities in normed linear space. Gong and Yao [8] have studied the
connectedness of the set of efficient solutions for generalized systems. Zhong et al. [9]
have studied the connectedness and path-connectedness of solutions set for symmetric
VEPs. Chen et al. [10] studied the connectedness of approximate solutions set for
vector equilibrium problems in Hausdorff topological vector spaces .and Chen Bin et
al have studied the connected of the single value of vector equilibrium problems.

This paper inspired by the paper[6,7,10],studies the connectedness and
compactness of approximate weak efficient sets for the set-valued vector equilibrium
problem under different conditions ,thus promoting the conclusion of paper[6,7,10]
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2. Preliminaries

Throughout this paper, let X,Y be two real Hausdorff topological vector
spaces,C be a closed convex pointed cone in Y andintC =, Abe a nonempty

subset of X ,LetF :Ax A— 2" be a set-valued mapping,

C = {f eY": f(y)>0,Vye C} be the dual cone of C. Denote the quasi-interior of
C by C* .that is C* :{f eY": f(y)ZO,VyeC\{O}} lete be a fixed point in
intC and we setC’'={f eC"\{0}: f(e) =1},C"={f eC": f(¢) =1}.

Definition 2.1 If intC = & ,the vector x e Asatisfying F(x, y) N (=intC —ge) = Jfor

all y e Ais called ¢ -weak efficient solution to the SVEP. Denote by V_,, (A F)the

set of all ¢ -weak efficient solutions to the SVEP.

Definition 2.2 The vector xe A satisfying F(x,y) N (-C\{0}—¢ce) = for all

y € Ais called ¢ -efficient solution to the SVEP. Denote by V_(A, F)the set of all

¢ -efficient solutions to the SVEP.
Definition 2.3 Let f e C"\{0} vector xe A satisfying f(F(x,y))=> ¢ forall

y € Ais called ¢ — f efficient solution to the SVEP ,and Denote by V__, (A, F) the set

of all ¢- f efficient solutions to the SVEP.
Definition 2.4 let X be a Hausdorff topological vector spaces, and E be a nonempty

convex subset of X ,the set-valued mapping G : E — 2% is called KKM mapping if for
any finite set {x,,x,,---x,} = E then the relation co{x,X,,---x,} < inG(X‘) hold.
where co{x, X,,---X, } denoted the convex hull of {x,X,,---x,}.

Lemma2.1 let X,Y, Z be two real Hausdorff topological vector spaces,G:Y — Zis a
single-valued mapping, F : X — 2" is a set-valued mapping, if F is upper semi-

continuous in X ,Gis lower semi-continuous in Y then GoF: X — 2% is lower

semi-continuous in X .

Lemma2.2 let Ac X be a nonempty connected set ,let F:A— 2" be an upper
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semi-continuous in A,and for allxe A, F(x) be a connected value, then U F(x)is

xeX

connected.

13]

Lemma2.3"" let X,Y be two Hausdorff topological vector spaces, set-valued

mapping F : X — 2" be an lower semi-continuous atx, € X if and only if for any
net{x,},x, = X, ,and for anyyeF(x,) there exists a net {y,},y, e F(x,)such
thaty, —>y.

Lemma2.4 (FKKM Theorem) let Ebe a nonempty subset of X ,ifG:E — 2% is
KKM mapping, G(x) is closed set for all x € E ,and there is at least exist x, € E with

G(X,)Is a compact set .then N G(x)=J.

Lemma2.5 SupposeintC =< ,and F(x,A)+Cis a convex set for each x e A .then
VW (AF)= V. (AF)
feC’

Proof. The proof is the similar with Theorem 3.1.0f the paper[7].

Lemma2.6 let X,Y be two Hausdorff topological vector spaces,C is a closed convex
pointed cone in Y and intC=< , A is a nonempty compactness subset of
X ,F:AxA—2"is a set-valued mapping, f €C’. Assume that the following
conditions are satisfied.

(1) xe AF(x,x)cC—ce forall xeA,;
(ii) For each fixed ye A, F(,y)is lower semi-continuous on A ;

(i) F(x,y) is C quasi-convex-like with respect to the second variable;

Then V_,(AF)=J.
Proof. It can be easily proved with the Lemma2.4, thus omitted.

3. Connectedness of the solutions set

Theorem 3.1 let X,Y be two Hausdorff topological vector spaces ,Cis a closed

convex pointed cone in Y andintC =J, A is a nonempty compactness subset of
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X ,F:AxA—2"is a set-valued mapping, f €C’. Assume that the following
conditions are satisfied.

(1) F(x,x)cC—ege forallxeA;
(ii) For each fixed ye A, F(,y)is lower semi-continuous on A ;

(i) F(x,y)is C quasi-convex-like with respect to the first and second variable; and

quasi-convex-like with respect to the second variable;
(iv) {F(x,y):x,yeE}isahbounded set ofY .

Then V_,, (A F)is aconnectedness set .
Proof. By Lemma2.5 we knowV_ (A F)=J.
First we proofV__, (A, F)is a connected set. Letx;, x, €V, ,, (A F), then we have

X, X, €A, f(F(x,y)=2-¢,VyeA,i=12.Since F(x,Y) isC quasi-convex-like with
respect to the first variable, then we have

F(tx, +(1-t)%,,y)  F(X,Y)+Cor F(tx, + (1-t)%,, y)  F(x,, y) +C s true.

Now we suppose F(tx,+(@-t)x,,y)c F(x,y)+C is true. Then let
ze F(tx, +(1-t)X,,y), we have ze F(x,Yy)+C .Then there existz'e F(x,Yy) and
¢’ e C, such thatz=z'+c’ Since x,, x, €V, , (A,F), we obtain f(z')>-¢.

Because ¢'eC , then f(c')>0 ,Hence f(z2)=f(zZ'+c)= f(Z)+f(c)>-¢ .In
other words f (F(tx, + (1-t)x,, y,4)) > —¢.Thus we obtaintx +(1-t)x, eV, (A F).
SoV_ (A F)isaconvex set, thus V_, (A, F)isaconnected set.

Next we proof V_,, (A F)is a connected set.

Define a set-valued MappingH: C'—2%byH(f)=V_, (A F).By lemma2.5, we

show that H is upper semi-continuous on C’.
Since Aiis a compact set, then we will proof H is Closed.

Let{(f,,x,)} =Graph(H) and (f,,x,) — (f,,%,) where {f } converges to f

with respect to the strong topology A(Y",Y).Then we havex, e H(f,)=V, ; (AF).
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Itismeansthat f (F(x,,y))>-¢,VyeA.
Since x, — x,, Ais a compact set, then x, € A.By assumption for eachy € E ,
F (e, y) islower semi-continuouson A, lety € E , z, € F(X,,Y), there exist

z, € F(x,,y)suchthat z, — z,. Since f (F(x,,y))>—¢,wehave f (z,))=-¢.

Let Q={F(x,y):x yeE} .since pQ(f):SUcE)|f(X)| is a continuous semi-norm
inB(Y*,Y), For any g>O,U§:{f eY": pQ(f)<5} is a neighborhood of 0 with
respect with to B(Y*,Y).And so for §>0,f — f, there exista, whena > a;we
have|f,(z,)- f,(z,)|=|(f, - f,)(z,)| <5 .Sincez, — z,, there exist a ,when
a>a; we have |f)(z,)- f,(z,)|<5 .Take q, satisfying a>o; and a>a) |
whena > oy we can get |f,(z,) - f,(z,)| < |f,(2,) = fo(z,)]+ | Fo(2,) — f4(25)| < 26
Then f_(z,) — f,(z,).

Because f_(z,)>—-¢, then we have f,(z,) > —¢ .thus f,(F(X,,y,4)) >—¢ .By the
arbitrary ofy, we knowx, € H(f,), soH is a closed mapping. ThusH is a upper

semi-continuous .by lemma2.2, we knowV,_, (A, F) is a connected set.

Remark:
(1) When & =0 ,the ¢ -weak efficient solution to the SVEP is reduce to weak efficient
solution to the SVEP, which have been studied in [7].

(2) When set-valued mapping F : Ax A— 2" reduce to single mapping f:AxA—
Y ,which have been studied in [10].
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