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Abstract. We build up network operations for constructing large scale of dynamic networks from the
known network models having high quality and good topological property. In this paper, we defined
triangle-expanding operation and triangle-contracting operation, as well as construct the new random
AS-mixed network models on the basis of Apollonian network models by using these two kinds of
operations. We prove the scale-free of new network models and explain the closeness of operations to
desired network properties.

1 Introduction

In the recent years we have witnessed a spring tide in the research of a wide range of complex
systems which can be described in terms of networks, we can explore the nature of complex systems
by researching the structure of network models. We know most of the real networks are random, So,
a variety of network models rised in response to the proper moment (Ref. [1], [2], [3]). Randomness
may be in line with the major features of real-life networks, but as mentioned by Baraba’si et al., it
makes difficult to gain a profound understanding of how networks are developed, and how do
different vertices relate to each other (Ref. [4]). Therefore, it is not easy to described the topological
characteristics, we decided to approximate the character of random networks by research the
character of the minimal and maximal random network models, where the minimal model have
minimal vertices and edges, similarly, the numbers of vertices and edges of maximal model are
maximal respectively. This way provide a new method as we described the nature of the random
networks.

Here, we construct a new network model by network operations, then explore the minimal and
maximal models of which to research the nature of new random network models. Our idea for
exploring operations of network models is motivated from the knowledge of graph theory (Ref. [5],
[6],[7], [12]). We, by constructing network models, have shown: For any network Ni, N2, ..., N, and
one or more network operations, these networks do operations to each other, then, it will produce
more and more new network models. The nature of the new model with the original models with the
same or similar? The network operation with closeness to good properties for the networks whether or
not? In this paper, we define two network operations and construct new network models on the basis
of Apollonian network models.

Scale-free is important character of the networks, since scale-free networks possess better
properties and constructions. It has been proven that many real networks are scale-free networks. In
“Emerge of scaling in random networks”, two physical scientists Baraba’si and Albert have shown
the degree distribution follows a power-law P(k)~ k * to be one of standard properties of a scale-free
network N(7), where P(k) is the probability distribution of a vertex joined with & vertices in N(¢), and A
within the range 2<A<3. In this paper, we pay more attention to the scale-free of new A4S-mixed
network models, as well as other nature, such as edge distribution and velocity.
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2 Random AS-mixed network models and their properties

2.1 New operations

In this section we introduce two new operations before we show our models, the named as
triangle-expanding operation and triangle-contracting operation. They are a pair of opposite
operations.

1) Triangle-expanding operations: Let u is a vertex having three neighbor vertices 4, B, C, as well
as u and it's neighbor vertices are joined by an edge respectively (see Figure 1(a)). We call it a basic
configuration can expand (BCCE), we expand u into a triangle abc, and furthermore join a with 4 and
B by two edges, join b with 4 and C by two edges, and then join ¢ with B and C by two edges. We get
another configuration (see Figure 1(b)), We called a basic configuration can contract(BCCC). Clearly,
after the graph BCCE expand, the graph BCCC more 2 vertices and 6 edges than graph BCCE. We
defined a labelling function fas: {4)=AB)=AC)=k —1, fla)=Ab)=fc)=Au)=k for 0kzl.
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(a) BCCE
Figure.1 (a) BCCE is a basic configuration can Figure.2 The construction of the Apollonian
expand, (b) BCCC is a basic configuration can networks at the first four steps.

contract.

2) Triangle-contracting operations: For graph BCCC, we contract triangle abc into a vertice u,
and join u with 4, B and C respectively, merely, triangle-contracting operation is inverse operation of
triangle-expanding operation(see Fig.2). We are ready for constructing the desired models.

2.2 Building Random AS-mixed network models

First of all, we introduce a fractal operation yields a configuration H in the way: Add a vertex v
into the inner face of a triangle and then join v with three vertices 4, B and C by three edges,
respectively. We define a labelling function g for H(1) as: g(A)=g(B)=g(C)=k —1, g(u)=k for k> 1.

2-dimension Apollonian model A(t). The Apollonian model A(t) (Ref. [8]) can be generated by
the Apollonian-algorithm.

Apollonian-algorithm

Initialization. At time step =0, A(0) is a triangle ABC, and the labelling function f holds
AA=AB)=AC)=0.

Iteration. At time step ¢, do a fractal operation to every triangle xyz of 4(¢ —1) with at least one of
three labels f(x), f{y) and f(z) is equal to # —1, and label the vertex added with 7z under f.

See A(0), A(1), A(2) and A(3) shown in Figure 3.

Next, we make a 4S-mixed network model As(f) by the triangle-expanding operations, and it can
be constructed in an algorithm: For /=0, we let 45(0) be the initial network having three vertices and
three edges such that any pair of vertices is joined by an edge formed a triangle. We defined a labeling
f'such that f{a)=0, for each vertex ae V(0). AS-mixed network models structure before ¢ time step is
same to Apollonian network models structure at time step ¢, AS-mixed network model have 3* ! new
vertices added into the network, their labeling both f{ f)=t for each vertex fe V(H)\V(0)u V(1)U ... U
V(t—1). We choose randomly [ p-3/"! | new vertices do triangle-expanding operations, we get random
AS-mixed network models, where p is a adjustment coefficient and 0< p<1. We can see As(2) shown
in figure 4.
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Figure 3. From left to right it is a Figure 4. The construction of the AS-mixed
triangle-expanding operation, from right to left it network model at the time step 2.
is a triangle-contracting operation.

In order to further explore the nature of random AS-mixed network models, we can see the
minimal model of it is Apollonian networks, because p=0 in this case, we denoted the model is 45""(¢)
or directly A(¢), On the other hands, when p=1 we get the maximal model of random AS-mixed
network models, denoted 45"*(¢). Follows, we approximate the nature of new networks by research
Apollonian networks A4(f) and As"*(f) model. Let n.(¢) and n.(¢) be the total numbers of vertices and

edges at time step t respectively in As(f), thereby, we have

0= 0= = 0= M

=220y T30 o
n:m(t):3”2+3+6’3m:21~3"+3 (3)

We know n'(t) <n (1) <n™(r), similarly, we have »'(t)<n (1)<n™ (), So, we have the average vertex
degree (k)min of As(?) is equal to 2:—(;))—> 6 as t—» o, and (k) (4™ @)= Znn((/i ((tt)))) = 472.'33[71 :56
see when ¢ is large enough the resulting network is a sparse graph whose vertices have many fewer
connections than is possible.

2.3 Two types of degree cumulative distributions

For estimating the topological structure of As(f), we compute the min-cumulative and

max-cumulative distributions pP™) and pP™() , and the min-edge and max-edge cumulative

un
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following argument. Since the degree spectrums of two AS-mixed models 4s(¢) are discrete, so we
can use a technique introduced by Newman in ([9], [10]}). Dorogovstev said the cumulative
distribution

) AR
-l @
where |V(k',t)| is the number of vertices of degree &' (Ref. [10]).

We can easily to gain the degree spectrum of the 2-dimension Apollonian networks

d 3 6 12 . 3.2 2+

nd(t) 3 37 37 ... 1

and A(f) do triangle-expanding operations for every vertex with labeling flu)=t, we get the
maximal model of AS-mixed network model, it's degree spectrum is following

d 4 18 36 3:27-3 3:27 +1
n4(t) 3 3 37 | 3
0] 3414343 443"
P () = _ 3 5
O )
2

where ¢ is the time that vertices with degree k£ added in the 4S-mixed networks, plugging

=t lnkl_zln3 into the above equation, and when ¢ is large enough, we can obtain
n

Po(k)=3" -k

n3
In2
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So, the min-cumulative distribution p™ (k) follows a power law form with the exponent y = 1+:n—;
and 2<y <3. It indicates that the minimal model of random AS-mixed network or called Apollonian
network model are scale-free network.

For A¢"*(t), we have the max-cumulative distribution

0| 3414343+ 43743
UL TS ~3 ()
2
plugging =+ —lnklﬂ into the above equation, and when ¢ is large enough, we can obtain
Pn:nx (k) — 31:7 . k’% (8)

In

Similarly, we can easily compute the 2< y=le = ; <3. Figure5 indicates the degree cumulative

distributions of Apollonian network and randomly maximal 4S-mixed network, abscissa is refer to
the degree of vertices, and ordinate is refer to the degree cumulative of network models. The solid line
and dotted line describe the minimal model and the maximal model respectively. So we think the both
of random AS-mixed network is also scale-free. Observe (6) and (8), we can see

B (k) =3" 51?323" (k)
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Figure 5. The solid line is degree cumulative distribution of Apollonian networks, the dotted line is
degree cumulative distribution of A5"*(¥).

2.4 Two types of edge cumulative distributions
Motivated from the cumulative degree distribution that is an important character of scale-free
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Apollonian networks, we compute the min-edge cumulative distribution is

32 +1)+Z3 27
P (k) = —Z k" |V(k' n|= n—(l) ~C3 )

3 , and C1 is a constant. On the other hand, we get another max-edge cumulative

where »™ (i) =

distribution as follows

R e P DY BT (10)

21-3"+3

where for »™(@)= , and C is also a constant. It is clear that two edge cumulative

distributions are equivalent to two cumulative distributions, respectively. Thereby, we conclude that
two edge cumulative distributions obey power-laws.
2.5 Velocities of the models

The dynamic development speed of networks was proposed by (Ref. [11]), this metric is used to
measure the speed development of real networks. The velocity of the minimum random AS-mixed
network A(?) is

y ) = 2O D) L3103 3510322 sy an
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For the randomly maximal AS-mixed network As"*(¢), it's velocity is
ws oy = O AT(0) On (AT() T o0 5 210 0 49 o o
V. (A™ (1) = = = = 63 In3 - 3'In3 > (3'In3) (12)

It is easy to know that v,(4(1)) <V, (t) <V,(4™ () where Ve(t) is the velocity of As(f). Furthermore,

% = % ~ % = 5V, (A1) =V, (4™ (1)) We can control Ve(f) by computing Ve(A(¢)) and v, (4™ (t)) . It can
simulate the real-network because of its randomness, this AS-mixed network can satisfy higher
requirements on the speed of network, such as we can curb the speed of rumors and prevent the speed

of infectious diseases by constructing new models.

3 Conclusions

In this paper, we are aiming construction of quality network models A4s(¢), due to the mix process
of model is random, so we regard 4s(?) is a partial random AS-mixed model. We also defining two
new network operations, our operations are dynamic according to time and are not stable like that in
graph theory. As known the Apollonian networks A(¢) are scale-free, it returned As(f) by doing
operations, 4s(¢) are also scale-free networks. So we constructing network models by preserving good
network properties, we guess the operations of network can retain scale-free, but also the high
clustering and small-world effect and so on.

People want to accurately depict random network topological characteristics is very difficult, so
our idea is to use the upper and lower bounds to compress the random network, and the difference
between the upper and lower bounds is very small, which indicates that our assertion is correct. This
way provide a new method as we described the nature of the random networks and it can help us to
explore more and more real random networks, hence, we can get the rule of random networks, which
it is unknown before.
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