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Abstract 

In this paper, we establish some recurrence relations for marginal and joint moment generating functions of 
generalized order statistics from a new class of Pareto distributions. For a particular case these results verify the 
corresponding results of Athar et al. (2012).  
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1. Introduction 

Generalized order statistics (GOS) have been introduced and extensively studied in Kamps (1995 a, b) as a 
unified theoretical set-up which contains a variety of models of ordered random variables with different 
interpretations. Examples of such models are:  Ordinary order statistics, Sequential order statistics, 
Progressive type II censored order statistics, Record values, kth record values and Pfeifer’s records. There is 
no natural interpretation of generalized order statistics in terms of observed random samples but these models 
can be effectively applied in life testing and reliability analysis, medical and life time data, and models related 
to software reliability analysis.  The common approach makes it possible to define several distributional 
properties at once. The structural similarities of these models are based on the similarity of their joint density 
function. 
 
2. A New Class of Pareto Distributions 

Consider a family of distributions defined by the function 
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where ( )xΨ  is some function of x such that ( ) ( )0 0,Ψ = Ψ ∞ = ∞ and  ( ) ( )( )n

n n

x 0

x
0

x
=

 ∂ Ψ
Ψ = < ∞ 

∂  
, 

n = 1, 2,… . Expanding 1(x) and (x)Ψ Ψ by using  Maclaurin’s theorem, we get  

 
2

1 2
x(x) x (0) (0) . . .
2!

Ψ = Ψ + Ψ +   and 
2

1 1 2 3
x(x) (0) x (0) (0) . . .
2!

Ψ = Ψ + Ψ + Ψ +  . (2) 

 
Case i. When 1(0) 0Ψ ≠ .  
After dividing the two expressions given in (2), we have 
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n 1

n
1

(0)a , n 1,2,...
n 1 ! (0)
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1 2 1 2

0
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∞ δδ
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2
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where bδ is the coefficient of xδ in the product  

( ) ( ) ( )2 2
1 2 1 2

0
1 a x a x . . . 1 2a x 3a x . . .

∞ δδ

δ =

 
+ + + − + + 

 
∑ . 

The procedure for computing bδ will be explained in the illustrations considered in Section 5. 
 
Case ii. When s p(0) 0 , s 1,2,3,..., p 1 and (0) 0Ψ = = − Ψ ≠  . In this case, 
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(obtained by repeating the similar steps). 
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The cumulative distribution function (cdf) and the probability density function (pdf) of the random variable X 
are connected by the relation,  

 ( ) ( )
( )1

2

'

2

1 x b x f (x), under A ,
x

1 F x f (x)
x 1 x b x f (x), under B,

p

∞
δ

δ
δ =

∞
δ

δ
δ =

  
+  θΨ   − = = θΨ   + θ  

∑

∑
 (5) 

where  { }1A (0) 0≡ Ψ ≠ and { }s pB (0) 0 , s 1,2,3,..., p 1 and (0) 0≡ Ψ = = − Ψ ≠ . 
The mathematical form of the cdf, as given in (5), plays an important role for deriving the recurrence relations 
for single and product moments of GOS from the new class of Pareto distributions (1). 
 
3. Generalized Order Statistics 

Let { }, 1nX n ≥  be a sequence of absolutely continuous, independent and identically distributed random 

variables with cdf ( )F(x) P X x= ≤ and pdf f(x). Assume k > 0, n∈{ 2,3,…}, 

( ) n 1
1 2 n 1m m ,m ,...,m R −

−= ∈ , 
n 1

r j
j r

M m
−

=

=∑ , such that r rk n r M 0γ = + − + > for all { }r 1, 2,..., n 1∈ − . 

Then ( )X r,n,m,k , r = 1, 2,…,n , are called GOS if their joint pdf is given by  

 ( ) ( ) ( ) ( ) ( ) i
n 1 n 1 mX 1,n,m,k , X 2,n,m,k , ...,X n,n,m,k

1 2 n j i ij 1 i 1
f x , x ,..., x k 1 F(x ) f (x )

− −

= =

  = Π γ Π −  
  

    

 ( )k 1
n n1 F(x ) f (x ) ,−× −  (6) 

where 1 1
1 2 nF (0 ) x x ... x F (1)− −+ < ≤ ≤ ≤ < . 

By choosing appropriate values of parameters, we get the distribution of a few very common statistics as 
shown in Table 1, given below.  
 

Table 1 
S. No. Choice of parameters for i = 1, 2,…, n  GOS become 

1 i 1 2 n 1n i 1, m m ... m 0−γ = − + = = = =  and  
k = 1 

Ordinary order statistics 

2 i 1 2 n 1k, m m ... m 1, k N−γ = = = = = − ∈  kth record values 

3 i i i(n i 1) , 0γ = − + α α >  Sequential order statistics 

4 i i 1, 0γ = α − + α>  Order statistics with non integer sample size 

5 i i i, 0γ = β β >  Pfeifer’s record values  

6 i om N , k N∈ ∈  Progressively type-II right censored order 
statistics 
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The joint pdf of first r GOS is given by: 

 ( ) ( ) ( ) ( ) ( ) i
r 1 mX 1,n,m,k , X 2,n,m,k , ..., X r,n,m,k

1 2 r r 1 i ii 1
f x , x ,..., x c 1 F(x ) f (x )

−

− =

 = Π − 
 

    

 ( ) rk n r M 1
r r1 F(x ) f (x ) ,+ − + −× −  (7) 

where 1 1
1 2 rF (0 ) x x ... x F (1)− −+ < ≤ ≤ ≤ < . 

We now consider two cases: 
Case I: 1 2 n 1m m ... m m−= = = =  
Case II: i j ; i j, i, j 1, 2, ... , n 1.≠ ≠ = −γ γ   
For case I, the GOS will be denoted by X(r, n, m, k). The pdf of X(r, n, m, k) is given by  

 ( ) ( ) ( ) ( )r 1r 1X r,n,m,k r 1
m

c
f x 1 F(x) f ( x ) g F(x) , x R,

(r 1)!
γ −− −= − ∈

−
 (8) 

 and the joint pdf of X(r, n, m, k) and X(s, n, m, k),   1 r s n≤ < ≤ ,  is given by : 

 ( ) ( ) ( ) ( )( ) ( )ms 1X r, n,m, k , X s, n,m,k r 1
m

c
f x, y 1 F(x) f (x) g F(x)

(r 1)! (s r 1)!
− −= −

− − −
 

 ( ) ( ) s r 1
m mh F(y) h F(x)

− −
× −    

 ( ) s 11 F(y) f (y), x y ,γ −× − −∞ < < < ∞  (9) 

where  

 
r

r 1 j jj 1
c , k (n j)(m 1) , r 1, 2,..., n− =

= Π γ γ = + − + = ,  

 m m mg (x) h (x) h (0) , x (0,1)= − ∈  and  

 

m 1

m

(1 x) , m 1,
h (x) m 1

log (1 x ) , m 1.

+ −
− ≠ −= +
− − = −

 (10) 

For case II, the GOS will be denoted by ( )X r,n,m,k . The pdf of ( )X r,n,m,k  is given by  

 ( ) ( ) ( ) i
r

1X r,n,m,k
r 1 i

i 1
f x c f (x) a (r) 1 F(x) , x Rγ −

−
=

= − ∈∑ , (11) 

 and the joint pdf of ( )X r, n,m, k  and ( )X s, n,m,k ,  1 r s n≤ < ≤ ,  is given by 

 ( ) ( ) ( ) ( )
i

i
s r

X r, n,m, k , X s, n,m,k r
s 1 i i

i r 1 i 1

1 F(y)f x, y c a (s) a (r) 1 F(x)
1 F(x)

γ
γ

−
= + =

   − = −   −     
∑ ∑   

 
f (x) f (y) , x y ,

1 F(x) 1 F(y)
× −∞ < < < ∞

− −
 (12) 

where 
s

s 1 j j jj 1
c , k n j M ,s 1, 2,..., n− =

= Π γ γ = + − + = . 
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Further, it can be proved that  

 (i) 
( )

( )
r 1

i j ij i 1
a (r) , 1 i r n
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≠ =
= Π γ − γ ≤ ≤ ≤  

 (ii) 
( )

( )
s 1r

i j ij i r 1
a (s) , r 1 i s n

−

≠ = +
= Π γ − γ + ≤ ≤ ≤   

 (iii) ( )i r 1 i ia (r) a (r 1)+= γ − γ +  

 (iv) r r 1 r 1c c − += γ  

 (v) 
r

i
i 1

a (r) 0
=

=∑  

 (vi) 
s

r
i

i r 1
a (s) 0

= +

=∑ . 

 
The moments of order statistics have generated considerable interest in the recent years. Several recurrence 
relations and identities satisfied by single as well as product moments of order statistics have been obtained 
by various authors in the past. These relations help in reducing the quantum of computations involved. Joshi 
(1978, 1982) established recurrence relations for exponential distribution with unit mean and were further 
extended by Balakrishnan and Joshi (1984) for doubly truncated exponential distribution. For linear 
exponential distribution, Balakrishnan and Malik(1986) derived the similar type of relations which were 
extended to doubly truncated linear exponential distribution by  Mohie El-Din et al. (1997) and Saran and 
Pushkarna (1999). Nain (2010 a, b)  obtained recurrence relations for moments of ordinary order statistics and 
those of kth record values from  pth order exponential and generalized Weibull distributions, respectively. 

The recurrence relations for the moments of generalized order statistics based on non identically 
distributed random variables were developed by Kamps (1995 a, b). Pawlas and Szynal (2001) obtained 
recurrence relations for single and product moments of generalized order statistics from Pareto, generalized 
Pareto and Burr distributions. Saran and Pandey (2004, 2009) obtained recurrence relations for single and 
product moments of generalized order statistics from linear exponential and Burr distributions. Saran and 
Pandey (2011) obtained recurrence relations for marginal and joint moment generating functions of dual 
(lower) generalized order statistics from inverse Weibull distribution. The other similar work also appear in 
Saran and Nain (2012 a, b, c). 

In this paper, we have established recurrence relations for marginal and joint moment generating functions 
(and hence for the single and product moments) of GOS from a new class of Pareto distributions. This 
distribution has many applications in Economics and models related to income of an individual or of a firm. 
The results so obtained are generalized versions of some of the recurrence relations obtained by Ather et al. 
(2012).  
 
 
Review of a few identities of Athar and Islam (2004) 

Here we write a few identities, stated in the form of Lemmas 2.1, 2.3, 3.1 and 3.2, respectively, in Athar and 
Islam (2004) for Borel measurable functions ( ) ( )x and x, yω ω  with support ( , )α ∞ . 
 
 (i) ( ) ( )E (X(r,  n,  m,  k)) E (X(r-1,  n,  m,  k))ω − ω  

  =
( ) ( ) ( )rr 2 r 1

m

c x
F(x) f ( x ) g F(x) dx

(r 1)! x

∞
γ− −

α

∂ω
− ∂∫  (13) 
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 (ii) ( ) ( )E (X(r,  n,  m,  k)) E (X(r-1,  n,  m,  k))ω − ω   

  = 
( ) ( ) i

r
r 1

i
i 1r

c x
a (r) 1 F(x) dx

x

∞
γ−

=α

 ∂ω
− γ ∂  

∑∫  (14) 

 (iii) ( ) ( )E ( X( r,  n,  m,  k), X(s,  n,  m,  k)) E ( X( r,  n,  m,  k), X(s-1,  n,  m,  k))ω − ω  

  = 
( ) ( ) ( )ms 2 r 1

m
x

c x, y
F(x) f ( x ) g F(x)

(r 1)!(s r 1)! y

∞ ∞
− −

α

∂ω
− − − ∂∫ ∫  

  ( ) ( ) ( ) ss r 1
m mh F(y) h F(x) F(y) dydx

γ− −
× −    (15) 

 (iv) ( ) ( )E ( X(r,  n,  m,  k), X( s,  n,  m,  k)) E ( X(r,  n,  m,  k), X( s-1,  n,  m,  k))ω − ω      

  
( ) ( ) i

r

s 2 i
i 1x

x, y f (x)c a (r) F(x)
y F(x)

∞ ∞
γ

−
=α

∂ω  =  ∂  
∑∫ ∫

is
r
i

i r 1

F(y). a (s) dydx
F(x)

γ

= +

  
  
   
∑ , (16) 

where F(x) 1 F(x)= − .   
 
Notations  

The following symbols and notations will be used in the paper: 

 (i) { }1A (0) 0≡ Ψ ≠  

 (ii) { }s pB (0) 0 , s 1,2,3,..., p 1 and (0) 0≡ Ψ = = − Ψ ≠   

For n = 1, 2, 3,... , { }1 r s n , k 1 and u, v 0,1,2,... ,≤ < ≤ ≥ ∈ we denote by 

 (iii) ( ) ( )( ) ( )r
n n n 1 n 2 .... n r 1= − − − +  

 (iv) ( )( )uu
r: n, m, k E X  r,  n,  m,  k m =  

 (v) ( ){ } ( ){ }u vu, v
r, s: n, m, k E X  r,  n,  m,  k X  s,  n,  m,  k  m =

 
 

 (vi) ( )( )uu
r: n, m, k E X  r,  n,  m,  k m =   

 (vii) ( ){ } ( ){ }u vu, v
r, s: n, m,k E X  r,  n,  m,  k X  s,  n,  m,  k  m =

     

 (viii) ( )( ) ( )( )t X  r, n, m, k t X  r, n, m, k 
r: n, m, k r: n, m, kM (t) E e and M (t) E e= = 

  

 (ix) 
u

u u u
r: n, m, k r: n, m, k r: n, m, k r: n, m, kuM (t) M (t) and M (0)

t
∂  = = m ∂

 

 (x) 
u

u u u
r: n, m, k r: n, m, k r: n, m, k r: n, m, kuM (t) M (t) and M (0)

t
∂  = = m ∂     

 (xi) ( ) ( )( )1 2t X  r, n, m, k t X  s, n, m, k 
r, s: n, m, k 1 2M (t , t ) E e +=  

 (xii) ( ) ( )( )1 2t X  r, n, m, k t X  s, n, m, k 
r, s: n, m, k 1 2M (t , t ) E e +=  
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 (xiii) 
u v

u, v u, v u, v
r, s: n, m, k 1 2 r, s: n, m, k 1 2 r, s: n, m, k r, s: n, m, ku v

1 2

M (t , t ) M (t , t ) and M (0,0)
t t

+∂  = = m ∂ ∂
 

 (xiv) 
u v

u, v u, v u, v
r, s: n, m, k 1 2 r, s: n, m, k 1 2 r, s: n, m, k r, s: n, m, ku v

1 2

M (t , t ) M (t , t ) and M (0,0)
t t

+∂  = = m ∂ ∂     

 
 
4. Recurrence Relations for Moment Generating Functions 

In this section, we shall derive recurrence relations for marginal and joint moment generating functions of 
generalized order statistics from the new class of Pareto distributions given in (1).  
 
Case I: 1 2 n 1m m ... m m−= = = = . 
 
Theorem 1.  Fix a positive integer k. For n N, m Z and 1 r n,∈ ∈ ≤ ≤  

 

1
r: n, m, k r: n, m, k

2r
r: n, m, k r 1: n, m, k 1

r: n, m, k '
r: n, m, k

2r

t M (t) b M (t) , under A,

M (t) M (t)
M (t)t b M (t) , under B.

p

∞
δ

δ
δ =

−
∞

δ
δ

δ =

  
+  θ γ  

− = 
  +   θ γ  

∑

∑
 (17) 

Proof.  Using (8), the moment generating function of X( r, n, m, k ) from the new class of Pareto distributions 
(1) is given by 

 ( ) ( )r 1r 1 t x r 1
r: n, m, k m

c
M (t) e F(x) f ( x ) g F(x) dx

(r 1)!

∞
γ −− −

α

=
− ∫ . (18) 

Substituting ( ) t xx eω =  in (13) and using (5) for case A, we have  

 ( ) r 1r 1 t x
r: n, m, k r 1: n, m, k

r

ct
M (t) M (t) e F(x)

(r 1)!

∞
γ −−

−
α

− =
θγ − ∫

 

 ( )r 1
m

2
x b x f (x) g F(x) dx,

∞
δ −

δ
δ =

 
× + 
 

∑  (19) 

which after simplification leads to case A of (17). Likewise, the case B of (17) can be easily established. 
 

 
Remark 1.  After differentiating both sides of (17), with respect to t, u times and putting t = 0, we shall derive 
the recurrence relation among moments of generalized order statistics from the new class of Pareto 
distributions given in (1) as: 
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u u 1
r r 1: n, m, k r: n, m, k

2ru
r: n, m, k

u ' u 1
r r 1: n, m, k r: n, m, k

2r

1 u b , under A,
u

p u b , under B.
p u

∞
+δ−

− δ
δ =

∞
+δ−

− δ
δ =

  
θ γ m + m  θ γ −  m = 

  θ γ m + m  θγ −  

∑

∑
 (20) 

Theorem 2. Fix a positive integer k. For n N, m Z and 1 r s n,∈ ∈ ≤ < ≤  

 r,s : n, m, k 1 2 r,s 1 : n, m, k 1 2M (t , t ) M (t , t )−−  

 

0,1 0,2
r,s : n, m, k 1 2 r,s : n, m, k 1 2

2s

0,1
r,s : n, m, k 1 2 ' 0,2

r,s : n, m, k 1 2
2s

t M (t , t ) b M (t , t ) , under A,

M (t , t )t b M (t , t ) , under B.
p

∞
δ

δ
δ=

∞
δ

δ
δ=

  +  θ γ  =    +  θ γ  

∑

∑
 (21) 

 
 
Proof. Using (9), the expression for joint moment generating function of X( r, n, m, k )  and  
X( s, n, m, k ) is: 

 ( ) ( )1 2
ms 1 t x t y r 1

r, s: n, m, k 1 2 m
x

c
M (t , t ) e F(x) f (x) g F(x)

(r 1)! (s r 1)!

∞ ∞
− + −

α

=
− − − ∫ ∫  

 ( ) ( ) ( ) s 1s r 1
m mh F(y) h F(x) F(y) f (y)dydx

γ −− −
× −   . (22) 

Substituting ( ) 1 2t x t yx, y e +ω = in (15) and using (5) for case A, we have  

 ( ) ( )1 2
ms 22 t x t y r 1

r,s : n, m, k 1 2 r,s 1 : n, m, k 1 2 m
x

ct
M (t , t ) M (t , t ) e F(x) f ( x ) g F(x)

(r 1)!(s r 1)!

∞ ∞
− + −

−
α

− =
− − − ∫ ∫  

 ( ) ( ) ( ) ss r 1
m mh F(y) h F(x) F(y) dydx

γ− −
× −    (23) 

 ( ) ( )1 2
ms 12 t x t y r 1

m
2s x

ct
e y b y F(x) f ( x ) g F(x)

(r 1)!(s r 1)!

∞ ∞ ∞
− + δ −

δ
δ =α

 
= + θγ − − −  

∑∫ ∫  

 ( ) ( ) ( ) s 1s r 1
m mh F(y) h F(x) F(y) f (y)dydx,

γ −− −
× −    (24) 

which on further simplification takes the form as stated in (21) under case A. By following similar lines, the 
case B of (21) can easily be established. 
 
Remark 2. After differentiating both sides of (21), with respect to 1t , u times and with respect to 2t , v times 
and then putting 1 2t t 0= = , we shall derive the recurrence relation for product moments of generalized order 
statistics as: 
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u, v u, v 1
s r,s 1 : n, m, k r,s : n, m, k

2su, v
r,s : n, m, k

u, v ' u, v 1
s r,s 1 : n, m, k r,s : n, m, k

2s

1 v b , under A,
v

p v b , under B.
p v

∞
+δ−

− δ
δ =

∞
+δ−

− δ
δ =

  
θ γ m + m  θ γ −  m = 

  θ γ m + m  θγ −  

∑

∑
 (25) 

Case II: i j ; i j, i, j 1, 2, ... , n 1.≠ ≠ = −γ γ  
 

Theorem 3. Fix a positive integer k. For n N, m Z and 1 r n,∈ ∈ ≤ ≤  

 

1
r : n, m, k r : n, m, k

2r
r : n, m, k r 1: n, m, k 1

r : n, m, k '
r : n, m, k

2r

t M (t) b M (t) , under A,

M (t) M (t)
M (t)t b M (t) , under B.

p

∞
δ

δ
δ =

−
∞

δ
δ

δ =

  
+  θ γ  

− = 
  +   θ γ  

∑

∑

 

 





 (26) 

 
Proof.  On using (11), the moment generating function of ( )X r,n,m,k is given by 

 ( ) i
r

1t x
r: n, m, k r 1 i

i 1
M (t) c e a (r) 1 F(x) f (x)dx

∞
γ −

−
=α

= −∑∫ . (27) 

Substituting ( ) t xx eω =  in (14) and from (5) for case A, we have  

 ( ) i
r

1r 1 t x
r: n,m, k r 1: n,m, k i

i 1r

ct
M (t) M (t) e a (r) 1 F(x)

∞
γ −−

−
=α

 
− = − θγ  

∑∫ 

 

 
2

x b x f (x)dx,
∞

δ
δ

δ =

 
× + 
 

∑  (28) 

which on further simplification gives (26) for case A. The case B of (26) can similarly be established.   
 
Remark 3. After differentiating both sides of (26), with respect to t, u times and then putting t = 0, we shall 
derive the recurrence relation for moments as  

 

u u 1
r r 1 : n,m, k r : n,m, k

2ru
r : n,m, k

u ' u 1
r r 1 : n,m, k r : n,m, k

2r

1 u b , under A,
u

p u b , under B.
p u

∞
+δ−

− δ
δ =

∞
+δ−

− δ
δ =

  
θ γ m + m  θ γ −  m = 

  θ γ m + m  θγ −  

∑

∑

 



 

 (29) 

 
Theorem 4. For n =  1, 2, 3,... , 1 r s n and k 1≤ < ≤ ≥  
  

 
 

r,s : n, m, k 1 2 r,s 1 : n, m, k 1 2M (t , t ) M (t , t )−− 
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0,1 0,2
r,s : n, m, k 1 2 r,s : n, m, k 1 2

2s

0,1
r,s : n, m, k 1 2 ' 0,2

r,s : n, m, k 1 2
2s

t M (t , t ) b M (t , t ) , under A,

M (t , t )t b M (t , t ) , under B.
p

∞
δ

δ
δ =

∞
δ

δ
δ =

  
+  θ γ  

= 
  +   θ γ  

∑

∑

 





 (30) 

Proof. From (12), the joint moment generating function of ( )X r,n,m,k and ( )X s,n,m,k  is given by 

 ( ) i1 2

r
t x t y

r,s : n, m, k 1 2 s 1 i
i 1x

f (x)M (t , t ) c e a (r) F(x)
F(x)

∞ ∞
γ+

−
=α

 =   
∑∫ ∫  

 
is

r
i

i r 1

F(y) f (y)a (s) dydx
F(x) F(y)

γ

= +

  
×  
   
∑ . (31) 

Substituting ( ) 1 2t x t yx, y e +ω =  in (16) and using (5) for case A,  we have  

 ( ) i1 2

r
s 12 t x t y

r,s : n, m, k 1 2 r,s 1 : n, m, k 1 2 i
i 1s x

ct f (x)M (t , t ) M (t , t ) e a (r) F(x)
F(x)

∞ ∞
γ− +

−
=α

 − =  θγ  
∑∫ ∫ 

 

 
is

r
i

i r 1 2

F(y) f (y)a (s) x b x dydx
F(x) F(y)

γ ∞
δ

δ
= + δ =

    
× +    
     
∑ ∑ . (32) 

On further simplification, (32) leads to the recurrence relation as stated in (30) for case A. 
By repeating similar steps, the case B of (30) can easily be established. 
 
Remark 4. After differentiating both sides of (30), with respect to 1t , u times and with respect to 2t , v times 
and putting 1 2t t 0= = , we shall derive the recurrence relation for the product moments as  

u, v u, v 1
s r,s 1 : n, m, k r,s : n, m, k

2su, v
r,s : n, m, k

u, v ' u, v 1
s r,s 1 : n, m, k r,s : n, m, k

2s

1 v b , under A,
v

p v b , under B.
p v

∞
+δ−

− δ
δ =

∞
+δ−

− δ
δ =

  
θ γ m + m  θ γ −  m = 

  θ γ m + m  θγ −  

∑

∑

 



 

  (33) 

 
 
5. Illustrated Examples 

In this section, we consider different forms of function (x)Ψ , which satisfy the desired restrictions 

( ) ( ) ( )n0 0, and 0Ψ = Ψ ∞ = ∞ Ψ < ∞ , n = 1, 2,… . 
 (a). Consider (x) xΨ = . In this case, 

1
1

(x)(0) 0 and x
(x)

Ψ
Ψ ≠ =

Ψ
. After comparing it with (3), we have b 0, 2,3,...δ = δ =   .  
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The pdf given in (1) becomes 1f (x) ,
x

θ

θ+

θα
=  xα ≤ < ∞ . The recurrence relations in this case are obtained 

by putting b 0, 2,3,...δ = δ =  in Remarks 1 – 4 (case A) as follows: 

 (i) u ur
r: n, m, k r 1: n, m, k

r u −

θγ
m = m

θγ −
 

 (ii) u, v u, vs
r, s: n, m, k r, s 1: n, m, k

s v −

θγ
m = m

θγ −
 

 (iii) u ur
r: n, m, k r 1: n, m, k

r u −

θγ
m = m

θγ −   

 (iv) u, v u, vs
r, s: n, m, k r, s 1: n, m, k

s

.
v −

θγ
m = m

θγ −   

The deductions mentioned above in (i) and (ii) are verified by Theorems 2.1 and 3.1 of Athar et al. (2012) for 
Pareto distribution with parameter θ . 
 
(b). Consider (x) xβΨ =  , where β is some positive integer greater than 1. In this case 

1 2 1(0) 0, (0) 0, (0) 0,..., (0) 0 and (0) 0β− βΨ = Ψ = Ψ = Ψ = Ψ ≠ . This case falls in category B. The pdf 

given in (1) now becomes 1f (x) ,
x

βθ

βθ+

βθα
=  xα ≤ < ∞ . The recurrence relations in this case are deduced 

by putting p = β  and 'b 0, 2,3,...δ = δ =  in Remarks 1 – 4 (case B) and the same are given below:  

 (i) u ur
r: n, m, k r 1: n, m, k

r u −

βθγ
m = m

βθγ −
 

 (ii) u, v u, vs
r, s: n, m, k r, s 1: n, m, k

s v −

βθγ
m = m

βθγ −
 

 (iii) u ur
r: n, m, k r 1: n, m, k

r u −

βθγ
m = m

βθγ −   

 (iv) u, v u, vs
r, s: n, m, k r, s 1: n, m, k

s

.
v −

βθγ
m = m

βθγ −   

 The results given above in (i) and (ii) are in agreement with the results of Athar et al. (2012) for Pareto 
distribution with parameter βθ . 
 
(c). Consider x(x) e 1Ψ = − . In this case (0) 0Ψ =  and 1(0) 0Ψ ≠ .  

Now,    
x

x
1

(x) e 1
(x) e

Ψ −
=

Ψ
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x

2
1 e x b x

∞
− δ

δ
δ=

= − = +∑ , 

where 
1( 1)b

!

δ−

δ

−
=

δ
 . 

The pdf in (1) now becomes 
( )

( )

x

1x

e e 1
f (x)

e 1

θα

θ+

θ −
=

−
, xα ≤ < ∞  and the recurrence relations in this case are 

obtained by putting 
1( 1)b , 2,3,...

!

δ−

δ

−
= δ =

δ
 in Remarks 1 – 4 (case A) and are given below:  

(i) 
1

u u u 1
r: n, m, k r r 1: n, m, k r: n, m, k

2r

1 ( 1)u
u !

δ−∞
+δ−

−
δ =

  −
m = θγ m + m  θ γ − δ  

∑  

(ii) 
1

u, v u, v u, v 1
r, s: n, m, k s r,s 1 : n, m, k r,s : n, m, k

2s

1 ( 1)v
v !

δ−∞
+δ−

−
δ =

  −
m = θγ m + m  θ γ − δ  

∑  

(iii) 
1

u u u 1
r: n, m, k r r 1: n, m, k r: n, m, k

2r

1 ( 1)u
u !

δ−∞
+δ−

−
δ =

  −
m = θγ m + m  θ γ − δ  

∑    

(iv) 
1

u, v u, v u, v 1
r, s: n, m, k s r,s 1 : n, m, k r,s : n, m, k

2s

1 ( 1)v
v !

δ−∞
+δ−

−
δ =

  −
m = θγ m + m  θ γ − δ  

∑   . 

 
(d). Consider x(x) e x 1Ψ = − − . We have, in this case, 1 2(0) 0, (0) 0 and (0) 0Ψ = Ψ = Ψ ≠ .  

Now,    
x

x
1

(x) e x 1
(x) e 1

ψ − −
=

ψ −
 

'

1
b x

∞
δ

δ
δ=

=∑ , 

 where   ( )x x '

1
e x 1 e 1 b x

∞
δ

δ
δ=

 − − = −  
 
∑  .    

On comparing coefficients of like powers of x, we have ' ' '
1 2 3

1 1b , b , b 0
2 12

= = − = and, in general, 

( ) ( ) ( )' ' '
1 2 n1 2 n

n 1 b n 1 b ... n 1 b 1,+ + + + + + =  
'where n 1,2,... and b 0, 0, 1, 2,... .δ= = δ = − −  

The pdf of the new class of Pareto distributions (1) for case B, with p = 2, becomes 

 
( )( )
( )

x

1x

e 1 e 1
f (x)

e x 1

θα

θ+

θ − −α −
=

− −
, xα ≤ < ∞ ,  

and the recurrence relations in this case are obtained from Remarks 1 – 4 (case B) as follows: 
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 (i) u u ' u 1
r: n, m, k r r 1: n, m, k r: n, m, k

2r

2 u b
2 u

∞
+δ−

− δ
δ =

 
m = θγ m + m θ γ −  

∑  

 (ii) u, v u, v ' u, v 1
r, s: n, m, k s r,s 1 : n, m, k r,s : n, m, k

2s

2 v b
2 v

∞
+δ−

− δ
δ =

 
m = θγ m + m θ γ −  

∑  

 (iii) u u ' u 1
r: n, m, k r r 1: n, m, k r: n, m, k

2r

2 u b
2 u

∞
+δ−

− δ
δ =

 
m = θγ m + m θ γ −  

∑    

 (iv) u, v u, v ' u, v 1
r, s: n, m, k s r,s 1 : n, m, k r,s : n, m, k

2s

2 v b
2 v

∞
+δ−

− δ
δ =

 
m = θγ m + m θ γ −  

∑   . 

 

6. Conclusion  

In the study presented above, we demonstrate the recurrence relations for marginal and joint moment 
generating functions of GOS from a new class of Pareto distributions. These results generalize the 
corresponding results of Athar et al. (2012) for Pareto distribution. 
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