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Abstract. Non-destructive testing technology of a steel bar with crack are analyzed and discussed 
based on vibration characteristics method. The natural frequencies, mode shapes and modal curvature 
modal for crack of steel bar were analyzed using the method of finite element analysis. Thus it is 
concluded that the modal curvature mode can be better characterization of damage properties. In order 
to determine crack depth, the mathematical expressions between damage factor and crack depth are 
constructed through wavelet analysis of curvature mode. The results for the selection of dynamic 
damage identification index and non-destructive testing of member bar structures for engineering 
structure have engineering application value. 

Introduction 

Steel rod is widely used in bridges, buildings, hoisting machinery, aircraft structure and the 
structure of the sucker rod pumping unit. Because of its manufacturing, processing and the 
complexity of the work environment, it will make the new steel rods or steel bar in service to cause a 
certain degree of crack damage, the emergence and extensions of structural cracks is the first 
performance of structural damage[1]. Ultrasonic, electromagnetic, radiation, eddy current, heat 
methods to detect cracks are complex, detect using a long time, expensive high precision and signal 
extraction difficulty. Thus, the crack damage identification method based on vibration characteristics 
was put forward. The method will be able to reflect changes in structural damage amount as damage 
identification factor(damage sensitive indicators), determine the location and degree of structural 
damage by observing the changes in these factors. It has the advantages of non destructive, convenient, 
fast and cheap, extracting easily vibration signal at the same time. Because of advantages[2] that it can 
detect the structure of not be able to directly test location damage, it is widely used. The article used 
different depth of crack of steel bar as the research object, and got the vibration characteristic of the 
different crack location and degree using a mathematical model, which can be a way to detect cracks 
in the steel rod. Wavelet modulus maxima of curvature mode was used to characterize crack damage 
in this paper, and the relationship between damage factor and crack depth was established, then it can 
locate damage efficiently and determine crack depth.  

Establishment of the steel bar model 

Natural frequencies, vibration modal and curvature modal of structure were got with using the 
finite element analysis. The sensitive parameters to affect the crack damage were got by using analysis 
and comparison. The steel bars with different depth cracks were analyzed by finite element analysis 
software, the parameters of rod material are shown as followed ：Elastic modulus E=2.1e5MPa，
Poisson ratio ε=0.3，Density ρ=7.85e-6kg/mm3. The structural parameters of rod are that Diameter 
d=8mm，Length of the rod L=484mm.The depth of crack was expressed by depth-diameter ratio h/d, 
seven kinds of crack bar were analyzed. h/d=0,0.050,0.075,0.100,0.125,0.150,0.175. In the analysis, 
the rod body that was clamped on both ends was selected as the research object, each of the two sides 
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was fixed, its length was 32mm, the effective length of the rod l = 420mm. The rectangular notch that 
was at the left end 105mm of rod was simulated crack. Because the damage degree of rod was very 
small when the width of the crack changes [3], width values of the crack were 1mm in order to 
theoretical studies and sample processing. The model is shown in Fig.1.  

 

Vibration characteristics of steel bars with the crack  

Analysis of natural frequency. When structural damage occurs, it will affect the modal 
parameters of structure to change, such as mode shapes, frequencies and so on. Seven kinds of rods 
with different depth of crack damage were analyzed for the natural frequency, the frequency values of 
which were shown in Table 1, where "━" is vibration in the horizontal direction. "┻" is vibration in 
the vertical direction. 

Table1 Natural frequencies of bars with different damage degrees (Hz) 
h/d 1st(━)  1st(┻) 2nd(━) 2nd(┻) 3rd(━) 3rd(┻) 
0.000     199.67 203.54 549.86 559.89 1074.3 1094.5 
0.050    199.67 203.54 549.41 559.78 1074.1 1094.2 
0.075    199.60 203.38 549.31 559.63 1073.5 1093.9 
0.100    199.62 203.53 549.20 559.27 1073.1 1092.0 
0.125    199.18 203.50 549.06 559.14 1073.8 1092.9 
0.150    199.38 203.38 549.40 558.78 1073.3 1092.2 
0.175    199.29 203.46 549.37 557.35 1073.4 1091.3 

When small cracks appear in the rod, the natural frequency of the rod is slightly lower (as shown in 
Table 1). The result indicates that the change of frequency can identify the presence of damage, but it 
cannot identify the specific location of the damage. Table 1 shows that there is no correlation between 
the change of frequency and the change in depth of the crack. Therefore, the frequency cannot be used 
as the sensitive indicator that identifies the location and extent of damage. 

Vibration mode analysis. Figs.2-4 show modal shapes from 1st to 3rd order of the rod with h / d = 
0.125 depth crack. The vibration modal shapes are very smooth, which can't be effectively reflected 
the presence of crack damage, so modal shape theoretical analysis is not sensitive to damage caused 
by small cracks. 

  
 

Fig.2 the first order modal 
shape  

Fig.3 the second order modal 
shape 

Fig.4 the third order modal 
shape 

   
 Curvature mode shapes analysis. As theoretical knowledge of material mechanics is known[4], 

when the structure under load can bend. Bending curvature of the structure can be expressed as:  
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Where ρ(x,t) is curvature radius when the medial axis of structure is bended , 1/ρ(x,t) is curvature, 
M(x,t) is the moment of structure and EI(x) is the flexural rigidity of structure. When there is damage 
in the local structure, the local flexural rigidity of damage location will fall, which can increase the 
curvature of the location and the value of curvature function at the damage location, therefore the 
change of curvature can identify structural damage [5]. 

In the actual analysis, the curvature mode shapes of engineering structures are difficult to measure 
directly, which often uses the second-order central difference method to approximatively calculate the 
curvature mode shapes of engineering structures [6]. Curvature mode can be approximatively 
expressed as： 
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 Where 

ikφ is the amplitude of i-order vibration mode, k is the number of measure point  in the 
experiment and λ is the distance between two adjacent points . 
    Therefore, in order to get the curvature mode of structure in the project, the modal of the structure 
can be got by modal analysis, and then the curvature mode shape of the structure can be got by 
Formula (2). 
    The modal mode shape of 2.2 is done curvature mode shape analysis, the diagram of curvature the 
mode shape can be got. Compared to Figs.2-4，Figs.5-7 appear obvious mutations with crack, and 
mutations are in exactly corresponding to the crack damage location. Therefore, the curvature modal 
shape is very sensitive to small crack damage of rods body, it can be initially used as a parameter 
indicators to measure crack damage. Considering noise and other factors interference in the modal 
experiment, higher order mode shape is not easy to measure or whose error is relatively large, so the 
second-order curvature mode shapes are selected as an indicator. 

   
Fig.5 the first curvature mode 

shapes 
Fig.6 the second curvature 

mode shapes 
Fig.7 the third curvature 

mode shapes 

Crack damage determination based on wavelet modulus maxima  

To further ascertain crack location and quantify crack damage, wavelet multi-scale analysis is 
conducted on the injury information contained in the second-order curvature modal shape above, 
wavelet coefficient figure can be got. Now taking the steel bar contained a crack whose h/d is 0.125 
for example, as shown in Fig.8. 

The point A is the wavelet modulus maximum in Fig. 8, and the point A  which is at the position of 
105mm, exactly matches with the preset crack location, so the position of single crack damage in steel 
bar can be accurately achieved through wavelet modulus maximum points in wavelet coefficient 
figure. 
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Fig. 8 The fifth scale wavelet coefficients figure 

After the curvature modal wavelet analysis for steel bars with different depth cracks, multi-scale 
wavelet analysis is conducted as well, the wavelet modulus maxima of the point A we got are as 
shown in Table 2.   
Table 2 the wavelet transform modulus maxima of 1 to 5 scale for different depth cracks│W s f(x)│ 

h/d 
scale 0.005 0.075 0.100 0.125 0.150 0.175 

1 9.497e-5 2.215e-4 4.544 e-4 7.031e-4 1.225 e-3 1.388e-3 
2 3.139e-4 5.976e-4 1.072 e-3 1.654e-3 2.796 e-3 3.264 e-3 
3 8.776e-4 1.702e-3 2.937 e-3 4.558e-3 7.174 e-3 8.937 e-3 
4 1.509e-3 2.973e-3 5.089 e-3 7.917e-3 1.186 e-2 1.533 e-2 
5 1.793e-3 3.631e-3 6.262 e-3 9.72e-3 1.430 e-2 1.875 e-2 

As shown from the literature [8] we know the 
formula 2 s 2 2log W f(x) = log A+(a+1/2) log s ,  Lipschitz index a  of function f(t) at 0x point is the 

maximum slope subtract 1/2, and the maximum slope is obtained when 2 slog W f(x) as the function 
of 2 log s  along the maximum curve converging to 0x  point. Therefore, we obtain the  Lipschitz  index a 
value for different crack depth as shown in Table 3. 

Table3  Lipschitz index a value for different crack depth 
Damage h/d 0.050 0.075 0.100 0.125 0.150 0.175 

 Lipschitz  a 1.4186 1.3337 1.2351 1.2266 1.2034 1.1770 
As shown from Table 3, when the damage level h/d is smaller, the crack depth is smaller, the value 

of  Lipschitz index a is larger, on the contrary, when h/d is larger, a is smaller, which is consistent 
with the view raised by JC Hong[9], their fitting curve is shown in Fig.9. 

 
Fig. 9 The relationship graph between the  Lipschitz  value and crack depth of the steel bar 

h/d = 0.1 is the boundary of fitting equation in Fig.9 since the h/d of cracks studied in this paper is 
between 0.005 and 0.175, it is divided into two parts:  

When 0.005≤h/d≤0.100,fitting equation is -3.47 1.59271y = x+ , fitting coefficient of 
determination =0.99981R  the equation is valid; 
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When 0.100≤h/d≤0.175,fitting equation is - 0.91 1.33812y = x + , fitting coefficient of 
determination =0.99402R  the equation is valid; 

Which  x=h/d, y is the corresponding value of  Lipschitz . 

Conclusion 

The modal parameters of frequency, mode shapes, modal shape and so on are obtained by the 
modal analysis calculation of steel bar. By sensitivity analysis, the curvature mode has obvious 
characterization to detect damage. Choosing Lipschitz value as the crack damage indicator, the greater 
the crack depth is, the smaller the Lipschitz value is, constructing the mathematical model of depth to 
diameter ratio of cracks and Lipschitz , and it can well positioning and quantify crack in steel bars. 
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