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Abstract. For complex, high-order processes with time-delay, this paper proposes a model 
reduction method based on a numerical optimization algorithm, and design combined integrating 
controller based on the reduced model, the controller is applied to the original model can get a good 
control effect. Model reduction method makes high order processes with a time - delay 
approximation for the first order delay object or second order delay object, through step response 
and Bode chart compares, the curve of the reduced model can approximate the original curve model. 
Combined integrating control is based on the model of the controller, has a good control effect on 
processes with time-delay, model reduction algorithm makes the combined integrating controller 
good application to complex higher- order processes with time-delay, and its structure is simple, 
less tunable characteristics. 

1. Introduction 
In the actual process of industrial objects, the controlled objects are mostly high order system 

with time-delay, which often did not achieve very good results; the control of such systems has 
always been studied by scholar industrial hotspots. For complex, high order systems with 
time-delay, General designed with two control methods: model order reduction and direct design 
controllers, but the latter method of controller structure is complex, and various parameters, 
implemented in the actual difficulties. The model order reduction made approximate low-order 
objects, structure design of the controller will be a lot of simplified. 

This paper presents an optimal model reduction algorithms for high order system with time-delay, 
the first high order system with time-delay are approximated into higher-order model without 
time-delay by Padé approximation algorithm, through numerical optimization model reduction into 
the first order delay object or second order delay object [1], so that designers can replace the original 
model with a reduced-order model to design controller, then the controller used in the original 
model. The controller used in this paper is a combined integral controller, the combination integral 
controller to control the low-order time- delay without overshoot, quick response, simple structure, 
less adjustable parameters. 

2. The frequency domain optimal model order reduction algorithm 
In a high order system with time delay controller design and analysis, the model reduction first in 

1966 by Edward Davison [2], after decades of development, a variety of reduced-order algorithm, 
mainly by the Padé [3] and Routh [4] algorithm. Padé algorithm widely used in time domain and 
frequency domain, Padé algorithm thoughts reserved former vector are + k + 1 time, but it cannot 
guarantee the stability of the reduced-order model and Routh algorithm, greatest feature is stable 
after reduction of the system to ensure its stability reduced-order model, But the effect is not very 
ideal fitting. 
2.1 Reduced order model 

The original model for the high order system time-delay is 
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Padé algorithm high order approximation model 
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According to the error signal e (t) to define 2

0
( )ISEJ e t dt

∞
= ∫ , this is defined as the objective 

function, to minimize, to get the optimal reduced order model. 

 
Fig. 1 Model order reduction 

The low order delay model is obtained by the numerical optimization algorithm 
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Reduced order error signal Laplace transforms expression 
 '

rrE G G(s)=[ (s)- (s)]R(s) （4）
 2.2 Rule of error signal 

R(s) is the Laplace transform of the input signal, the high order process Gr(s) and reduction 
process Gr'(s) of error is E(s), define a new error signal h (t) = w (t) e (t), then define a new rule of 
ISE. 
 2 2 2 2

0 0
h ( ) w ( ) ( )h t dt t e t dtσ

∞ ∞
= =∫ ∫  （5） 

For a given input signal and [ ]1 2 m 1 2 1= , , , , , , ,rθ ααα   β β β τ+   can define a reduced order 
model’s error signal e (t, θ), the error signal into θ functions, so that we can define an optimal 
objective function of the reduced order 
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This method is based on the same input signal, original models and reduced order model error 

variances weighted integral to a minimum, this method by numerical optimization algorithms to 
calculate. 

3. Combination of integral control algorithm 
In practical projects in the industry, through the output data modeling process and mechanism 

analysis of a transfer function is [5]: 
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This type of transfer function is a superposition of multiple time-delay integration objects, and 

has a (1 )se τ−− link; we call it a combined integrating system. Such transfer function has not left the 
plane of the pole, but also has not left the plane of zero; Look for the characteristic, this kind of 
object has both integral characteristics, but also has a non-minimum phase property. Combined 
integrating object in essence is a kind of open-loop stable system; combination integral controller is 
presented based on the characteristic. 

The combination of the integrated control algorithm is developed on the basis of model 
predictive control, an advanced control algorithm. Designed controller based on the object model 
and the desired combination integral function, so this type of controller design only needs to know 
that the object model to design the controller. 
3.1 Algorithm theory 

General negative feedback control system is shown in Figure 2: 

 
Fig. 2 Negative feedback control system 

Combination of the integral control algorithm is designed based on the object model, by the 
object model and the desired closed-loop transfer function to get the controller. Assuming that the 
desired closed loop transfer function of a combination of integral object. 
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Because the combination of integral nature is open-loop stable, its dynamic response curve rise 
process does not produce overshoot, is very important to the stability of the system. Algorithm 
including one variable parameter τ1, τ1 is smaller, the faster the system response speed, in the 
actual control system, generally the τ1 approximation for the system of delay time τ2. 
3.2 Reduced-order model combination integral controller 

For high order systems with time-delay model order reduction is simplified to a first order delay 
object model, can reflect the dynamic characteristics, the first order delay object model transfer 
function is[6]: 
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A high order system with time-delay order model reduction to get a first order delay object 
model (14), the controller is designed according to this model. Assuming that the desired 
closed-loop transfer function is: 
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τ1 as adjustable parameters, τ1 is smaller, faster the closed loop system response, conversely the 
more slowly. 

That controller transfer function 
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For high order of oscillation process and non-minimum phase link, order model reduction to get 
the second order delay object model to reflect the dynamic characteristics, the second order delay 
object model transfer function is: 
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Assuming the desired closed-loop transfer function is 
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τ1 meaning again, namely the transfer function of controller 
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4. The simulation research 
Consider the oscillation of higher-order systems with time delay 
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First by the Padé approximation method to get higher order model (21), then by numerical 
optimal model order reduction to get a standard second order time delay model (22). 
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Step response for reduced order model and the original model and their Bode diagram as shown in 
figure 3 and 4, as can be seen from the step response diagram Padé approximation of the high order 
model to better approximate the original model, higher order model reduced by numerical 
optimization model approximate to the low order delay model can also be a good approximation to 
the original model, the order of the model is reduced greatly, and the degree of approximation to 
conform to the requirements of the system. In the Bode diagram can be seen in the low frequency 
curve fitting degree is high, in the high frequency appears difference is very big, but the unit is the 
dB, so in the high frequency is not different. Based on the reduced order model (22) design 
combined integrating controller, according to the type (19) to evaluate the controller transfer 
function, by adjusting the adjustable parameter τ1 to adjust the system response speed. Then the 
controller applied to the original system as in Figure 5, it can be seen that Based on reduced order 
model design combined integrating controller fully adapted to the original model, and at t = 40s to 
join the unit step disturbance, its control effect is still good. 

  
Fig. 3 Comparisons of step response curve          Fig. 4 Comparisons of Bode diagram 
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Fig. 5 Comparisons of combined integrating control 

Considering non-minimum phase high order with time-delay model 
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First by the Padé approximation method to get higher order model (24), then by numerical 
optimal model order reduction, reduced to the second order ahead of time-delay model (25). 
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Step response for reduced order model and the original model and their Bode diagram as shown 

in figure 6 and 7, as can be seen from the step response diagram Padé approximation of the high 
order model and numerical optimization model in the early stages are error approximation of the 
original model, at the start of the original model and Padé approximation of high-order model have 
oscillation, and numerical optimization model order reduction ignored the approximation of the 
initial stage, but after 2s basically is a good way to close to the original model. In the Bode diagram 
can be seen in the low frequency curve fitting degree is high. Based on the reduced order model (25) 
design combined integrating controller, according to the type (19) to evaluate the controller transfer 
function, by adjusting the adjustable parameter τ1 to adjust the system response speed. Then the 
controller applied to the original system as in Figure 8, it can be seen that Based on reduced order 
model design combined integrating controller fully adapted to the original model, and at t = 40s to 
join the unit step disturbance, its control effect is still good. 

      
Fig. 6 Comparisons of step response curve      Fig. 7 Comparisons of Bode diagram 
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Fig. 8 Comparisons of combined integrating control 

Above by simulation of high order system with time-delay object, especially for high order 
oscillations and high order non-minimum phase objects by Padé approximation for the high order 
model, then by numerical optimal model order reduction to get a standard, low order time-delay 
model, from step response curve and the Bode diagram, its high fitting accuracy, so based on the 
reduced order model design combined integrating controller fully applied to the original model can 
get almost the same effect. 

5. Summary 
For high order systems with time-delay, this paper presents a model order reduction algorithm 

based on the Padé algorithm and numerical optimization combination of integral control. First of all, 
the original model using the Padé approximation method to get high order model, then by numerical 
optimal model order reduction reduced to the low order time-delay model, the reduced order model 
overcame the Padé approximation of instability and poor fit of the reduced order of Routh; 
Secondly, the combination of integral control come from industrial real object, using its open loop 
stable quality, successfully applied to other complex industrial object, simple structure, less 
adjustable parameters, easy implementation, the simulation shows the feasibility and effectiveness 
of this algorithm. 
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