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Abstract. In order to reduce the computation time and increase the convergence rate of absolute 
nodal coordinate formulation (ANCF), this paper gives a new local mesh refine method that can 
densify the mesh locally according to the degree of stress concentration. The mesh is divided into 
two kinds after comparing the maximum of the stress at each nodes with the average stress of the 
total fine mesh. The density of the new mesh is decided by the degree of stress concentration. The 
example that a rectangle plate fixed at four corner nodes with concentrate force applied at the center 
of the plate is simulated by fully parameterized ANCF plate element is given to verify our method. 

Introduction 
ANCF method uses absolute positions and gradients as nodal coordinates, which leads to a 

constant mass matrix and zero centrifugal and Coriolis forces [1], and allows for the use of general 
constitutive models in beam, plate, and shell elements. ANCF has been studied widely in the 
problems of large-rotation, large-deformation and the dynamic coupling between the rigid-body 
motion and the elastic deformation [2]. However, ANCF has more degrees of freedom than 
traditional FEM with the same element number, so the dynamics simulation based on ANCF will 
need more computation time. What’s more, in order to get a convergent solution [3], fine mesh is 
need in the simulation of ANCF, and it will also increase the workload of computation.  

In order to reduce the workload of ANCF simulation’s computation and improve the simulation’s 
accuracy, this paper gives a local mesh refine method, which is realized by densifying the area of 
stress concentration after comparing the maximum of every nodes’ stress with the average stress of 
the fine mesh. An example with ANCF fully parameterized plate element is given to demonstrate 
the effectiveness of our method.  

Absolute nodal coordinate formulation (ANCF) 
In ANCF, the displacement field can be described as r(x, t)=S(x)e(t), where r is the global 

position vector of arbitrary point in the element, 1 2 3[ ]x x x=x is the local coordinates defined in 
the element coordinate system, e is vector of the element nodal coordinates that consists of global 
position vector and gradient vector [4]; As the plate element [5] shown in Fig.1, the coordinate 
vector of plate element’s node is defined as: 

1 2 3 4[ ]T=e e e e e                                                           (1) 

Where i=1,2,3,4, and 1 2 3( / ) ( / ) ( / )=（ ）
Ti i T i T i T ix x x ∂ ∂ ∂ e r r r r   

S is the element shape function matrix and can be written as  
[ ]1 2 3 16...= S S S SS I I I I                                                        (2) 

Where S1, S2，…, S16 can be found in the work of Langerholc M [5]. 
The Lagrange strain tensor can be defined as ( ) / 2T= −ε J J I  [6], the position vector gradient 

matrix J is written as follows: 
/= ∂ ∂J r x                                                                    (3) 
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For the elastic material, the second Piola-Kirchhoff stress can be calculated by generalized 
Hooke law as follows [7]: 

:=σ E ε                                                                     (4) 
Whereσ and ε is the second-order stress tensor and strain tensor respectively, E is the four-order 

elastic coefficient. 
    

 
Fig.1. A fully parameterized ANCF plate element       Fig.2. Refined region’s searching process 

Local mesh refine method 
In this section the detailed steps of the local mesh refine method is introduced. Firstly, the 

characteristic of stress distribution is analyzed on a relatively fine mesh and stress concentration 
regions are searched in the mesh. A new mesh is generated with refinement in the concentration 
regions and smooth transition between different concentration regions. The degree of stress 
concentration directly determines density of nodes since there is a positive correlation between 
them [8]. 

The searching of refinement region. 
The refinement process is mainly divided into three steps: (1) appropriately dividing the model 

into a uniform mesh; (2) calculating second Piola-Kirchhoff stress iσ of each node in the mesh; (3) 
determining where the mesh should be densified according to the local stress distribution 
characteristic. 

The maximum of absolute value of the component of node i stress iσ of is denoted as m
iσ . 

1 2 3max( , , )m m m m
i i i iσ σ σ σ=                                                                (5) 

Where 1 2 3, ,m m m
i i iσ σ σ represent three components of second Piola-Kirchhoff stress of node i. 

σ represents the average value of m
iσ at all nodes, which can be calculated as 

1

=

n

i 0

m
in

σ = σ∑                                                                           (6) 

Where n represents the total number of nodes in the mesh. 
As the Figure 2 shown, detailed steps of refined region’s searching process: 
Step 1：Calculating m

iσ andσ  according to Equation (5) (6); 

Step 2：Comparing m
iσ withσ in the given mesh direction; If m

iσ ≤σ ，processing the next node in 

turn ; If m
iσ >σ , go to the Step 3; 
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Step 3: The node which satisfies m
iσ >σ is set as the center of sphere whose radius is r0, and 

searching all the nodes inside the sphere; 
Step 4: Comparing m

jσ of all nodes inside the sphere with m
iσ of center node, if center node m

iσ is 

greater than m
jσ of all other nodes; the region, where the node is the center, will be refined; 

otherwise processing the next node according to Step 2.  
Where the size of r0 and refined region is determined according to the value of /m

iσ σ , there is 
a positive correlation between them. 

The distribution and connection of nodes. 
The transition of mesh size of the refinement region and the non-refinement region should be 

smooth and uniform [9]. So the distribution of nodes between the refinement region and the 
non-refinement should have a smooth transition effect [10]. The method of arrangement is as 
follow: 

(1)As the Figure 3 shown, nodes arrangement of plane model can be controlled by means of 
geometric progression；First of all, one should determine the length ln of the refined region element, 
the length l0 of non-refinement region element and the length L of transition region. The 
arrangement of nodes can be obtained by the following formula: 

0

0( ) / (1 )

         
n

n

n

l l q

L l l q q

=

= − −





                                                               (7) 

Where q is ratio coefficient of transition, n is element number of transition region.  

 
Fig.3. Transition in linear geometry 

(2) As the Figure 4 shown, nodes arrangement of circular mesh can be controlled by the central 
angle. At the same time, the refined region and remained region should transit smoothly. The value 
of central angles can be expressed as follows: 

0

0( ) / (1 )

          
n

n

n

q

q q

α α

α α α

=

= − −





                                                             (8) 

Where nα is central angle of the refined element, 0α is the central angle of the non-refined 
element, α is the central angle of the transition region, q is ratio coefficient of transition、n is the 
element number in the transition region。 

 
Fig.4. Transition in circular geometry 
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Example 
This section gives an example of a flat plate described by fully parameterized ANCF plate 

element to verify our method’s effectiveness. 

      
   Fig.5. Initial mesh       Fig.6. The stress nephogram     Fig.7. Mesh of local refinement 

The initial mesh of the plate is shown in Figure 5. The size of the plate is 1m×1m and the 
thickness of the plate is 0.05m. The plate’s density is 2000kg/m3, its Young's modulus is 0.2MPa 
and its Poisson ratio is set as 0. The plate is fixed at four corner nodes labeled as a, b, c, d, and a 
concentrated force perpendicular to the plate is applied at the plate’s center e. The plate is described 
by fully parameterized ANCF plate element. The simulation time is 0.5s. 

The stress nephogram of the plate’s neutral surface at 0.1s is shown in Figure 6. After calculating 
the stresses of the mesh nodes, the stress concentration regions are located according to the local 
mesh refine method narrating in the third section, and the new mesh is generated as shown in Figure 
7. 

 
(a) Displacement of node 1               (b) Displacement of node 2 

 
                               (c) Displacement of node 3 

Fig .8. Displacement of node 
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As Figure 7 shown, the displacements of 3 points from new Non-uniform mesh and the uniform 
mesh with the same numbers of nodes are calculated and compared with the results in the same 
points from the fine mesh which should have relatively more accurate result and are looked as an 
approximate exact solution [11] 

Figure 8 shows the displacement time history curves of the three points in non-uniform 
distribution mesh, uniform distribution mesh and fine mesh. It can be seen clearly that the 
displacements of points in non-uniform mesh are more close to the fine mesh’s corresponding 
displacements. The analysis results can prove that this method can improve the accuracy of ANCF 
dynamics simulation. When the same simulation accuracy can be achieved, the computational 
efficiency can be improved because of less elements and less degrees of freedom. 

Conclusion 
The paper proposes a local mesh refine method and is realized on fully parameterized ANCF 

plate element, which can densify the mesh locally according to the degree of stress concentration 
and this method has the advantage of reducing the simulation time and increasing the convergence 
rate of ANCF. The concentrate stress nodes are searching by comparing the stress with their 
neighbor nodes. The example of a rectangle plate fixed at four corner nodes with a concentrate force 
applied at the center is given to verify our method, and the simulation results show that this method 
can get higher accuracy compared with mesh of uniform mesh with the same number of elements. 
The next step of our research is to make this method more general that it can be used into more 
complex mesh. 
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