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Abstract. It is well known that to construct the generating polynomials of higher power residue codes 

over finite fields is difficult. This paper gives explicit expressions of generating idempotents of quintic 

residue codes over the binary field. Using the result obtained, one can construct the generating 

polynomials of quintic residue codes over the binary field by computing the greatest common divisors 

of these generating idempotents and the polynomial 1nx   with computer software such as Matlab and 

Maple. 

Introduction 

In many digital applications like computer memory, data storage media, satellite and deep space 

communications, error coding is used. Prange introduced the class of quadratic residue codes in 1958 

[1]. It is a nice family of cyclic codes that has approximately 1/2 code rates, tends to have high 

minimum distance and includes some Hamming codes and Golay codes. Idempotents of quadratic 

residue codes were discussed in Chapter 16 of [2].Decoding algorithms for quadratic residue codes 

were still interesting [3]. There are various generalizations of quadratic residue codes. Charters [4] 

provided a generalization of binary quadratic residue codes to the cases of higher power prime 

residues over the finite field of the same order. Higher power residue codes and forms of generating 

polynomials of these codes were proposed in [5-9].Generating polynomials of higher power residue 

codes are factors of 1nx  . Generally speaking, it is difficult to factor the polynomial 1nx   over finite 

fields. In [7-8], generating idempotents of cubic and quartic residue codes over the fields 2F  and 3F  

were given. In [9], generating idempotents of cubic residue codes over the field 4F  were given. This 

paper gives generating idempotents of quintic residue codes over the binary field 2F . Thus, the 

generating polynomials of quintic residue codes over the binary field can be obtained by computing the 

greatest common divisors of these generating idempotents and the polynomial 1nx   with computer 

software such as Matlab. The rest of this paper is organized as follows. In Section 2 we give some 

preliminaries. Generating idempotents of quintic residue codes over the binary field are given in 

Section 3. Finally, summary is given in Section 4. 

Preliminaries 

Definition 1.If there exists an integer x  such that  5 modx a p , where a Z and ( , ) 1a p   ,then a  

is called a quintic residue modulo p . 

In the following we assume that p  is an odd prime and   is a primitive element of the finite 

field pF . Let  ZkFR P
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Lemma 1.      0 11 1p

tx x g x g x    and       2
j

j j
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for 0,1,2, , 1j t  . 

Definition 2. [7] The t -th residue codes 1010 ,,,,,  tt CCCC   are cyclic codes of 

 2 / ( 1)pF x x   with generator polynomials            xgxxgxxgxg tt 1010 1,,1,,,     

respectively.  

Definition 3 .[10,p.132] An element      2 1pe x F x x   satisfying     
2

mod 1pe x e x x   is 

called an idempotent. Each cyclic code contains a unique idempotent which generates the ideal. This 

idempotent is called the generating idempotent of the cyclic code. 

Definition 4.[10, p.138] Let a  be an integer such that ( , ) 1a n  . The function
a  defined on 

{0,1, , 1}n   by    modai ia n   is a permutation of the coordinate positions {0,1, , 1}n  of a 

cyclic code of length n   and is called a multiplier. a  acts on ([ 1)] / n

pF x x   by 

    (mo ) 1da

nf x f xa x   , where   [ ] / ( 1).n

pf x F x x   

 Lemma 2.[10, p.139] Let C  be a cyclic code of length n  over the finite field qF  with generating 

idempotent  e x . Let a  be an integer such that ( , ) 1a n  . Then  e x a  is the generating idempotent 

of the cyclic code aC . 

Lemma 3.[7] 10 ,, tCC  are pairwise equivalent and 10 ,, tCC   are pairwise equivalent. 
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Lemma 5. [7] Let ( )E x  be the generating idempotent of a t -th residue code  C . Then 
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  , where 1 20 1, , , , ta a a a F  . 

Lemma 6. If 0 ( )E x  is the generating idempotent of the quintic residue code 0C , then 

 0 0( )E x E x  
1

0

p
i

i

x




  is the generating idempotent of 0C . 

Proof. The proof is similar to that of Lemma 9 in [7]. 

Lemma 7.If  0E x and 0 ( )E x  are respectively the generating idempotents of the t -th residue 

codes 0C  and 0C , and 
1

1

tk t

td R  

   , then 

1.            0 1 1 2 2 1, , ,d d t d tE x E x E x E x E x E x       are respectively  the  generating 

idempotents of the t -th residue  codes 1 1, , tC C   . 

2.    0 1 1 2 2 1( ) ( ), ( ) ( ), ,d d t d tE x E x E x E x E x E x       are respectively  the  generating 

idempotents of the  t -th residue  codes 1 1, , tC C   .  

Proof. The proof is similar to that of Lemma 10 in [7]. 

Generating Idempotents of the Quintic Residue Codes 

Theorem 1.Let  5| 1p and 2 be a quintic residue modulo p .Let 

4321043210 ,,,,,,,,, CCCCCCCCCC  

Be quintic residue codes. Then: 
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1) The set of generating idempotents of the quintic residue codes 43210 ,,,, CCCCC is 

         xexexexexe 43210 1,1,1,1,1   or       ,1 310 xexexe       ,1 421 xexexe   

     ,1 320 xexexe       ,1 431 xexexe       xexexe 4201  or 

      ,1 210 xexexe   

     ,1 321 xexexe       ,1 432 xexexe       ,1 430 xexexe       xexexe 4101  . 

2) The set of generating idempotents of the quintic residue codes 433210 ,,,,, CCCCCC is 

        ,4321 xexexexe         xexexexe 4320  ,        xexexexe 4310  , 

       xexexexe 4210  ,        xexexexe 3210  or     ,42 xexe     xexe 30  , 

   xexe 41  ,    xexe 20  ,    xexe 31   

or     ,43 xexe     xexe 40  ,    xexe 10  ,    xexe 21  ,    xexe 32  . 

Proof.Since ( 1) / 5p   is even, we have ( 1) / 5 0p   over the binary field 
2F .By lemma 5 let 
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  it follows that 
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 .Let  be a primitive p -th root of unity in 
2mF as before. Note that each  xei  

is an  idempotent.Thus,we have   0ie or 1 and 

         0 1 2 3 4 1.e e e e e         Thus the number of 1 

among  0e ,  1e ,  2e ,  3e ,  4e  is  odd. We have to consider three cases. 

Case 1:           143210   eeeee . 

Since     
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ii aeaE  , the number of 1 among 43210 ,,,, aaaaa is even.If 

jiaa ji  ,1 ,and the others 0ka  ,where  , , 0,1,2,3,4i j k ,then       0 .i jE x e x e x   
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      ,a contradiction, where the 

subscript is the smallest nonnegative residue modulo 5. If 1i j k la a a a     and the other 

0,ha  where    , , , , 0,1,2,3,4i j k l h  ,then           0 i j k lE x e x e x e x e x    , 1

15 Rb k    
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1 1 1 1 1 0b

i j k l
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          ,a 

contradiction. Thus, Case 1 is impossible. 

Case 2: One of  0e ,  1e ,  2e ,  3e ,  4e  is 1,the others are 0. 

Let                  1 mod5 2 mod5 3 mod5 4 mod5
1, 0,0 4i i i i i

e e e e e i    
   

       , where the 

subscript is the smallest nonnegative residue modulo 5. Since   iaE  00 , 1

15 Rb k    

   5mod401  i

b aE  , 2

25 Rc k      5mod301  i

c aE  , 3

35 Rd k    

   5mod201  i

d aE  , 4

45 Re k      5mod101  i

e aE  ,we have 0,ia 
   1 mod5 2 mod5i i

a a
 

  

   3 mod5 4 mod5
1

i i
a a

 
   .Therefore 

                 0 1 mod5 2 mod5 3 mod5 4 mod5
.

i i i i
E x e x e x e x e x

   
     

By lemma 6 we get that the generating idempotent of the quintic residue code  0C  is 

   xexE i10 . By lemma 7,the set of generating idempotents of the quintic residue codes 

43210 ,,,, CCCCC  is          xexexexexe 43210 1,1,1,1,1  , the set of generating idempotents of 
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0 1 2 3, , , ,C C C C  3 4,C C  is 

        ,4321 xexexexe      xexe 20    ,43 xexe         xexexexe 4310  , 

       xexexexe 4210  ,        xexexexe 3210  . 

Case 3: Three of  0e ,  1e ,  2e ,  3e ,  4e  are 1,and the other two are 0. 

○1Let               40,1,0 5mod45mod35mod25mod1   ieeeee iiiii  .Then 

       5mod45mod35mod200   iii aaaE  , 1

15 Rb k        0 1 mod5 2 mod5
1 b

i i
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By solving system of linear equations in 5 unknowns 
         mod5 1 mod5 2 mod5 3 mod5 4 mod5
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0, 1i i i i i
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  . 

By lemma 6 we get that the generating idempotent of the quintic residue code 0C  is 

         xexexexE iii 4mod35mod10 1   . By lemma 7,the set of generating idempotents of the 

quintic residue codes 43210 ,,,, CCCCC is       ,1 310 xexexe       1 2 41 ,e x e x e x    

     ,1 320 xexexe       ,1 431 xexexe       xexexe 4201  and the set of generating 

idempotents of 433210 ,,,,, CCCCCC  is 

    ,42 xexe     xexe 30  ,    xexe 41  ,    xexe 20  ,    xexe 31  . 

○2 Let               40,1,0 5mod45mod35mod15mod2   ieeeee iiiii  . Then 

       5mod45mod35mod100   iii aaaE  , 1
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1 b

i i
E a a


     

 3 mod5i
a


, 2

25 Rc k          5mod45mod25mod101   iii

c aaaE  , 3

35 Rd k    

       5mod35mod15mod01   iii

d aaaE  , 4

45 Re k  

       0 mod5 2 mod5 4 mod5
1 .e

i i i
E a a a

 
     

By solving system of linear equations in 5 unknowns
         mod5 1 mod5 2 mod5 3 mod5 4 mod5
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we get 
       1 mod5 2 mod5 3 mod5 4 mod5

0, 1i i i i i
a a a a a

   
     ,and          0 3 mod5 4 mod5i i

E x e x e x
 

  . 

By lemma 6 we get that the generating idempotent of the quintic residue code 0C is 

         xexexexE iii 4mod25mod10 1   .By lemma 7,the set of generating idempotents of the 

quintic residue codes 43210 ,,,, CCCCC is       ,1 210 xexexe     xexe 211   ,3 xe  

     ,1 432 xexexe       ,1 430 xexexe       xexexe 4101  ,the set of generating 

idempotents of 433210 ,,,,, CCCCCC  is 

    ,43 xexe     xexe 40  ,    xexe 10  ,    xexe 21  ,    xexe 32  . 

③Let                  3 mod5 1 mod5 2 mod5 4 mod5
0, 1,0 4i i i i i

e e e e e i    
   

       .Then 

       0 1 mod5 2 mod5 4 mod5
0
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    . 

By solving system of linear equations in 5 unknowns
         mod5 1 mod5 2 mod5 3 mod5 4 mod5

, , , ,
i i i i i

a a a a a
   

we 

get 
       3 mod5 4 mod5 1 mod5 2 mod5

0, 1i i i i i
a a a a a

   
     .Thus          0 1 mod5 2 mod5i i

E x e x e x
 

  . By 

lemma 7,the set of generating idempotents of the quintic residue codes 43210 ,,,, CCCCC  is 
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      ,1 210 xexexe     xexe 211   ,3 xe      ,1 432 xexexe       ,1 430 xexexe 

     xexexe 4101  ,the set of generating idempotents of 433210 ,,,,, CCCCCC  is 

    ,43 xexe     xexe 40  ,    xexe 10  ,    xexe 21  ,    xexe 32  . 

④Let                  4 mod5 1 mod5 2 mod5 3 mod5
0, 1,0 4i i i i i

e e e e e i    
   

       .Then 

       0 1 mod5 2 mod5 3 mod5
0

i i i
E a a a

  
    , 1

15 Rb k        0 mod5 1 mod5
1 b

i i
E a a


     

 2 mod5i
a


, 2

25 Rc k          0 mod5 1 mod5 4 mod5
1 c

i i i
E a a a

 
    , 3

35 Rd k    01 dE   

     mod5 3 mod5 4 mod5i i i
a a a

 
   , 4

45 Re k          0 2 mod5 3 mod5 4 mod5
1 e

i i i
E a a a

  
    .By 

solving system of linear equations in 5 unknowns
         mod5 1 mod5 2 mod5 3 mod5 4 mod5

, , , ,
i i i i i

a a a a a
   

 we get 

       2 mod5 4 mod5 1 mod5 3 mod5
0, 1i i i i i

a a a a a
   

     ,          0 3 mod5 1 mod5i i
E x e x e x

 
  .By lemma 

7,the set of generating idempotents of the quintic residue codes 43210 ,,,, CCCCC  is 

      ,1 310 xexexe     xexe 211   ,4 xe      ,1 320 xexexe       ,1 431 xexexe 

     xexexe 4201  ,and the set of generating idempotents of 433210 ,,,,, CCCCCC  is 

    ,42 xexe     xexe 30  ,    xexe 41  ,    xexe 20  ,    xexe 31  . 

Summary 

This paper gives generating idempotents of quintic residue codes over the binary field. The generating 

polynomials of quintic residue codes over the binary field   can be obtained by computing the greatest 

common divisors of these generating idempotents and the polynomial 1nx   with computer software 

such as Matlab and Maple.  
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