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Abstract. This paper proposes a new three-dimensional heat conduction model, which is based on 
the basic method for solving the one-dimensional heat conduction equation and the finite volume 

method to solve two-dimensional heat conduction equation, integrating the basic fact of 

three-dimensional heat conduction. Also, we presented the solving method of the new modle. The 

feasibility of this method is proved by the method of graphic display, which is based on the PDE 

toolbox in MATLAB. 

Introduction 

First of all, we analyzed a series of thermal infrared Fig. 1 [1], which illustrate adding hot water to 

warm water. In this set of images, we can see clearly when we pour into hot water along the wall of 

the cup, heat will first be conducted along the wall of the cup. After it arrives at the bottom of the 

cup, the transmission along the bottom plane. When the bottom heat reaches a certain value, the 

heat from the bottom of the cup will slowly upward, and the heat of water injection point will begin 

to carry out the two-dimensional heat conduction on the water surface at the same time. At last, the 

heat from the bottom of the cup continues conducting upward, while the heat on the surface of the 

water is conducted down, and then the whole glass of water tends to be a heat balance gradually. 

 

Figure 1.  A series of thermal infrared images 

 

The right upper corner of the picture with a high rate of exposure is a cup of hot water. The 

middle of the picture is a cup of cold water, and the hot water is poured into the cold water slowly. 
a. The right upper corner of the picture with a high rate of exposure is a cup of hot water. The 

middle of the picture is a cup of cold water, and the hot water is poured into the cold water 

slowly. 

b. Hot water has been poured into the cold water, most of the heat concentrated on the bottom 
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of the cup 

c. The cup bottom heat has already completed the two-dimensional conduction and begin the 

one-dimensional conduction upward, while the heat accumulation on the surface of the 

water begin the two-dimensional conduction 

d. The heat on the surface of the water also completed the two-dimensional conduction and 
begin to do the downward one -dimensional conduction 

e. Complex  mixed conduction 

f. Heats tends to be balanced 

The one-dimensional conduction and two-dimensional conduction mentioned above is only the 

main conduction mode at the time. In fact, in the whole process, both one dimensional and two 

dimensional are conducting continuously 

Based on the fact of the three-dimensional heat conduction, we present our model: when adding 

hot water into a container, the heat go through a conduction process as mentioned above, and that 

ultimately tend into equilibrium. We decompose the three-dimensional heat conduction process into 

two stages: one is two-dimensional heat conduction in the horizontal direction, the other is 
one-dimensional heat conduction in the vertical direction .Then going on the analysis separately. 

One-Dimensional Heat Conduction in the Vertical Direction. [2] 

𝛛𝐮

𝛛𝐭
= 𝛂𝟐 𝛛𝟐𝐮

𝛛𝐳𝟐
  (t > 0 ,0 < 𝑧 < ℎm)                                                (1) 

Two-Dimensional Heat Conduction in the Horizontal Direction. [3] 

∂u

∂t
= α2(

∂2u

∂x2
+

∂2u

∂y2
)                                                           (2) 

One dimensional heat conduction and two dimensional heat conduction alternation and finally 
the whole container reach the heat balance. 

Solution of Three Dimensional Heat Conduction Model 

Solution of One Dimensional Heat Conduction Equation. Do Fourier transform to function u and 

δ of z: 

u(0, z) = δ(z)                                                               (3) 

 u(t, λ) = F[u(t, z)] = ∫ u(t, ξ)eiλξdξ
+∞

−∞
                                            (4) 

When 0,  uhz m , according to the properties of Fourier transform，we can get the initial 

problem on ordinary differential equation as below:    

du

dt
= α2[(−iλ)2u = −α2z2u]                                                    (5) 

u|t=0 = 1                                                                    (6) 
And the answer is as follows:  

u(t, λ) = e−α2z2t                                                              (7) 

We do Fourier transform，and get the basic solution to the Cauchy problem of one dimensional 

heat conduction equation. 

u(t, z) =
1

2π
∫ ue−iλzdλ =  

1

2π
∫ e−α2z2t−iλzdλ =  

1

2α√πt
e

−
z2

4α2t
+∞

−∞

+∞

−∞
                      (8) 

As for the basic solution of one dimensional heat conduction equation, by using the temperature 

distribution function u ( t,  z) of different time t1<t2<t3, draw the u-z curve, as shown in Fig. 2. 

From Fig. 2, the smaller the t, the higher the curve in the vicinity of 0 is; the larger the t, the 
flatter the curve is. When the t->∞, the temperature at each point tends to zero; when t->0, the 
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temperature distribution tends to δ(x). However, regardless of the value of the T, the sum of the area 

under the curve is always 1, which satisfies the normalization condition. 

 

 

 

 

 
Figure 2.  u-z curve Figure 3.  Grid cells and nodes 

 

Solution of Two Dimensional Heat Conduction Equation. Finite Volume Method. Finite 
volume method is a kind of numerical calculation method, which by using algebraic equations to 

replace the original heat transfer partial differential equation that is difficult to solve directly. It is 

similar to finite difference method and finite element method, both of them are solving the discrete 

element grid node value thus to obtain a solution of heat transfer problems. As shown in Fig. 3, as 

for the two-dimensional problems, ‘finite volume unit ‘refers to a closed area which centring on 

node P and Formed by the East (E) and West (W), South (S), North (N) interface(the dotted box in 

Fig. 3 ).The adjacent volume elements transfer the heat flow through the interface (Fig. 3 flux). The 

inflow heat from a finite volume unit is equal to the outflow heat from the neighboring finite 

volume unit. So it is a kind of energy conservation calculation method, and the finite volume 

method is widely used in the numerical solution for heat and momentum transfer. 

Partial Differential Equations for Two Dimensional Heat Transfer Problem. 

 ∂u

∂t
= α2(

∂2u

∂x2
+

∂2u

∂y2
)                                                            (9) 

It can be transformed as: 

ρc
∂T

∂t
=

∂

∂x
(λ

∂T

∂x
) +

∂

∂y
(λ

∂T

∂y
) + S                                                (10) 

x and y, respectively, show the horizontal and vertical space coordinates;  

, c, t, T, , S, respectively, which indicated that density, heat capacity, time, temperature, 

thermal conduction coefficient, energy item. 

Finite volume element integral as follows: 

∫ ∫ ∫ ρc
∂T

∂τ
dxdy = 

n

s

ε

ω

τ+∆τ

τ
∫ ∫ ∫ (

∂

∂x
(λ

∂T

∂x
) +

∂

∂y
(λ

∂T

∂y
) + S)dxdydτ 

n

s

ε

ω

τ+∆τ

τ
                 (11) 

The equivalent discrete algebraic equations of the two-dimensional heat transfer partial 

differential equations can be derived from the above integral equations. 

aPTP = aETE + aWTW + aNTN + aSTS + Su∆V + aP
0TP

0                               (12) 

aP = aE + aW + aN + aS + aP
0 − SP∆V                                           (13) 

 aP
0 =

ρc∆V

∆τ
                                                                (14) 
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aE = λe
∆y

δxe
，aW = λw

∆y

δxw
，aN = λn

∆y

δxn
，aS = λs

∆y

δxs
                              (15) 

∆V = ∆x∆y                                                                 (16) 

Boundary Conditions and Initial Conditions. Numerical solution of heat transfer problem can 

be solved by MATLAB under certain boundary conditions and initial conditions. 

Initial Conditions.  
(x, y, z) ∈ G G is the maximum capacity of the container  

u(x, y, z) = u0 0u  is initial temperature 

Boundary Conditions. [4] 

Γ = ∂G. 

1) u|Γ = g(x, y, z, t)  (x, y, z) ∈ Γ, t > 0       （Dirichlet boundary conditions） 

2) k
∂u

∂n
|Γ = g(x, y, z, t)  (x, y, z) ∈ Γ, t > 0 

3) (
∂u

∂n
+ αu)|Γ = g(x, y, z, t)  (x, y, z) ∈ Γ, t > 0    (D-N mixed boundary conditions） 

Graphic Description 

Finally, we obtain the heat transfer process in the profile and the cross section of a bathtub by the 

PDE toolbox in MATLAB.  

In the process of problem solving, we find that time t is a very important parameter. It is 

necessary for us to study the details of the changes in heat conduction over time. What’s more, the 

effective description of the spatial location is also a key to solve the problem of three-dimensional 

heat conduction. 
 

 
Figure 4.  Temperature field of cross section 

 
Figure 5.  Temperature field distribution of 

longitudinal section 

 

In Fig. 4, we use the ellipse to represent the cross-section of the container, and color is used to 

represent the heat level----red indicates high temperature, blue means low temperature. The legend 

on the right clearly expressed the color change of heat from high to low, which vividly describes the 

two-dimensional heat conduction in the horizontal plane. 

In Fig. 5, we use a ladder to simply shows the container longitudinal profile, and still use color 

indicate heat level. At the same time, drawing the direction of heat conduction and the isotherm in 

this state, which describe the deep meaning of our three-dimensional conduction model specifically, 

by the PDE toolbox. 

Conclusion 

The above three-dimensional heat conduction model and its solution process are highly consistent 
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with the true fact. Using MATLAB to achieve the results of the heat conduction process simulation 

is also feasible and reliable. These show that the above model is of universal value in solving the 

three-dimensional heat conduction problem. 
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