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Abstract. Vertical rotating devices may cause large amplitude vibration or even lose stability
during low-speed operation. This paper discusses the control approaches of a low-speed
vertical rotor orientation system based on the electromagnetic levitation. In the paper,
according to the gyro mechanics principle, the nonlinear dynamic equations of the vertical rotor
system are established and the kinetic characteristics of the system in the gravitational field are
analyzed. Considering the uncertainties of the system, a position control strategy used for the
vertical rotor orientation system is presented based on the gyroscope effect. Finally, the
simulation of the control system and experiment system are carried out and set up to verify the
feasibility and effectiveness of the control method. Results show that the presented control
approach is able to achieve a stable positioning control for the spinning rotor.
Keywords: magnetic bearing; gyroscope effect; uncertainty; nonlinear; position control.

1 Introduction
The vertical rotor devices are widely applied in civilian and industrial fields, such as washing
machines and centrifuges. These devices, due to their functional requirement, are often without
mechanical bearing on the top-side of the rotor. The one-side bearing structure is hard to control the
vibrations and noises caused by the mass eccentricity, and may also aggravate the abrasion of devices.
A traditional method to solve this problem is to use a hydraulic balancer[1-3]to reduce the vibration.
However, although has advantages such as simple and easy to be applied, the method is a passive way
to restrain the vibration. The major disadvantages of the passive control method are 1)unable to
eliminate the vibration entirely; 2) easier affected by the load variation and under some circumstance
evenfailure.
Therefore, an active vibration reduction system, or namely rotor orientation system may provide a
better solution of this problem. The active orientation system can be achieved via the active magnetic
bearing(AMB) system.
Similarity of the washing machine and the AMB is that they both contain a spinning rotor, which
can be regarded as a gyro and follows the gyroscope effect. Nevertheless, most researches on AMB
focus on a high speedstate(often over 10000 rpm [4-7]). Under lower angularspeed, however, the
gyroscope effect will become weak and may fail to sustain a stable whirling. The vibration of the rotor
will be the mixture of the gyroscope effect and other uncertainties. Furthermore, when lying vertically,
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the rotor will behave a nonlinear dynamic performance[8]. On this occasion, the control methods
based on the high speed may not be feasible. A specific control approach is necessary.
Under lower speed, the gyroscope effect, although rather weak, still affects the rotor as long as the
rotor is spinning. This effect points out that, instead of moving towards the external force, the rotor
will move towards the direction of the external torque. If this feature still can be utilized in design of
the control system, the control may be largely simplified.
Therefore, in the paper, Section 2 describes the theorem of angular momentum and establishes the
mathematical models of a one gimbal vertical rotor AMB system, using the Cardan Angles[9]as
system state variables. Section 3 analyses the dynamic features of the vertical rotor system. Based on
gyroscope effect, a feedback position control method is proposed. Section 4 shows the simulation
results of the presented control method. Finally, an experiment test is established to verify the
effectiveness of the method and the testing results are given in Section 5.

2 Modeling of the vertical AMB system
2.1 Description of the rotor attitude
A sketch diagram of the rotor this paper discusses is shown inFigure1. The rotor is fixed at point O by
a gimbal, so there is no translational motion. OC is the centroid of the rotor. Neglecting the
deformation of the rotor, it is a symmetrical rigid-body about its axis OOC . The motion of the rotor
can be decomposed into two parts: the first is the rotation about its axis; the second is the swinging of
the rotor axis about the vertical direction. In order to describe the rotor attitude and the complex
rotation accurately, a static coordinate OXYZ and a Resal’s coordinate Ox1 y1 z1 need to be established.
Ignoring the rotation of the earth, OXYZ can be treated as an inertial coordinate. The Resal’s frame
always moves with the rotor, but do not rotate. The position of the rotor in this coordinate is static.
The rotor only spins about the Oz1 axis. Therefore, the attitude of the rotor in the static coordinate can
be expressed as the transformation of coordinates OXYZ and Ox1 y1 z1 .
This transformation, as shown inFigure1, includes two steps: first, rotate OXYZ about OX axis
through α , to obtain the coordinate Ox0 y0 z0 ; then rotate Ox0 y0 z0 about Oy0 axis through β , to obtain
the Resal’s coordinate Ox1 y1 z1 . If continuing rotating the Ox1 y1 z1 about Oz1 through γ to get a
coordinate naming Ox2 y2 z2 , these angles α , β ,γ are the Cardan angles, and this coordinate Ox2 y2 z2
is a body-fixed coordinate system. However, in this paper, because of the symmetry of the rotor, the
dynamic equations will be simplified in the Resal’s coordinate. Thus the following discussion will be
confined to it. The angle θ is the angular displacement of Oz1 from OZ , and also the displacement of
the rotor axis.
The transition matrix from the static to the Resal’s coordinate is
cos β
TX − x1 = Tx0 − x1 TX − x0 =  0

 sin β

sin α sin β
cos α
− sin α cos β

− cos α sin β 

sin α

cos α cos β 

and inverse Eq.(1)to get the transition matrix from the Resal’s to static the coordinate
 cos β
−1
 sin α sin β
T=
T=
x1 − X
X − x1

cos α sin β
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0
cos α
sin α

sin β

− sin α cos β 

cos α cos β 

(1)
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In the Resal’s frame, as Oz1 always coincides the principal axis of the rotor, the coordinates of the
rotor centroid OC can be assumed as ξ1 = ( 0 0 c ) . Then in OXYZ , the coordinates of the
•

centroid is
ξ = Tx − X ξ1 = c ( sin β
1

− sin α cos β

cos α cos β )

•

(2)

According to Eq. (2)the attitude of the rotor can be described by the centroid’s coordinates.

Figure 1. Schematic diagram of rigid body’s fixed point rotation inCardan’s angle.

2.2 Kinematical equations of the rotor
As mentioned above, Oz1 overlaps with the rotor axis all the time. Therefore, the rotor motion to static
coordinates is a synthesis two motions. The first is the relative motion of the rotor in the Resal's frame
Ox1 y1 z1 about its own principal axis (i.e. Oz1 ), naming this angular speed be ωz . The second is the
transport motion of the Resal’s frame Ox1 y1 z1 in the static frame OXYZ , naming this angular speed
vector be ω1 .
It is obvious that the rotation speed of the rotor about its axis is
ω z = γ

Next, according to the generation process of theCardan’s frame we can yield that the angular
speed ω1 can be expressed as
=
ω1 α i X + β j0

(3)

where i X , j0 are the base vectors of angular speed of OX and Oy0 axis respectively.
Eq.(3)can be rewritten in the scalar components form as
ω1 x = α cos β

ω1 y = β
ω = α sin β
 1z

(4)

As Oz1 axis always coincides with the rotor axis but does not participate the spinning, the
components of the rotor angular speeds satisfy
=
ωx ω=
ω1 y
1x , ωy

but ωz ≠ ω1z .
Combining the equations above, the kinematical formula of the rotor is
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α = ωx cos β

β = ωy
 γ = ω

z

(6)

2.3 Dynamic equations of the rotor
Rigid-body’s motion obeys the theorem of angular momentum,
d
LO = M O
dt

(7)

and in the Resal’s coordinate, the dynamic equation can be expressed as
 L x + (ω1 x Lz − ω1z Ly ) =
Mx

My
 Ly + (ω1z Lx − ω1 x Lz ) =
 L + (ω L − ω L ) =
Mz
1x y
1y x
 z

(8)

Considering the momentum equation Lx = J xωx , Ly = J yω y , Lz = J zωz and the symmetry of the
rotor, Eq. (8)can be written as
Mx
 J xyω x + ( J zωz − J xyω1z )ω y =

My
 J xyω y + ( J xyω1z − J zωz )ωx =


=
ω
J
Mz

z z

(9)

Eq.(9)is the dynamic equation of the rotor, where J xy  J x =J y .
2.4 System state equations
In Eq.(9), the external torques on the right side includes both the gravitational moment and the control
torque. First we analyze the free situation that only gravity exists.
The gravitational moment on the rotor can be expressed as

M O = OO C × P

(10)

In the static coordinate OXYZ , gravity P = Pk , where k is the base vector of OZ . Assuming

OOC = c , then in the Resal’s coordinate, OO C = ck 1 , where k 1 is the base vector of Oz1 . Using Eq.

(1)we can transform OO C into the static coordinate, i.e.

晻
=
OO C Tx1 − X [0 =
c [sin β
0 c]

− sin α cos β

cos α cos β ]

(11)

Substitute Eq. (11)and the gravity equation into Eq. (10)
 M x = Pc sin α cos β

 M y = Pc sin β
M = 0
 z

If there exists other external moments, Eq. (12)can be transformed into
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 M x = Pc sin α cos β + M ye

=
 M y Pc sin β + M xe
M = M
ze
 z

(13)

Substitute Eq. (13)into Eq.(9), and unite with Eq.(6). Let x1 = α , x2 = β , x3 = ωx , x4 = ω y ,

x5 = ωz , we can obtain the states equations of the system
x4

 x1 = cos x
2

 x2 = x5

 x3 = x6

M xc
Jz
Pc
=
 x4 J sin x1 cos x2 − J x5 x6 + x4 x5 tan x2 + J
xy
xy
xy


M
J
Pc
yc
sin x2 − x42 tan x2 + z x4 x6 +
 x5 =
J xy
J xy
J xy


M
 x6 = zc
Jz


(14)

where M xc , M yc , M zc are the external control torques.

3 Position control method design
3.1 Dynamic analysis of the system
System determined by Eq. (14)is a set of five-order nonlinear coupling equations; direct analysis is
difficult. However, noticing that the 5th sub-equation is decoupled from the rest, without loss of
generality, we assume that the state component x5 is a constant. Hence, Eq. (14)can be reduced to a
four-order differential equation. Obviously, origin is equilibrium of the system. Linearly expand
system equation at equilibrium and obtain the Jacobi matrix
 0
 0

 M0
J=
 J xy

 0


0
0

1
0

0

0

M0
J xy

L
J xy

0 
1 

L 
−
J xy 

0 


Where
=
L J=
Pc .
z x5 , M 0
According to the Routh-Hurwitzcriterion, it is obvious that J has eigenvalues on the right half
plane when L2 < 4 M 0 J xy . That is to say, under a lower rotating speed, the gyroscope effect may be
insufficient to maintain a stable precession of the rotor. Thus, the rotor may deflect from the vertical
position arbitrarily, and many environmental factors may affect the rotor vibration.
3.2 Position control method
Although the gyroscope effect may not enough to sustain a stable rotation, the rotor will still be under
this rule. As mentioned above, the spinning rotor will move towards the external moment. Therefore if
the control torque points to center all the time, there will be a moving trend of the rotor to the vertical
position. Choosing a certain control torque may obtain a stable motion of the rotor.
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In order to get the control torque, first projecting Figure2to the OXY plane, and substituting
Eq.(11), we can obtain the conceptual graph of the control torque as shown in Figure2.

Figure2. Conceptual graph of control torque.


A proper control torque pointing to the center all the time can be M c = Cd , where d = OO ′C , C is

proportional to the mass of the rotor, and O 'C is the projection of centroid OC to the OXY plane. It is

obvious that the length of OO ′C is d = c sin 2 β + sin 2 α cos2 β , and the scalar expressions of control
torque M c is
 M x1 = −C sin β

 M y1 = C sin α sin β

(15)

When α and β are both small angles, Eq. (15)can be approximately rewritten as
 M x 1 = −C β

 M y1 = Cα

(16)

and on this occasion, the angular displacement of the rotor axis from OZ can also be
approximately expressed as
=
θ

α2 + β2

(17)

To ensure the stability the system, the control torques need to be contain damping components. A
feasible damping is
 M x 2 = − Kα


M y2 = −K β

Then the total control torque is
 M xc   M x1 + M x 2   −Cx2 − Kx3 
=
 M  =
 

 yc   M y1 + M y 2   Cx1 − Kx4 

Substituting Eq.(18)into Eq.(14), yields the Jacobi matrix of the system is
 0
 0

 M0
J2 = 
 J xy
 C

 J xy

0
0
−

C
J xy

M0
J xy

Its characteristic polynomial is
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1
0
−

K
J xy

L
J xy

0 
1 

L 
−
J xy 
K 
−

J xy 

(18)
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λ2 ( s ) =
s4 +

C 2 + M 02
2K 3
J 2 + K 2 2 M 0 2 2(CL − KM 0 )
s +(
−
)s +
s+
2
2
J xy
J xy
J xy
J xy
J xy2

According to Routh-Hurwitz criterion, when C , K satisfy the following inequalities, all the roots
of λ2 ( s ) have positive parts and locate on the left half plane:
K > 0
 3
2
 K + ( L − M 0 J xy ) K − LJ xy C > 0
 J C 2 − LKC + M K 2 < 0
0
 xy

(19)

Eq.(19)guarantees the stability of the linearized system, thereby insures the stability of the original
nonlinear systemin a neighborhood of the equilibrium. Here the feedback factors C , K are free
parameters that are only restricted by physical limits, therefore one can always find a proper set of
C , K to satisfy Eq. (19)and make the system stable.

4 Simulation
4.1 Simulation of the rotor orientation system
The mechanical parameters of the rotor are as listed in Table 1.According to the parameters in Table 1,
the angular momentums of the rotor
are J xy 0.00348 kg=
=
⋅ m 2 , J z 0.0139 kg ⋅ m 2 . Substitute these
parameters and Eq.(18)into Eq.(14), we will obtain the projection diagram of system trajectory on the
x1 − x2 plane is shown as in Figure3 from different initial α and β , which shows the trails of the rotor
axis from different initial attitudes.
Table 1. Parameters of the rotor
Parameter name
Rotor mass
Outer diameter
Inner diameter
Rotor height
Rotor material

Value
2.797
150
142
150
Iron

Units
kg
mm
mm
mm
--

Figure 3. Rotor displacement from different initials

From Figure3we can see that after the feedback of Eq.(18), the rotor axis will asymptotically
approach to the vertical direction.Figure4illustrates one of the time response of the angular
displacement θ . The orientation control system starts at 7.5s. It also shows that θ will reduce
asymptotically to zero after the control system effects.
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Figure 4.Angular displacement of the rotor without disturbance

4.2 Simulation in view of uncertainties
The simulation results illustrated in Figure3 and Figure4neglecting the actual disturbances (e.g. the
collision between the rotor and protection bearing) and additional modules (e.g. filters and power
amplifiers). When considering these factors, system (14)will no longer be continuous, and the actual
response of the rotor drift will be much more complicated. On this occasion, however, simulation
results show that the orientation approach in Eq.(18) is still effective.
Figure5shows the time response of the angle θ when following uncertainties exist:
1. The collision between the rotor and the protection bearing.
2. A small amplitude of sinusoidal interference signal with the frequency of the rotor spinning ωz ,
which reflects the affects from the rotor self-rotation.
It can be concluded from Figure5 that although disturbances existed, the rotor will still approach
the vertical direction OZ asymptotically.

Figure 5. Time response of

θ considering disturbances

5 Experiment results of the control system
5.1 Experimental apparatus
A photo of the experimental table is shown in Figure6(a).Its side-view is shown in Figure6(b). The
four electromagnets locate perpendicularly around the rotor as the actuator of the orientation forces.
The iron rotor in the center is connected to a motor beneath with a universal joint, and the top side of
the rotor is free. The rotor can rotate with the motor while its axis can drift within a certain angle. The
two gap sensors are installed in 90° interval and provide the control signals to the controller.
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(a) Photo of the experiment platform (b) Rotor system design
Figure 6. Photo of the experimental table.1. Rotor;2. electromagnet; 3. end cap;4. universal bearing; 5. motor;
6.gap sensor

5.2 Experiment program
The block diagram of the experiment is shown in Figure7. The whole control process (expect the
power amplification) is established using dSPACE. dSPACE is a high performance semi-physical
simulation instrument. It integrates signal acquisition, computation, and D/A conversion blocks and
can complete these procedure just according to the control model established in Matlab/Simulink. It
also has a convenient communication interface with computer to achieve the storage, handle, and
display of the experimental results. This tool simplifies the implementation of the controller and
enables the authors to focus on the feasibility of the control method.

Figure 7. Block diagram of the experiment.1.rotor; 2.electromagnet;3.gap sensor.

The experiment program is as following:
1. Measurement of the rotor drift angle
The drift angles of the rotor in X / Y direction anglex and angle y are converted from the two gap
values gap1 and gap2 . The two angles are the state variables x1 and x2 .
2. Calculation of the electromagnetic force
Substitute anglex , angle y , and their derivatives into Eq.(18), the control torque M xc and M yc can
be calculated, and the control forces to the rotor in X / Y direction are
 Fxc = M xc / hm

 Fyc = M yc / hm
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In order to make the control force continuous and smooth, the force dFx and dFy are realized via
differential control of a pair of electromagnets, i.e., when d=
Fx d=
Fy 0 , each of the four
electromagnets has a reference force F0 . Therefore the force of each electromagnet is

F0
+
 Fx=

F= F
0
x−



F = F
0
 y+

 Fy − = F0



Fxc
2
Fxc
−
2
Fyc
+
2
Fyc
−
2
+

(21)

3. Calculation of current in every electromagnet
According to the experimental data, the electro-magnetic force conforms to
F=

aI 2
(b + g )2

(22)

where a ,b are factors corresponding to the electromagnet, and g is the gap between the
electromagnet and the rotor.
Substitute Eq. (18)and (22) into Eq.(21), the currents of the four electromagnets are

 I x+ =
(b + g x + )



(b + g x − )
 I x− =



(b + g y + )
I y+ =


 I = (b + g )
y−
 y−



M xc 
 Fn0 +
/a
hm 
2


M xc
 Fn0 −
2hm



/a


(23)

M yc 

/a
 Fn0 +
2hm 

M yc 

 Fn0 −
/a
2hm 


Eq.is the control signal of each electromagnet. As discussed above, the factors C , K are free
parameters and can be adjusted to achieve the stability of the system.
5.3 Experiment results
The mechanical parameters are the same as listed in Table 1. The rotation speed of the rotor is
400 rpm . The control system activates at t = 7.5s . The outputs of the angular drift θ can be captured
and stored in the computer via dSPACE. Then the curves of θ is shown in Figure8.
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Figure 8. Gap curve of each sensor.

6 Conclusions
In the paper, the position control system of a vertical rotor based on theorem of angular momentum
and Cardan’s angles is established, and the dynamic characteristics of the spinning rotor in the gravity
field are analyzed Based on the gyroscope effect, a rotor positioning control method is proposed.
Under the situation of nonlinearity and parameter variation, the simulation of the presented method is
performed to compare with the traditional pole placement approach. To verify the correctness of the
proposed method, an experimental system is set up. The experimental test results show that the
position control method can reduce the amplitude of the rotor vibration and maintain the system
stability during the rotor rotating effectively.
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