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Abstract. Home energy optimization (HEO) is an infinite horizon optimization problem, only 
adaptive dynamic programming (ADP) can solve infinite horizon optimization problem. But due to 
the existence of time-varying parameters, ADP can not converge to the optimal and can not be 
applied directly to the optimal control of home energy. According to the periodic characteristics of 
the time-varying parameters, a stochastic optimal control method is proposed in the paper based on 
ADP. The influence of time-varying parameters in the iteration of ADP is eliminated by the 
proposed method. Simulation results show the performance of the proposed method. 

Introduction 
Household energy management is an important part in smart grid. HEO is a hot research topic in 

the literature[1-7]. There are dynamic appliances such as battery within the system of HEO. 
Furthermore, all the costs of the time steps in the future should be considered. Therefore, HEO is an 
infinite horizon dynamic optimization problem. Dynamic programming (DP) can solve dynamic 
optimization accurately, but it will confront the "curse of dimensionality" [8] while the number of 
time step increases. The intelligent optimization algorithms such as particle swarm optimization are 
also applied to solve the HEO problem in the literature. But it is hard to get the optimal solution 
while the number of time step increases. Therefore, the infinite horizon problem is usually 
simplified into finite horizon problem. The horizon is usually set as one day, and the number of 
time step is 24 as the time interval is usually set as one hour. 

ADP could solve the "curse of dimensionality" and infinite horizon optimization problem [9][10]. 
In 2011, Werbos, Venayamoorthy, and Powell proposed the framework of ADP based energy 
optimization for smart grid [11-13]. 

The convergence and optimality of ADP without time-varying parameter are proven [10][14][15]. 
But ADP can not be applied directly to HEO as there are time-varying parameters within HEO. 

Dynamic price and power consumptions of uncontrollable appliance are the most common 
time-varying parameters in HEO. Dynamic price can be considered as a periodic function as the 
daily dynamic price is similar. On the other hand, though the power consumption of every 
uncontrollable appliance is determined by user, the daily probability density function (PDF) of 
power consumption of every uncontrollable appliance is similar as the daily user behavior is similar. 
In this paper, the time-varying parameters are eliminated by the periodic feature, and a new ADP 
algorithm is proposed to solve HEO with time-varying parameters. 

ADP Algorithm 
Let discrete-time system be 

1 ( , )k k kx F x u+ =                   (1) 
where n

kx ∈  is state vector, m
ku ∈  is control vector, and k  is the index of time step, 
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0,1, 2,k =  . ,k kx u∀ , ( , )k kF x u  is continuous. (1) is controllable and feedback control of state is 
applied. That is ( )k ku u x= . The goal of optimization is to find the optimal control law *( )ku x  and 
minimize the performance index function as follow 

1( ) ( , ( )) ( , ( )) ( )t k
k t t k k k

t k
J x U x u x U x u x J xγ γ

∞
−

+
=

= = +∑           (2) 

where (0,1)γ ∈  is discount factor and ( , ( )) 0t tU x u x ≥  is the utility function. According to the 
optimal principle of Bellman, the optimal performance index function *( )kJ x  satisfies 

* *
1( )

( ) min{ ( , ( )) ( )}
k

k k k ku x
J x U x u x J xγ += + ,             (3) 

and *( )ku x  satisfies 
* *

1
( )

( ) arg min{ ( , ( )) ( )}
k

k k k k
u x

u x U x u x J xg += + .            (4) 

It is hard to solve (3) and (4) directly. ADP is an iterative algorithm. The algorithm is 
1

( )
( ) arg min{ ( , ( )) ( )}

k
i k k k i k

u x
u x U x u x J xg += +             (5) 

1 1( )
( ) min{ ( , ( )) ( )}

k
i k k k i ku x

J x U x u x J xγ+ += +              (6) 

where ( )i ku x  is iterative control law, ( )i kJ x  is iterative performance index function, and 
0,1,2,i =   is iterative step. It had been proven in [15] that ( )i kJ x  is monotone nondecreasing 

and the algorithm will converge to the optimal while 0 ( )J x  is initiated as zero. 

Problem Formulation 
The stochastic optimal system of home energy in this paper is shown in Fig.1. There are one 

battery, uncontrollable appliances, and a optimal controller in the system. The controller controls 
the power of battery through an inverter and optimizes the energy of household. 

 
Fig.1. Stochastic optimal system of home energy 

Let the time interval T∆  be one hour. There are 24 time steps in one day. Let kx  be the energy 
of battery in time step k , maxx  be the maximum energy of battery and minx  be the minimum one, 

ku  be the power of battery in k  (positive while charging and negative while discharging), ( )kuχ  
be the efficiency of battery. The model of battery can be expressed as 

1 ( )k k k kx x u u Tχ+ = + ∆ .                 (7) 
Let kh  be the total power consumption of uncontrollable appliance in time step k , ( )kP h  be 

the PDF of the total power consumption of uncontrollable appliance in k , kβ  be the dynamic 
price, 1m  and 2m  be the weights. The performance index function is 

( )22 2 2
1 2( ) ( )t k

k u t t t t t
t k

J x E r u h m x x m uβ
∞

−

=

  = + + − +   
∑          (8) 

where (0,1)r∈  is discount factor and max min0.5( )x x x= + . The first part of performance index 
function is power rate optimization. He we assume that the power is not allowed to be feedback to 
the power grid. The second part is the constraint to the energy of battery. Over charging or 
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discharging is avoid by the constraint. The third part avoids the power of battery exceed its limit. As 
the probability of each time step is independent of each other, hence we have 

( )22 2 2
1 2

ˆ( ) ( , , , ) ( )( )
t

t k t k
k t t t t t t t t t t t

t k t k h
J x r U x u P r P h u h m x x m uβ β

∞ ∞
− −

= =

  = = + + − + 
  

∑ ∑ ∑    (9) 

kP  and kβ  are not the input variables of ˆ ( )U ⋅ . Let 
ˆ ˆ( , ) ( , , , )t t t t t t tU x u U x u P β= .                  (10) 

Then (9) can be written as 
ˆ( ) ( , )t k

k t t t
t k

J x r U x u
∞

−

=

=∑ .                (11) 

ˆ ( )tU ⋅  is time-varying, but ( )U ⋅  in (2) is time-invariant. ADP can not be applied directly to the 
problem. 

Elimination of Time-varying Parameter 

Based on the periodic feature, we assume ( )kP h  and kβ  are periodic functions of time, and 
their periods are all equal to one day. That is 

24j jβ β += , 24j jP P += , , 1,j k k= +  .               (12) 
Define 1 23{ , , , }k k k kv u u u+ +=   and 

23
ˆ( , ) ( , , , )

k
t k

k k k t t t t
t k

V x v r U x u P β
+

−

=

= ∑ .                (13) 

According to (12), we have 
24

24 ( ) ( )L
k L kV r V+ ⋅ = ⋅ , 0,1,L =  .                 (14) 

According to (13), (9) can be written as 
24 24 24 48 48 48( ) ( , ) ( , ) ( , )k k k k k k k k k kJ x V x v V x v V x v+ + + + + += + + +           (15) 

and 
24 24

24 24 24
0

( ) ( , ) ( , ) ( )L
k k k L k L k k k k

L
J x r V x v V x v r J x

∞

+ + +
=

= = +∑ .           (16) 

( )kV ⋅  is time-invariant while L  changes. The influence of the time-varying parameters is 
eliminated. According to (7), the state transition equation for (16) is 

( )24 23 23( ) ( ) ( , )k k k k k k k kx x T u u u u g x vχ χ+ + += + ∆ + + = .           (17) 
Based on (12), the problem is transformed into (16) and (17), and ADP can be applied to solve it. 

A New Algorithm for The Problem 

Initialize 0i =  and ( ) 0iJ x = . According to ADP algorithm (5) and (6), the problem described 
by (16) and (17) is solved as 

24
24( ) arg min{ ( , ) ( )}

k
i k k k k i k

v
v x V x v r J x += +               (18) 

24
1 24( ) min{ ( , ) ( )}

k
i k k k k i kv

J x V x v r J x+ += + .               (19) 

Let 1i i← + , repeat (18) and (19) until 1( ) ( )j k j kJ x J x ε+ − <  where 0ε >  is a given precision. 
The ADP iteration is completed. 

The computing burden of (18) is great as 1 23{ , , , }k k ku u u+ +  must be computed simultaneously. 
(19) can be written as 

Advances in Engineering Research, volume 104

280



 

23

23
24

1 24, ,
ˆ( ) min { ( , , , ) ( )}

k k

k
t k

i k t t t t i ku u t k
J x r U x u P r J xβ

+

+
−

+ +
=

= +∑


.           (20) 

This is a finite-horizon optimization problem that can be solve by DP. Here we propose a new 
algorithm. Let 23t k= +  and 1 1 24

ˆ ( ) ( )t t i kJ x J x+ + += , then compute 

1 1
ˆ ˆarg min{ ( , , , ) ( )}

t
t t t t t t t

u
u U x u P rJ xβ + += +               (21) 

1 1
ˆ ˆ ˆ( ) min{ ( , , , ) ( )}

t
t t t t t t t tu

J x U x u P rJ xβ + += + .              (22) 

Let 1t t← − , repeat (21) and (22) until ˆ ( )k kJ x  is calculated. Then we have the solutions of (18) 
and (19) as 

1 23

1

( ) { , , , }
ˆ( ) ( )

i k k k k

i k k k

v x u u u

J x J x
+ +

+

=

=



 .                 (23) 

Numerical Results 
In this simulation, the initial time step is zero. That is 0k = . The capacity of battery is 20 kWh. 

The initial energy of battery is 0 15x =  kWh. ( ) 1kuχ = , 1 2 0.0005m m= = , 0.95r = . (12) is the 
key of the proposed algorithm. But in practice, the time-varying parameters will not keep periodic 
feature strictly. The average dynamic price of history is shown in Fig. 2 (a), and the dynamic price 
of the next 5 days is shown is Fig. 2 (b). There are 8 types of uncontrollable appliance in household. 
Their average switch-on probabilities are shown in Fig. 3 (a)~(h). Their switch-on probabilities of 
the next 5 days are shown in Fig.3 (i)~(p). This time-varying parameters in the future are similar to 
the average ones. We assume there is only one device of each uncontrollable appliance, and their 
power consumptions are unchanged while working, as shown in Table I. 

Firstly the time horizon is set as 5 days.. It is assumed that the time-varying parameters of the 
next 5 days are known. We optimize the 5-day optimization problem by DP. The optimization 
results are the standard for the following comparisons. Notice that the time horizon of the standard 
should be infinite, but the simulation limits the setting.  

As discussed in introduction, the infinite horizon problem is usually simplified into one-day 
horizon problem. Here we simplify the 5-day optimization problem into 5 one-day optimization 
problems, which called the simplified new problems based on DP (SNP-DP). We also apply the 
proposed algorithm to the infinite horizon problem. Two cases are considered in the following 
comparisons.  

 
Fig.2. Dynamic price 

Table I  Power consumptions of uncontrollable appliance 
Uncontrollable appliance Power (kW) 

Air conditioner 3 
Computer 0.29 

Washing machine 2.5 
Cooking appliances 1 

Fridge 0.08 
Lighting 0.3 

Electric shower 3.5 
TV set 0.25 
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Fig.3. Switch-on probabilities of uncontrollable appliance 

Case 1: the time-varying parameters in the future are unknown. They can not be predicted. We 
assume the time-varying parameters in the future are the same as the average ones of history. The 
results are shown in Fig. 4. The results of the proposed algorithm are similar to the ones of the 
standard. But the results of SNP-DP are not similar to the ones of the standard around 00:00 
everyday. The reason is the cost after the end of time horizon is not considered in SNP-DP. 

Case 2: the time-varying parameters of the next day are predicted precisely. We assume the 
time-varying parameters in the future are the same as the ones of the next day. The results are 
shown in Fig. 5. As the time-varying parameters in the future are known, the results of the proposed 
algorithm, the standard, and SNP-DP are almost the same. But as discussed in case 1, the results of 
SNP-DP are not similar to the ones of the standard in every midnight. 
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Fig.4. Optimal results without prediction 

 
Fig.5. Optimal results with prediction 

Conclusion 
In this paper, a new ADP algorithm is proposed to solve the infinite horizon HEO problem. 

Simulation results show that the proposed algorithm has great performance. On the other hand, 
there are batteries within electric vehicles. electric vehicle is a good storage equipment in HEO. The 
ADP application for HEO with electric vehicles is the future study of the paper. 
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