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Abstract. Based on the hypothesis of neglecting tensile strength of concrete when concrete 
beam is bended, the simple bending concrete cover of four-point bending concrete beam is cut, 
thus forming a “π-shaped” notch on the side elevation of the beam. Such beam is called a wide 
notch concrete beam, which is a new abnormal concrete beam used to study the characteristics 
of the CRFP (Carbon fiber reinforced plastic plate )plate-concrete interface. With consideration 
of some theoretical hypotheses, computational analysis, and static load test of 4 common 
concrete beams with externally bonded reinforcement of CFRP plate (EBR CFRP), 4 concrete 
beams with wide notch and 3 simple concrete beams (control group), this study investigated the 
calculation formula for the bending moment-curvature of concrete beam with EBR CFRP and 
wide notch under different loading phases. The theoretical values of cracking load, yield load, 
ultimate load and corresponding curvature of the reinforced concrete beam were then 
calculated. These theoretical values agree well with the test results. 
Keywords: externally bonded reinforcement; carbon fiber reinforced plastic plate; seismic 
strengthening; wide-notch concrete beam; moment-curvature. 

1 Introduction 
Externally bonded reinforcement of CFRP plate (EBR CFRP) is used for concrete members that fail to 
adopt embedding CFRP reinforcement. However, numerous experimental studies reported debonding 
failure of CFRP on concrete members using EBR CFRP[1-5]. Such debonding failure is identified as 
brittle failure without evident mechanical signs before failure but with low stress-strain in the CFRP 
bar at failure. This failure not only causes material waste, but also significantly reduces the security of 
the reinforced system[6-9]. The bonding properties of CFRP plate-concrete interface is the key factor 
influenc-ing, concrete beams using EBR CFRP. Based on the hypothesis of neglecting tensile strength 
of con-crete when concrete beam is bended, the simple bending concrete cover of four-point bending 
con-crete beam is cut, thus forming a “π-shaped” notch on the side elevation of the beam. Such beam 
is called a wide notch concrete beam, which is a new abnormal concrete beam used to study the chara- 
cteristics of the CRFP plate-concrete interface. With consideration of some theoretical hypotheses, 
computational analysis and static load test of 4 common concrete beams with EBR CFRP, 4 concrete 
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beams with wide notch and 3 simple concrete beams (control group), this paper investigated  the cal-
culation formula of bending moment-curvature of concrete beam with EBR CFRP and wide notch 
under different loading phases. The theoretical values of cracking load, yield load, ultimate load and 
corresponding curvature of the reinforced concrete beam were then calculated. These theoretical 
values agree well with the test results[10-13,15]. 

2 Experiment of concrete beam with EBR CFRP and wide notch 

2.1 Test materials 

Lica-200 epoxy resin building structure adhesive was used as the testing adhesive. The CFRP plate 
was 1.4 mm thick and 50 mm wide, The bar was measured to have 2504.6 Mpa tensile strength and 
1.7 ×105 Mpa elasticity modulus. The Strength grade of concrete was C30. A total of 11150 mm × 300 
mm × 2600 mm concrete beams were prepared. In the experiment, the beam span (l) was 2,300 mm 

and four-point bending loading was applied. The bottom longitudinal bar used 2φ 14, wherese the 

bearing rod used 2φ 8. The net concrete cover on the longitudinal bar is 30 mm thick (c=30 mm), 

wherese that on the bearing rod is 25 mm thick ( c′ =25 mm). To resist shear force,  φ 8@150 stirrup 

was used at 1/3 length of the beam span , wherese φ 8@100 stirrup was used at 1/3 of both beam ends 
as support[14]. 

2.2 Construction of test beam 

The test of the concrete beam with EBR CFRP bar is designed to study the bonding-slip relationship 
of the CFRP-concrete interface(Fig.1). For the clear force analysis of the CFRP, the middle segment 
of the beam (l0(600mm)) was emptied into 20 mm. The total length ofthe CFRP is 2100. l1=750mm 
and the interval between two loading points is not 700 mm. Apparently, BBAA ′′  and CCDD ′′  
apparentlyfall within the simple bending section. The reinforced concrete beam is not influenced by 
shearing crack at early loading. In other words,additional anti-shearing sections exist at the two ends 
of the notch to offset the stress concentration at the boundaries.  

 
Figure 1.  Improved test of EBR CFRP (unit: mm) 

2.3 Test program and results 

Eleven testing concrete beams, including 3 concrete beams (hereinafter referred as CB), 4 concrete 
beams using EBR CFRP (hereinafter referred as EBR), and 4 concrete beams with EBR CFRP and 
wide notch (hereinafter referred as EBRK). Were used. The notch position and test program of EBRK 
are shown in Fig.1. To export the bonding-slip constitutive relation of CFRP-concrete interface, the 
author pastes strain gages densely on 11 CFRPs to measure the stress intensity distribution along the 
length of the CFRP and the relative slippage of the CFRP-concrete interface. 
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The static load characteristic values of the11 tested concrete beams are listed in Table 1. Pcr 
denotes the cracking load of beams. Py is the yield load of beams. Pu is the ultimate load of beams. 
Table 1 shows that EBR receives a better reinforcement effect of CFRP than EBRKCompared with 
CB, EBR has 28.3%, 36.1% and 35% higher Pcr, Py and Pu, whereas EBRK has 15%, 11.1% and 
17.5% higher Pcr, Py and Pu. EBR achieves twice the growth of EBRK[14].  

Table 1. Significant load value of beams 

Beam 
No. 

Pcr/k
N 

Pcr 
growth Py/kN Py 

growth 
Pu/k

N 
Pu 

growth Failure mode 

CB 15 — 90 — 100 — Midspan concrete is crushed and bottom breaks 

EBRK1 16 6.7% 100 11.1% 130 30% 
Debonding failure of CFRP and brittle failure 

covers 
the whole beam 

EBRK2 18 20.0% 100 11.1% 120 20% Debonding failure of bottom concrete caused by 
CFRP 

EBRK3 18 20.0% 100 11.1% 110 10% Debonding failure of bottom concrete caused by 
CFRP 

EBRK4 17 13.3% 100 11.1% 110 10% 
Debonding failure of bottom concrete caused by 

CFRP; 
brittle fracture 

EBR1 19 26.7% 100 11.1% 120 20% 
Tensile failure of CFRP at concrete support. 

Concrete 
remains uncrushed. 

EBR2 20 33.3% 120 33.3% 130 30% Tensile failure of CFRP at east concrete support. 
Concreteremains uncrushed. 

EBR3 18 20.0% 140 55.6% 150 50% Tensile failure of CFRP at east concrete support. 
Concreteremains uncrushed. 

EBR4 20 33.3% 130 44.4% 140 40% Tensile failure of CFRP at east concrete  
support. Concreteremains uncrushed. 

3 Bending moment-curvature relationship of EBRK 

3.1 Basic hypotheses 

The deformation performance of EBRK was studied on the basis of following hypotheses: (1) plane 
cross-section assumption; (2) relative slippage between CFRP and concrete beam is neglected; (3) 
concrete stress-strain relationship uses model in the Design Code for Concrete Structures; (4) 
reinforcing steel bar uses elastic-perfectly plastic material, without consideration of stress 
strengthening; (5) stress-strain relation of CFRP is linear elasticity; (6) tensile concrete and adhesive 
layer stand aloof from tension; and (7) effects of shrinkage, creep and temperature stress of concrete 
and adhesive are neglected. 

3.2 Yield moment ( yM ) and yield curvature ( yφ ) 

The bending moment-curvature relationship of the EBRK cross section at bending yield can be 
determined from the geometrical relationship, physical relationship, and condition of static 
equilibrium. 

The stress and strain distributions on the EBRK cross section at bending yield are shown in 
Fig.2[14].  

The bending yield of EBRK includes longitudinal bar yield and CFRP yield. According to the 
equilibrium of forces[15]: 

International Conference on Innovative Material Science and Technology (IMST 2016)

© 2016.  The authors – Published by Atlantis Press 454



                                    
pfpfccc2

1 AnKEEAAEEbx ssssssss ′+=′′′+ εεεε                                  (1a) 

and 

)()()
3

(
2
1

0pfpfpfs0s0ccc hhAnKEahEAxhEbxM ssss
c

y −′+′−′′′+−= εεε                                 (1b) 

where 0h  is the distance from the center line of the main reinforcement to the upper edge of 
concrete; sa is the distance from the center line of the main reinforcement to the lower edge of 

concrete; sa′ is the distance from the center line of the bearing rod to the upper edge of concrete; cx is 
the distance from the neutral axis to the upper edge of concrete; h′  is the height of the concrete beam 
(including  EBRCFRP), pfs0 dahh ++=′  ( pfd  is thickness of CFRP); h  is the height of the concrete 
beam, 

 
Figure 2.  Stress and strain distribution on cross section of EBRK at bending yield 

s0 ahh += ; sE  is the elasticity modulus of tensile reinforcement; sE′  is elasticity modulus of 

compression reinforcement; cE  is the elasticity modulus of concrete; pfE  is the elasticity modulus of 

CFRP; sε  is the strain of tensile reinforcement; sε ′  is the strain of compression reinforcement; cε  is 

the strain of concrete; pfε  is the strain of CFRP ( spf εε K= =K sε ); K  is the strain correction 

coefficient of CFRP (
c0

c1
xh
xhK

−
−′

≤≤ ); pfh  is the distance from the section centroid of CFRP to the 

top beam fiber; spfpf EEn =′  is the elasticity modulus ratio of CFRP and reinforcing steel bar; pfA  

is the cross-sectional area of CFRP; sA  is the cross-sectional area of the main reinforcement; and sA′  
is the cross-sectional area of the bearing rod. 

Given fixed section parameters, cx  can be calculated from Equation (1a) after which My can be 
calculated from Equation (1b) according to the balance condition of bending moment. At this moment, 

the yield curvature is: 
cpf

pf

c

c

xhxy −
==

εεφ . 
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3.3 Ultimate bending moment ( uM ) and ultimate curvature ( uφ ) 

3.3.1 Definition of failure mode of reinforced beam 

When calculating the ultimate bearing capacity of reinforced members, the failure modes include the 
following: (1) after tensile reinforcement is yielded, comprehension concrete is destroyed, but CFRP 
isn’t yielded. Such failure mode is the expected ductile failure of EBRK, which occurs upon the app-
ropriate reinforcement ratio of the original beam and CFRP reinforcement. At balanced-reinforcement 
failure, CFRP is extended fully despite not being broken because the adhesive layer remains undama-
ged. (2) After tensile reinforcement is yielded, compression concrete isn’t destroyed, but CFRP is 
broken ( ys εε = ). Such failure mode occurs with low reinforcement ratio of the original beam and 

CFRP reinforcement. The CFRP has reached its ultimate strain ( =pfε pfuε ), whereas the compress-
ion concrete isn’t completely developed. Large cracks and deflection can be observed on the beam. (3) 
Two balanced failures will occur after tensile reinforcement is yielded. Balanced failure I refers to the 
case in which the : strain of the tensile reinforcement exceeds its yield tensile strain after it is yielded 
( ys εε > ) and pfε  reaches the ultimate tensile strain ( =pfε pfuε ). The compression concrete is 

crushed, which indicates that cε  reaches the ultimate compression strain ( cuc εε = ). Both  reinforc-
ing steel bar and CFRP are brought into full play. Balanced failure I is an ideal critical state that 
usually dose not occur. In balanced failure II: when the tensile reinforcement is yielded, ys εε = , 

CFRP is broken ( =pfε ][ pfε ) and the compression concrete is destroyed ( cuc εε = ).Balanced 
failure II is also an ideal critical state that usually dose not occur. 

3.3.2 Compression concrete is destroyed, but CFRP is not yielded after the tensile 
reinforcement is yielded 

The stress-strain of the cross section is shown in Fig.3. According to the equilibrium of forces, the 
ultimate bearingcapacity of the double-reinforcement cross section of EBRK can be calculated. 

 
Figure 3.  Stress-strain of cross section at ultimate bearing failure 
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where 0
cuf  is the compressive strength of concrete.Therefore, the curvature of the cross section is. 
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In Equations (2a) and (2b), the strain of CFRP uses the measured strain of its outermost fiber 
(hpf= h′ ). Given that the vertical stress or strain distribution of CFRP is uneven, the train at the stress 
center of the CFRP cross section ( pxε ) shall be used for accurate computation (Fig.4). In Fig.4, h1 is 
the distance from the cut simple bending bottom to the upper edge of the beam. 

 
Figure 4. Calculation of pxε  

Given that pfpxs εεε ≤≤  and pfε = sKε , according to geometric similarity, we determine that, 
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 When calculating the ultimate bearing capacity of the EBRK cross section, 
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3.3.3 CFRP is broken but compression concrete is not damaged after the tensile 
reinforcement is yielded 

In Fig.3, the ultimate bearing capacity of the double-reinforcement cross section of EBRK can be 
calculated according to the equilibrium of forces: 
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where 0
y
′f  is the compressive strength of the bearing rod; 0

yf  is the tensile strength of the main 

rein- forcement; and pfuf  is breaking strength of CFRP. Therefore, the curvature of the cross section 
is  
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3.3.4 Balanced failure 

In Fig.3, balanced failure I can be calculated from the deformation compatibility conditions: 
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Therefore, the curvature of the cross section is  
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In Fig.3, balanced failure II can be calculated from the deformation compatibility conditions: 
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Therefore, the curvature of the cross section is  
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4 Test results of bending moment-curvature relationship 

yφ  and uφ  as well as the corresponding ϕµ  (Table 2) can be derived from the above curvature 
formulas. The φ−M  charts of beams can be drawn (Fgi.5). In Table 2, ytφ  and ycφ  are the test and 
theoretical value of yield curvature, respectively; utφ  and ucφ  are the test and theoretical values of 
ultimate curvature, respectively; tϕµ  and cϕµ  are the test and theoretical value of the ductility factor 
of sectional curvature, respectively; and Py and Pu are yield load and ultimate load, respectively. In 
Table 2, tϕµ / cϕµ  of CB is 1.07. The tϕµ / cϕµ  of EBRK are 1.08, 0.98, 0.97 and 0.98. The tϕµ / cϕµ  
values of EBR are 0.96, 0.98, 0.98 and 0.99, all of which are smaller than those of CB. This finding-
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indicates that although CFRP can increase the cracking, yield and ultimate loads of both EBRK and 
EBR, CFRP decreases their ductility to a certain extent. However, the tϕµ / cϕµ  values of both EBRK 
and EBR are within the acceptable range, indicating that both EBRK and EBR can satisfy the ductility 
requirement. Moreover, the ductility factors of EBRK are smaller than those of EBR, indicating that 
the rigidity of EBRK is higher than that of EBR. 

Table 2. Ductility factor of sectional curvature of testing beams 

Beam 
No. Py/kN Pu/kN Pu/ Py 

Yield curvature 
(10-5mm) 

Ultimate curvature 
(10-5mm) 

tϕµ  cϕµ  
tϕµ /

cϕµ  
ytφ  ycφ  utφ  ucφ  

CB 90 100 1.11 6.01 6.91 13.56 14.36 2.26 2.08 1.07 
EBRK1 100 130 1.30 3.98 4.19 8.49 8.31 2.13 1.98 1.08 
EBRK2 100 120 1.20 4.60 4.39 9.41 9.22 2.05 2.10 0.98 
EBRK3 100 110 1.10 4.21 4.01 8.76 8.58 2.08 2.14 0.97 
EBRK4 100 110 1.10 4.92 4.73 9.48 9.31 1.93 1.97 0.98 
EBR1 100 120 1.20 4.02 3.82 8.45 8.31 2.10 2.18 0.96 
EBR2 12

 

130 1.10 5.57 5.36 11.85 11.7 2.13 2.18 0.98 
EBR3 140 150 1.10 6.49 6.31 13.69 13.56 2.11 2.15 0.98 
EBR4 130 140 1.10 6.18 5.99 12.24 12.10 2.00 2.02 0.99 

 
(a)                                                           (b)                                                        (c) 

Figure 5. ϕ−M  of testing beams 

4 Conclusions 
On the basis of the force analysis of 3 CB, 4 EBRK and 4 EBR under the cracking, yield and ultimate 
phases, we can conclude that: 

(1) Compared with EBR, EBRK presents clearer forces on CFRP. This condition is convenient for 
the strain test and force analysis of CFRP. EBRK is superior for use in studying the bonding slippage 
and macroscopic bearing capacity of CFRP-concrete interface. 

(2) CFRP can improve the deformation resistance of EBRK and EBR to a certain extent. EBRK 
shows smaller deformation than EBR. 

(3) A formula for calculating the bending moment-curvature of EBRK and EBR under different 
stress phases is proposed. The calculated results agree well with the test results, indicating that the 
derived formulas and calculation method are feasible. This approach can provide theoretical 
references for engineering designers for practical engineering applications.  
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