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1. Introduction
The classical non-autonomous Lotka-Volterra mutualism system can be described as follows:

d);‘t(t) =x0)] r)—a;®)x®)+ JZ:,aij ()x; ) W

J=i

Extensive literature concerned mutualism system (1) and its generalized forms.

The above mentioned papers are all deterministic models, which do not consider the effect of
environmental noise for population system. In fact, population system is often subject to effect by
environmental noise (see [1-3]). In paper [2-3], some result on the nonexplosion, boundedness and
persistence for stochastic population systems have been developed. Particularly, Ji and Jiang in [3]
studied nonautonomous two-species stochastic Lotka-Volterra mutualism model

{dxl(t) =%, ()] (1,(t) —ay, ()%, (1) + 2, ()X, (1) ) dt + o (t)dB,(Y) |

X, (t) = %, (6) [ (1, (1) — 3, (6) %, (t) —2,, ()X, (1) ) dt + o, (t)dB, (1) |

For the systems (2) and its generalized forms, many interesting results have been obtained.

On the other hand, the growth of species usually undergoes some discrete changes of relatively
short time interval at some fixed times, such as drought, flooding, earthquake, planting, harvesting etc.
From point view of mathematic, the sudden changes could be described by impulses. In this case,
impulsive effects should be taken into account system (2). Some results (see [4-7]) have been
proposed for stochastic systems with impulsive effects. Up to now, little research has been done about
stochastic non-autonomous Lotka-Volterra mutualism with both impulse effects and Markov
switching. Motivated by these, in this paper we consider the following non-autonomous two-species
stochastic Lotka-Volterra mutualism with impulse jump and Markov switching system:

dx, (t) = %, (1) [L(£ (D) — 2, (£ [©)) %, (1) + &y, (£([0) %, (1) ] dt
+o,(EOXK B, t#t, keN

dx, (t) = X, (1) [, (£ (1)) — 8, (S(0)) %, () — &, (£ (1)) %, (1) ]t
+0,(E(t)x, (1)dB,(t), t=#t keN

Xl(tuf)— % (t) =byx(t) keN

X (t) =%, (t) =by %, (t,), ke N

()

3)

Where N denotes the set of positive integers, 0 <t <t,---, lim t =+ 0n count of biological
meanings we impose the additional restrictions on systems (3),
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b, >-1 i=12L n keN.

When b, >0, the impulsive effects denote planting, while b, <O represent harvesting [14].
&(t) is Markov switching take values inS ={1,2,L ,N}, switching from one mode to the others
according to movement of the Markov chain &(t) . B/(t),i=12 are mutually independent one
dimensional standard Brownian motions with B;(0) =0.

2. Stochastic persistence
Let R? denote positive cone of R2. For xeR?, |[x|=|x|+|%,|. Moreover, we assume that
Inf 3, (S(t)) > Ofor all i =1,2.and&;(£(t)) >0 forall i=1,2 with j#i.

Studying a population system, we pay more attention on whether the system is persistent. In this
section, we first show that the solution is stochastic permanence. Before give the main theorems, we
first give some famous concepts, lemmas and assumptions (see e.g. [7]).

Definition 1 system (3) is sad to be stochastically permanent if for everye €(0,1), there are

constants M =M (&), N = N(¢) such that
liminf{x(t) > M}>1-z, liminf{x(t) <N}>1-¢

Assumption 1 For some u€S, g, >0 (Vi=u).

Assumption 2 Y., A1) >0, (8) =b(u) 0 (W), b) = minb, @), ues.
k=1 b=

Assumption 3 3(y) >0, UES.
Lemma 1 (see e.g. [4]). Asumptions 1 and 2 imply that there exists a constant @ > Osuch that the
matrix A(6) is a nonsingular M-matrix, where

AB) = diag(& (6).5,(0), £ (@) -T, & (6) = 9ﬂ(u)—%9202(u), Vues.

Lemma 2 Asumption 3 imply that there exists a constant & >0such that the matrix A(0)is a
nonsingular M-matrix.

Assumption 4 There exist two constants m>0and M > 0such that m < H (@+b; )y, (1) <M for

O<t, <t

allt>0,i=12,
Theorem 2 If assumption (1), (2) and (4) hold, then system (3) is stochastically permanent.
Proof. Firstly, let us show that for given € €(0,1), there exists a positive constant M such that

liminf{x(t) >M}>1-&_ Applying the generalized It6 formula, we compute

1 1 1
d (_j:__zdyl"'F(d yl'dY1)

1 1

= —yi{rl(;‘)—aﬂ(f) [T @+by)y+a,(8) [T A+by)y, |dt

O<t, <t O<t, <t

rE52() yldt%oq(f)dsl(t).

1 1

1 1 1
d £_j :__zdyl"'F(d yl'dyl)

2 2
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=——{I‘ (&) +a,(8) H A+by )y —a,(8) H A+b,)y, |dt

O<t <t O<t <t

+—Uzz(§)dt——02(§)d32(t)-

2 2
For @ given in lemma 3, by lemma 2, there is a vector § =(q,,0,,---q,)" [J Osuchthat A(6)G L[ O,
namely

A l \% N
qu (eﬂ(u)_iez O'Z(U)j—zmq forall 1<u<N.
1=1
Define V,(y,u) =q,(1+V;")’ +q,(L+Y,")’ .Then, by the generalized 1t6 formula, we have

EV, (¥(0), £()) =V, (¥(0), £(0)) + E [, LV, (y(s), £(s))ds
Where

LV, (y,1) = q,0(1+ 2)"d i+1que(e—1)(1+i)”-2d(i)z
1

1 Y1

+qu9(1+y—)9 Q. qu9(9 DA+ y 2y 2fl'(i)2JFZJ’mVl(y,l)%

2 2 2 2 1=1

—qu6’(1+ )“{(1+ )[——(F(f) 2,;(8) [ T @by +a,(9) [T A+by)y,)

0<tk <t O<ty <t

+Val @+ (0- 1)("1(‘55 b0 )5 2{(1+—)[——(r(§>+a21(§)1‘[(1+b1k)y1

O<ty <t

zz(§>H(1+b2k)yz)+ Gl (0-n %) (5)) }+ @ )Zyu.q.+(1+y—) qul

O<ty <t

(1+ )9 2{—7%9”(5) o (6)——(9 Doy’ ()]+— " que[ (&) +0,"(5) +a,(8) H (@+Dby)]

a,(&) [T @+by)
—%[%9(%(5) [T @+by)+ Mk; N+ay (@] (1+blk)+(1+_) ZMQ.}

O<ty <t 1 O<ty <t

4 U 0 (O 5 (0D O+ 4O + 0.9

8, (&) [T @+by)
+a,(&) [ @+b)1-2 100G [T arby)+ )

O<ty <t O<ty <t 2

+a,(S) H (1+b2k)+(1+_) Z7u|Q|

O<ty <t

=(1+7)9’2{—7[qu(9f1(u) 901 (U)——920'12(U)) Zn.q|]+ [que(all(u)H(1+b1k

2, (U) H (1+by)
-r(u)+o (U))+227U.Q.] 2 [quﬁ(au(u) [T@+b,)+ e )]

+[qu9311(U)H(1+b1k)+27u|q|]}+(1+y) i yz[qu(é’r 2 (U) - 902 (U)——eszzz(u))

O<t, <t

Z7U.Q.]+ [qu9(azz(U)H(1+b2k) ru)+o,’ (U))+227u.0h] yl[qu9(321(U)H(l+b1k

O<t, <t O<t, <t
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a,(u) [T @+by)
a0, T A+, + D nalk

Now, choose 7 >0 sufficiently small such that it satisfies

qu(9f(u)——920 (u)- Zyu.q. nq, >0 forall LI<U<N, i=12.

1=1
Define V,(y,u)=e"V,(y,u) =e"q,(1+Yy;")’ +e"q,1+y,")’. Then, by the generalized It 6
formula

EV, (y(1), $(1)) =V,(y(0),5(0)) + Ef; LV, (y(s).5(8))ds,

Where
LV, (y,u) =ne"V,(y,u) +e"™LV,(y,u)

et (L yﬁ)“{—%[querl(u) —%qﬁcfﬁ N [quean(u) IT @+b,)

! 1= O<t, <t
N qugaiz(u)H (1+b2k)
~0,05(0) + 0,60, (U)+ 227G + 270, ]~ [queaiz(u) T[T @+by)+ = ]
O<t, <t 1

+[qu9au(U)H(1+b1k)+27uuch+77qu]+e”‘(1+y 0" 2{— [0|u6’Ir (u) - HGZZ(U)—ZMQ.—U%]

O<ty <t

+yi[qu0a22(u) H (1+b,)—0q,0r,(u) +q,00,(u) +227/u|q| +277qu]_ [qu9a21(u) H 2+by)

2 O<t, <t 1=1 O<t, <t
quga?l(u) H (1+b1k
+ 0y<tk<t ]+[qu0a‘22(u)H (1+b2k)+zyulql +77qu]
2 O<t, <t

<e"(L+y)” 2{—y—[qule 1(u) - —%6’01 (u) - ZMQ. n9,]+— " [quean(u)'\/l

1 1=1

_quaq(u)+qu9012(u)+22yulql +277qu]+[qu0a11(u)M +Zyulql +77qu]}
I=1 1=1

1ve- 1 1 X 1
+e77t (1+ yzl)g 2{_7[%‘95 (U) _Equ‘gaz2 (u) _Z7u|q| _77qu] +y_[qU0a22 (U)M
2 1=1

2

N N
_qu0r2(u)+qugo-22(u) +227/ulql +2nqu]+[qu9a22(u)M +Zyulql +77qu]}
1= 1=1

=e"H(y,u),
where

1vo- 1 1 J 1
H (Y:U) = (1+ yl 1)9 2{_F[querl(u) _Equeo-lz (U) _Zyulql _nqu]+7[qu9a11(u)lvl
1 1=1 1
5 N N
_querl(u) +qu00-1 (u)+227/ulql +277qu]+[qu0a11(u)M +Z7/ulql +77qu]}
1=1

Fr ) 2{— 6,00 ()~ ~ 0azz(u)—in.q.—nqu]+yi[queazz(u)M

1=
2 2 1 y 2
_querz (U) +qu60-2 (U) + 2Zj/ulql + anu]+[qu9a22(u)M +Z}/ulql +77qu]}
I=1 1=1

By the definition of 7, H(y,u) is upper bounded in R, xS, This implies
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e NG | ot 1107 < g 1ANe |, —1/AV\ 0 Hl(e”t—l)
qEe” (1+y,")" +e"(1+y, ) 1<all+y, (0))” +a+y, (0)" + ——.

That is to say
limsup E[y;” ()] < limsup E[(L+ y;* (1))’ + @+ v, (1))?1< Hi =H,

t—+o0 t—-+o0
nq

Consequently
limsup E[x, * ()] <limsup E[( ] | @+by)y,) "1<m’H, =H,
t—+o0

t—>0 O<t, <t
limsup E[x,° ()] < limsup E[( | | @+b,,)y,) 1< H,
t—>0 t—>+0 o<t <t )

1
For any given ¢ >0, let M = (Hi)" , by the Chebyshev inequality ,we can obtain that

P{x (t) <M}=P{x?(t) <M }<M?E[x°(t)]; i=12.
Then,
limsup P{x(t) <M}<MH, =¢.

t—>+0
Consequently
Iitminf P{x(t)>M}>1-¢, i=12.

Next we prove that for any given ¢>0 , there exists a positive constant N such that
Iitminf P{x(t)<N}>1-¢, i=12.

Ifa, (&)a, (&) —a,(Ha, (8 >0, £€S, then there exist positive numbers ¢,(£) and c,(&) for
each & €S such that

~ 2= max{A, (C() A + AT(£) C(£)} <O ()
@[] a+b) 2@ [T a+by) ¢ 0
A _ O<ty <t O<ty <t C =1 .
Where A(¢) a,,(&) H A+b,) -a, H (1+b,,) , C(9) ( 0 C, (é)J

Define V(y) =hy, +h,y, for yeR?, where h, >0 and h, >0. Applying the generalized It 6

formula yields
dVv (y) = LV (y) + ho,($) y,dB, (t) + h,0,(£) y,dB, ()

Where
LV (y) =hy,[5(&)—a, (&) [T @+by)y, +a,(&) [T @+by)y,]
+h,Y,[1,(£) + 2, (&) T | @+by )y, —a, () [T @+by)y,]

—hr (@)Y, - (©)y, +%yT (CEA+ATCE)y

<Y+ (), — 5 (5 +Y2)

(4) implies that there exists a constant H, >0 such that LV (y)<H,. Making use of the
generalized I1t6 formula again leads to
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deV ()] =€'(hy, +h,y,)dt+e'(LV (y))dt +e'[h,o, (5)y,dB, (t) + h,0, (£) y,dB, ()]
<e'fhy; +hy, +h(E)y; +hn ()Y, —%(yf +¥;)ldt+eTho, (£)y,dB, (1) + h,0, () y,dB, (1)]
<H,e'dt+e'[ho, (&) y,dB, (t) +h,0, (£) y,dB, (t)].
dleV (y)]=€'(hy, +hyy,)dt+e'(LV (y))dt +e'[ho, (£)y,dB, (1) + h,0,(£) y,dB, (1)]
<e[hy, +hy, +hr )y, +hr )y, - % (7 +y,)ldt+ e’y (£) y,dB, (1) + h,0,(£) y, 0B, (1)]

<H 4etdt +ée' [hlo-l (ég) yldBl (t) + h20'2 (é) ydez (t)]
Integrating from 0 to t and taking expectations on both, we get

e'EV (Y(1)) =V (y(0)) + H, (' ~1) = hyy,, +h,y,, + H, (" ~1).
That is to say, "r:‘fng[V(Y(t))kH . On the other hand, it is easy to see
V(y(t)

that ity = min{n, h} . Therefore,
limsup E[x, (t)] < limsup E[ H (1+b, )y, (1M limsup Ey,(t) <M IimsupM
t—>+o0 t—+o0 O<t <t t—+0 t—>+o0 mln{hl, hz}
MR, . ='Hg, j.e. IMSUPE[X®I<Hs Thys for any given £>0, Then by virtue of
|‘]’]||’]{h1 hz} t—+0
Chebyshev inequality, we can derive that

Elx(®]_ ¢ L
POX (1) > N} < =22 = - EDX (0], 1=1,2,

5

That is to say
limsup P{x.(t) > N} <limsup———= Elx ()] IimsupiE[xi(t)]Sg, =12,

t—-o0 t—+o0 t—+o0 5
Theorem 2 If assumption (3) and (4) hold, then system (3) is stochastically permanent.
The proof of Theorem 2 is very similar to the proof Theorem1 we omit the details here to avoid
repetition.

3. Summary

This paper is concerned with stochastic persistence of Stochastic Non-autonomous Lotka-Volterra
Mutualism systems with Impulse Jump and Markov Switching. Two sufficient conditions for
stochastic persistence are obtained. If impulse is bounded and Assumption 2-4 hold, Note that both
the impulse and color noise have no impact on stochastic persistence of the population system (3).
Some more interesting result deserve further investigation, we will attempt to investigate persistence
in mean, weak-persistence, non-persistence, extinction and global attractivity of the system (3) at the
next stage.

Acknowledgements

The authors would like to thank the reviewer for the insightful comments. Addressing them has
improved the quality of the paper. This research was partially supported by youth teacher
research fund of Hexi University (No. QN2015-01).

References

[1] X. Mao, G. Marion, E. Renshaw, Environmental noise suppresses explosion in population
dynamics. Stochastic Process Appl. Vol.97 (2002) No.2, p95-110.



£

ATLANTIS
PRESS

[2]

[3]

[4]

[5]

[6]

[7]

Advances in Computer Science Research, volume 63

X. Li, D. Jiang, X. Mao. Population dynamical behavior of Lotka-Volterra system under regime
switching. Comput Appl Math. VVol.232(2009) No.6, p427-448

C. Y. Ji, D. Q. Jiang, H. Liu, etal, Existence, uniqueness and ergodicity of positive solution of
mutualism system with stochastic perturbation. Mathematical Problems in Engineering.
V0l.2010 (2010) 10-25.

M. Liu, K. Wang. On a stochastic logistic equation with impulsive perturbationsJ. Comput. Math.
Appl. Vol.63 (2012) No.5, p871-886.

M. Liu, K. Wang. Dynamics and simulations of a logistic Model with impulsive perturbations in
a random environment. Math. Comput. Simulation. VVol.92(2013) No.4, p53-75

M. Liu, K. Wang. Asymptotic behavior of a stochastic autonomous Lotka-Volterra competitive
system with impulsive perturbations. Math. Comput. Modelling. Vol.271 (2015) No.11,
p418-428.

R. H. Wu, X. L. Zou, etal. Asymptotic properties of a stochastic Lotka—\olterra cooperative
system with impulsive perturbations, Nonlinear Dyn. VVol.77 (2014) No.3, p807-817.





