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Abstract. Firstly, taking rigidity excitation, error excitation, meshing impact, clearance variety and
other non-linear factors into account, the bend-twist-shaft-swing non-linear coupled vibration model
and differential equations for the multi degree of freedom helical gear driven system are built based
on the lumped mass method. Secondly, the model is solved by the fifth order variable step size and
self-adapted method (Runge-Kutta method), and then the system vibration time-domains and
frequency-domains are obtained. On the above basis, we fitted the system different random error’s
probability distributions and carried out sampling calculation by Monte Carlo method for the system,
and then got the non-linear random structure system’s vibration reliability at different time. This
method is easy to program, and provides a theory basis for helical gear driven system’s quantification
design of controllable structure and performance.

Keywords: Multi degree of freedom helical gear driven system; Monte Carlo method; fifth order
variable step size and self-adapted method; random vibration response.

1. Introduction

The helical gear driven system is widely used in machinery, metallurgy, automobile, aerospace,
and other fields. Traditional engineering analysis uses the deterministic mechanical model, using the
mean parameters instead of its actual value. When the variability of actual system is larger, the
calculation results can produce deviation. The randomness of the actual system includes the
following aspects: (1) the randomness of material characteristics; (2) the randomness of physical
dimension; (3) the randomness of structure boundary conditions; (4) the randomness of physical
property parameters|1-2]. Because of all kinds of random factors, the gear system itself has some
random characters. Therefore, in the design of gear system, the system randomness is of great
importance in engineering practice. Therefore, the random factors of actual engineering have a very
significant impact on the helical gear driven system based on random vibration reliability analysis
[3-5].

2. Multi Degree of Freedom Non-linear Random System Reliability Analysis Method Based
on Monte Carlo Method

X s a set of random variables of influence the multi degree of freedom non-linear random system,
X=[X1, Xa,....Xa]", Xu(h=1,2,3,...,n) is the basic random quantity; Yi(k=1,2,3,..., s) is the system
performance output determined by operating requirements and the function of a random variable X,
namely:

Yk:f(x)zf(XlﬂX27X3"“Xn) (1)

(Zk lower range value *Z k upper range value ) is the allowable limit value of system output response, (=1, 2, 3,...,

s). The system has s kinds of failure modes. Therefore, there are s kinds of limit equations of state in
system. The required reliability of system performance output response under the first £ times failure
mode is:

Rk = P(Zk lower rangevalue S k S Zk Ltppert‘angevalue) (kzla 27 3, ceey S) (2)
The system reliability of s kinds of failure modes under correlated conditions is:
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s s
R = P{kl__ll Rk} = P{kl_—ll Zklowerrangevalue < Yvk < Zkupperrungevulue ]} (3)

The multi degree of freedom non-linear random structural system vibration reliability is solved
based on the Monte Carlo method. The method is applicable to reliability calculation of any
distribution random variables and any combination random variables. The calculation accuracy is
improved with the increase of simulation times. The program layout of random vibration reliability
solution is shown in Fig. 1.
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Fig. 1 Calculation process of system vibration reliability

3. Building and Solving Bend-twist-axis-swing Non-linear Coupling Vibration Model for
Helical Gear Driven System

3.1 Building the Model.

The helical gear driven system has vibration of bending, twisting, axis and swing. Therefore, in
order to study further the dynamic characteristics for helical gear driven system, we built its
bend-twist-axis-swing non-linear coupling vibration model. The dynamic model is built based on the
lumped mass method, as shown in Fig. 2. It is ignored that the tooth surface friction and the torsional
elastic deformation of drive axle in calculation. The cross bending elastic deformation of drive axle
and supporting is simulated by supporting spring of relative to the gear symmetrical arrangement (],

Each gear has five degrees of freedom: the x, y direction of along gear wheel shaft, the axial z
direction, the 6: direction, the 6 direction. The spring and damping replace the stiffness and damping
of bearing contact and tooth mesh. c¢m, kn are respectively the damping and the time
varying meshing stiffness value of gear pair; ki (i=p, g; j=x, v, z), cii (i=p, g; j=x, y, z) are respectively
the supporting stiffness and equivalent value of damping; e(¢) is the static error.

{0} is the displacement matrix of dynamic model for helical gear driven system. {J} is:

T
{5} :{xp’yp’zp’gpﬂgpz’xg’yg’zg’ggX’agZ}
Where, xi, yi, zi(i=p, g) are respectively the translational vibration displacement of center point of
driven gear and driving gear along the x, y, z three directions; fix(i=p, g) is the torsion pendulum

vibration displacement of center point of driven gear and driving gear along the x axis; 0i:(i=p, g) is
the torsional vibration displacement of driven gear and driving gear around the z axis.
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The helix angle of driving gear is set to the S. aris the transverse pressure angle. The vibration
relationships of contact points between x, y and z directions are respectively:
y-tana,

cos 3
The center point of driving gear is set to the Op, the relationships between generalized
displacement and vibration displacements of Op in contact points are:

xX=y-tanq, = ,z=y-tan

xX,=x,-y,tane, =x,—(y,+6, R )tang,

)7 p = Vp + gszp
z,=z,+y,tanff=z, +(y,+06, R )tan
The center point of driven gear is set to the Og, the contact points displacement and vibration
displacement are respectively:

x,=x,+y,tane, =x,+(y,-0,.R )tang,

)_/p :yp_eszp

z,=z,+y,tanff=z, +(y,—0, R )tan

pzp

Fig. 3. Resolution graph of meshing force for helical gear
The resolution graph of meshing force is shown in Fig.3. kxis the time varying meshing stiffness of
helical gear, cm is the meshing damping, e is the meshing error, the direction vectors of x, y and z are
respectively:
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k. =ky,sina k, =k,cosacosf k, =k,cosasinf
Cox =CpSINQ ¢, =C, cOsQCOSS ¢, =c,cosasinf @)
e, =esina e, =ecosacosff e, =ecosasin f

The elastic deformation expressed by vibration displacement is:

X, =X, -X, —e =X, —X, — (yp +0 R +y, - HgZRg)tanat - e,

V=¥, -v,-e =y, -y, +0 R +0 R —e

z, =Z,-2,-e =12, —-2 + (yp +0 R -y, + ngRg)tanB - e,

The radial dynamic meshing force called Fi is:

F.=k, f(x)+c,x =khsina~f[xp —X, —(yp +0,.R,+y, —0gZRg)tanal —exJ+

cosinalt, —x, — (7, +6, R, +y, ~0,R, hana, ¢ ]

The tangential dynamic meshing force called F) is:

F, =k, (0, )+ by = kycosa-cosf- fly, -y, +0,.R, +0, R, —e, |+
cmcosa-cosﬂ[j/p — Y, +9szp +9ngg —e'y]

The axial dynamic meshing force called F:is:

F. =k, f(z,)+c,.2, = khcosasinﬂ-f[zp -z, + (yp +0,.R, -y, +9pZRg)tan,B—eZJ+

cmcosasinﬂ[z'p —Z,+ (j/p + épZRp — Vgt égZRg )tan,B - e'z]

The model equations set of helical gear driven system based on the newton second law is:
m,x,+c,x,+ kpr(xp =-F,

myyy,+Cp¥,+ kpyf(yp): —F,

mg +e, i vk flz)=-F

J O +c.0 R +k .0 R =—F.R

pyZpy D T p T pyTtp p& pyTtp T Tz
J,.0,.=T ~FR,
MmyX, +C, X, + kgxf(xg): F,
My Yy +C, Vg +kgyf(yg):Fy
mE, vz, +ko flz,)=F.
J 0y +Cop 00 Ry + k0, R, =—F.R,
J 0, =T, +FR,

Where, Ri(i=p, g) are respectively the radius of base circle of driving gear and driven gear;
mi(i=p.,g), Jij(i=p, g; j=y, z) are respectively the mass and rotary inertia of driving gear and driven
gear; ci(i=p, g j=x, v, z), kij(i=p, g; j=x, vy, z) are respectively the supporting damping and
supporting stiffness of driving gear and driven gear; cioy (i=p, g), kioy (i=p, g) are respectively the
damping and stiffness of torsion pendulum; f{i)(i=x, y, z; j=p, g, s) is the backlash nonlinearity
function.

bs is the half backlash; b1 and b, are respectively the half radial internal clearance; 2b3 and 2b4 are
respectively the axial internal clearance; There are:

)

x,—b x,>b y,=b  y,>b z,=by, z,>b,
f(x,)=10 v, |<b, f(r,)=10 v,k f(z,)=10 l2,| < b,
xp+b1 )cp<—b1 y,+tb  y,<-b Zp"'ba Zp<_b3
x,—b, x,>b, Y,—b, y,>b, z,—b, z,>b,
f(x)=10 v, |<b, | f(y,)=10 vo|<b, , £(z)=10 2| <y
x,+b, x,<-b, Y, +b, y,<-b, z,+b, z,<-b,
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‘xs_bS xs>b5 y‘s_bS ys>b5 Zs_bS Zs>b5
S(x)=40 x,|<bs |, f(y,)=40 Y| <bs o, f(z)=10 2./ < b5
x,+b, x, <-=b yy+bs  y, <—bs z,+by z, <-b

The helical gear meshing has feature of "point - line - point". There is no phase step mutations in
its time varying meshing stiffness of periodic changes. The time varying meshing stiffness of helical
gear by Fourier transform method is:

N
k,(t)=k,+ Y (a,cosnay+b,sin nayt) (6)
n=1
Where, wo=2n/T is the meshing fundamental frequency of gear pair, 7 is the minimum positive
period; k, is the average meshing stiffness of gear pair; a.and b, are the expansion coefficients of
Fourier series, n=1, 2, ---, N.
According to the {Mechanical design manual) , ku is the meshing stiffness of ISO standards for
helical gear, namely:
k, =(0.75¢, +0.25)C,,C,C,cos B/q (7)
Where, ¢4 1s the contact ratio.
Csis the coefficient of tooth profile, namely:

Cy=[1+0.5(1.2=h,, /m,)|x[1-0.02(20" ~a,) | (8)
Cris the structural coefficient of blank, solid gear: Cz=1; Cu is the correction factor of theory,
Cu=0.8; g 1s the minimum value of tooth flexibility,namely:

X
0.15551 + 025791 _ 0.00635x, —0.1 16542 — 0.00193x,
z z z

P 4 p (9)

Xg 2 2
—0.24188—= + 0.00529xp +0.001 82xg

Zg

The meshing damping of tooth is[2]:

k m m RR
o2 o
pp g8 g
Where, (g is the meshing damping ratio, taking [0.03, 0.17].
Meshing error called e(f), a displacement stimulus, is the elastic displacement in differential
equation. e(?) is:
et)=e, +e, sin(ot + @)

q=0.04723 +

Where, eo is the constant, taking 0; e, is the amplitude, taking 108um; w is the meshing frequency
of gear pair; ¢ is the phase angle.
3.2 Model Dimensionless Processing.

Order of magnitude difference between gear stiffness coefficient, damping ratio and vibratory
response is bigger. Therefore, Eq. 5 needs dimensionless processing.

®, =+/k, /m, isthe natural frequency of helical gear pair, m. is the equivalent mass of gear,bs is

f
the displacement scale, t=t-w» is the dimensionless time. Therefore, the defined parameters are:
p=x,lbs  py=y,lbs  py=z,/bs = p,=R,0, /b = ps=R,0, /b =~ pg=x,/bs p;=y,/bs = py=z,/bs
Py =R,0,,/bs , Pio :Rg'ggz/bi, P =X1bs, pyp=y,/bs, p;=2z,/bs
P and p are respectively the first derivative and second derivative of p to 7, there are:
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X _dx_P_dx_P.ﬂ_d(bS‘pl).d("a’n)_b b
r- - - =05 P @,
dt dr dt dr dt
di, d(bs-p,-@,) dr
¥ =—P2 0 PV ) B b P
P drac P
o = do,, _ do,, .ﬂz d(bS 'p4/Rp)_ d(t'a)n) _ bs - py- o,
Podt dro dt dr dt R,
p :dépy:d(b5-p4-w,,/R,,)_ﬂ:b5-ﬁ4~wj
» dt dr dt R

P

The parameters of differential equation were transformed, getting the dimensionless equation,
namely:
D+&np+ 77;7xf(l71)+ npmxf(pll)+§pmApll =0
Dy +&,P+ 77;7yf(P2)+ 77pmyf(p12)+§pm}pu =0
Dy +&,. 03+ Upzf(P3)+ Upmzf(Pw)""é:pmzpw =0
Ps+E,0Ps+1,4Ps 477pmzf(P13)+ 48 P13 =0
Ds+ 277pmyf(1712)+ 28 WP =8,
B+ Eaelo + 1S (P6) = g/ (P1) =& gy =0
Dr+éyPr+ 77gyf(P7 )_ 77gmyf(l712 )_égm)pﬂ =0
Dy + S0 Ps + ﬂng(l’s)_ ngmzf.(pl?’)_épmzp]:% =0
Do+ SopPo + 149, Do + 477gmzf(1713)+ 48 P13 =0
Do~ 277gmyf(p12 )_ 2§gm)p]2 =—8

(11)

C7X
Where, the dimensionless damping coefficients are respectively &n=—"— | &, =—"— |

m,o, m,e,
_ Cp _ 2¢,, (L +1,) _¢ysina P ¢, cosacos B £ o= Coy . ¢, cosasin 3 £o= Coy
pz P&y pmx pmy e T pmz &
mpa)n ’ mpRpa)n ’ mpwn ’ m,o, ’ mga)n ’ mpw,, ’ l’)’lga),7 >
c 2¢,. (I, +1,) ¢, sina c, cosacos c, cosasin B
_ gz _ 3 4 _ _“m _ . .
S = e = , Came = , Sam="""—— | Sm=—"——— _ The dimensionless
m,@, m,R, @, m,m, m,@, m,m,
2 2 2 2
. . . o, @, ® 20, (I, +1,)
stiffness coefficients are respectively 7, =—% , 7,=—% , N.=—% , Myp=""-5— ,
w, T o, w, R, m,
: 2 2 2 2
m,sin .. 2. (L, +1,) ., m,cosa cos W,
M e =1+ 5 - cOS(@T)] o = ey :%,nw =22 7, =[1+s-cos(@r)] = ==
P a)n é'w” n mp a)”
m,cosasin m,sin m, COS & COS
My =[1+5- cos(wr)]ei’g , Mone =[1+5-cos(wr)]— /IR cos(a)r)]"—'g ,
P g 4
-1 m,cosasin 3 . . . .
Mg =[1+5-cos(w7 )]77}1 , s is the coefficient, taking 0.1. /i, &, /3 and 4 are respectively the

g
distance from two supportings of driving gear ang driven gear to barycentric of gear. The rest of

dimensionless coefficients are respectively @, =.k,/m, | o,=\k, /m, | o, =k, /m,
2T 2T, J J

Oy :\/kgx/mg > Dy :\/kgy/mg , Wy :\/kgz/mg ,8p = mpRpgsa)j ,85 = nggZSwj ,Me = J,;Rzitg]gR; .

3.3 Solving Non-linear Dynamic Model of Gear Driven System.

The specific parameters of helical gear are listed in Table 1. The displacement curve, speed curve,
phase plane curve, poincare figure and FFT figrue are gained by fifth order variable step size and self
adapted method (Runge-Kutta method). Due to the lack of space, when we took n=3600r/min (speed
of rotation), 7=2600N-m (twist moment), the dynamic responses of driving gear and driven gear
along the x direction are shown in Fig. 4.
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Table 1. Parameters of helical gear driven system

Number of Modulus Helix angle Pressure Face Dampine ratio coefficient
teeth z1/z2 my/mm p° angle o/° widthB/mm ping
34/84 6 17 25 70 0.08
bearing backlash of 1 gear/mm bearing backlash of 2 gear/mm supporting stiffness/N/m
backlash /mm m
axial radial axial radial 5.968x 106
. X
0.025 0.148 0.107 0 0.075
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Fig. 4 Dynamic responses of the system along the x axis
The calculation shows that in the radial direction of x, the vibration amplitude of driving gear is
larger than driven gear and the vibration of driving gear is more intense. The vibration speed of driven
gear is more smooth than driving gear. The fluctuation amplitude and vibration frequency of driving
gear is bigger than driven gear. The vibration rule of driving and driven gears is similar to monocyclic
simple harmonic oscillation and the low-frequency signal of vibration occupies the main part. Phase
diagrams show the unclosed curves with certain width that are aperiodic motion. There are four
discrete points in the Poincare figure, therefore response is subharmonics trajectory of cycle 4.
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4. A Non-linear Random Vibration Reliability Analysis for Multi Degree of Freedom Helical
Gear Driven System

We selected some parameters that have a larger impact on and are sensitive to the system. B and
B are respectively the face width of driving and driven gears; bs is the backlash; row is the material
density; s is the coefficient; n is the speed of rotation. The above parameters are random variables and
set to meet normal distribution. The reliability distributed parameters are listed in Table 2.

Table 2 Random parameters' normal distributions of helical gear dynamic response

Random parameters Bi/m Bym bs/m row/kg/m? s rIll/r/ml
Equalizing value 7%102 7%1072 2x10° 7.85%103 0.1 4000
Standard deviation (1/3) x10°3 (1/3) x1073 (1/3) x10°8 1/3 (1/3) x10°3 173

Considering the random error distribution of all variables, the oscillation equation of system is
solved by fifth order variable step size and self adapted method (Runge-Kutta method) in each
program loop and it is gained that the system response at any time in every degree of freedom.
According to the flowchart of Fig. 1, by 10* random sampling, the instantaneous failure rate and
instantaneous reliability of system are gained. At ¢ =200s, the probability distribution of vibratory

response along x axis is shown in Fig. 5 and the reliability results are listed in Table 3.
Marrnal Probability Plat

400

300

I
-1 05 patg O 05 05 0 05 1
Fig. 5 Vibration reliability curves of the system along x axis at t =200s

Table 3 Random vibration reliabilities of the gear driven system at t=200s

Variables X1 »i Z1 61y 012
Fa"urepf?r‘)bab‘hty 0.0148 0.0115 0.0197 0.0168 0.0128
The instantancous 0.09852 0.9885 0.9803 0.9832 0.9872

reliability P

Rel‘abg“y indexs 8.8057 9.7127 2.8025 2.8588 9.3206
Regularities of Lognormal Lognormal Rayleigh Rayleigh Lognormal
distribution distribution distribution distribution distribution distribution

Variables X2 » ) 6y 6>
Fa"urepf?r‘)bab““y 0.0146 0.0104 0.0184 0.0163 0.0138
The instantancous 0.9854 0.9896 0.9816 0.9837 0.9862

reliability P

Rehab;hty indexs 8.8532 10.0905 2.8268 8.4738 9.0515
Regularities of Lognormal Lognormal Rayleigh Rayleigh Lognormal
distribution distribution distribution distribution distribution distribution
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5. Summary

The non-linear random vibration reliability analysis method for multi-degree of freedom helical
gear driven system is established. This method can analyze effectively random vibration reliability of
system at every time, which provides theoretical basis for system dynamic optimum design.
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