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Abstract

Approximation computation is a critical step in rough sets theory used in knowledge discovery and other
related tasks. In practical applications, an information system often evolves over time by the variation
of attributes or objects. Effectively computing approximations is vital in data mining. Dominance-based
rough set approach can handle information with preference-ordered attribute domain, but it is not able to
handle the situation of data missing. Confidential Dominance-based Rough Set Approach (CDRSA) is
introduced to process Incomplete Ordered Decision System (IODS). This paper focuses on incremental
updating approximations under dynamic environment in IODS. With the CDRSA, the principles of incre-
mental updating approximations are discussed while the variation of attribute sets or the union of subsets
of objects and the corresponding incremental algorithms are developed. Comparative experiments on data
sets of UCI and results show that the proposed incremental approaches can improve the performance of
updating approximations effectively by a significant shortening of the computational time.

Keywords: Incomplete Ordered Decision Systems, Confidential dominance relation, Approximations,
Incremental updating

used to deal with discrete attributes values.

Incremental approximation computation in incomplete ordered decision

How-

Rough set theory is proposed by Pawlak' to deal
with inconsistency problems, which is useful in
fields such as knowledge discovery?>#, decision
analysis>®, data mining’®, etc. Classic Rough Set
(CRS) is based on equivalence relation, which is

* Corresponding author.

ever, CRS can not be able to discover uncer-
tainty from attributes with preference order do-
mains, which is important to the multi-criteria
decision analysis, e.g., risk evaluation, pollution
rating. In order to solve this problem, Greco,
Matarazzo and Stowinski proposed Dominance-
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based Rough Set Approach (DRSA), which is
based on dominance relation instead of equivalence
relation”!?. DRSA attracted much attention in re-
cent years, and has been applied to multi-criteria
classification!!, attribute reduction!?!3, customer
behavior prediction'#, bankrupt risk prediction!?,

water quality evaluation'®, etc.

DRSA has been introduced to handle the crisp
ordered information system, however, Real life ap-
plications face data missing due to various causes.
Greco et al. extended dominance relation, which
requires the referent object has no missing data, to
deal with missing data in rough set analysis of multi-
attribute and multi-criteria decision problem!'”!3,
Blaszczynski et al. discussed different ways of han-
dling missing values in sorting problems with mono-
tonicity constraints in DRSA!. He et al. inves-
tigated an extend dominance relation to discover
knowledge from approximations?’. Shao and Zhang
applied extended DRSA to reasoning, rule extract-
ing and knowledge reduction in incomplete ordered
information system?'. In order to avoid the compari-
son of two objects have no common known attribute
value, Hu and Liu discussed a limited extended
dominance®” and generalized extended dominance
relation?®>. Generalized extended dominance rela-
tion contains limited extended dominance by chosen
the parameter. Chen et al. studied k-degree extended
dominance characteristic (k-degree EDCR), which
is considering tow case of missing data that are “do
not known” and * do not care”**. Du et al. pro-
posed the characteristic-based dominance relation to
deal with incomplete ordered information®. Yang
et al. proposed a similarity dominance relation and
studied knowledge reduction under incomplete or-
dered information system?°. Luo et al. combined the
limited extended dominance relation with similarity
dominance relation and proposed a limited extended
dominance relation considering maximum and min-
imum values in dominating or dominated relation
when comparing their lost?”. It is too strict to be
practical because maximum and minimum attribute
values are hard to known. Yang et al. introduced a
valued dominance relation considering the probabil-
ity that an object is dominating another one by using
the information given unknown values®®. In order
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to avoid semantic contradiction on the ordered re-
lation, Gou et al. proposed confidential dominance
relation to extend DRSA to deal with missing data
in Incomplete Ordered Decision System (IODS)?°.

The information system commonly evolves with
time, typically, the set of attributes, the set of objects
and attribute values may dynamically change. The
approximations may alter by the variation of the in-
formation system. The traditional methodologies to
update approximations are inefficient because they
need to recomputing from scratch. Incremental up-
date is a feasible and effective in processing dy-
namic information since previous data structures and
knowledge are optimized for updating approxima-
tions. In the case of variation of attributes, Chan pro-
posed an incremental learning method for maintain-
ing approximations in CRS by added into or deleted
from one attribute®®. Li et al. proposed an incre-
mental approach for updating approximations un-
der rough set based the characteristic relation when
adding or removing some attributes in incomplete
information system3!. Zhang et al. presented ma-
trix approaches for dynamic attribute variation in
set-valued information system®2. Li et al. studies
the principle of updating dominating sets and domi-
nated sets and proposed incremental approaches for
updating approximations®>. Zhang et al. inves-
tigated incremental updating of rough approxima-
tions in interval-valued information systems*. Liu
et al. presented approaches for incremental updat-
ing approximations in probabilistic rough sets un-
der the variation of attributes®. Yang et al. de-
signed fast algorithms for updating the multigran-
ulation rough approximations with increasing of the
granular structures>®. In the case of variation of ob-
jects, Shan et al. introduced an incremental modifi-
cation for classification rules’’. Zheng and Wang
developed a rough set and rule tree based incre-
mental knowledge acquisition algorithm, which up-
dates rules by adding and pruning the rule tree
incrementally®®. Zhang et al. designed parallel al-
gorithms based on MapReduce for calculating ap-
proximations of rough sets>>*°. Luo et al. proposed
a matrix approach to decision-theoretic rough sets
for evolving data*'. Luo et al. presented efficient
updating of probabilistic approximations with incre-
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mental objects*?. Li et al. developed incremental al-
gorithms for updating approximations of composite
rough sets when adding or removing some objects*’.
Li et al. studied the dynamic maintenance of ap-
proximations in DRSA when one object is added or
removed**, furthermore, parallel algorithms are de-
veloped to speed up computing approximations in
DRSA®. Blaszczynski and Stowinski proposed an
incremental algorithm for induction rules based on
the Apriori under the variable consistency DRSA,
Wang et al. presented efficient updating rough ap-
proximations with multi-dimensional variation of
ordered data*’. In the case of variation of attributes
values, Zeng et al. developed dynamical updat-
ing fuzzy rough approximations for hybrid data un-
der the variation of attribute values*®. Chen et al.
proposed an incremental method for updating ap-
proximations while objects dynamically alter and at-
tributes values vary in variable precision rough set
model®®. And Chen et al. discussed the princi-
ples of maintenance of approximations and algo-
rithms for incremental updating approximations are
designed when attribute’s values coarsening or re-
fining in IODS?*. However, incremental approaches
for updating approximations under IODS when the
variation of attributes or objects have not been taken
into account until now. In real-life application, such
as monitoring domain, attributes and objects are al-
ways dynamic changed instead of attribute values.
Thus, this paper focuses on incremental methods for
updating approximations of confidential dominance-
based rough set under the variation of attributes or
objects in IODS.

The paper is organized as follows. In Section 2,
basic concepts of IODS and dominance relation are
reviewed and confidential dominance-based rough
set approach is introduced. In Section 3, we discuss
the principles of incremental updating approxima-
tions and propose algorithms when some attributes
are added into or deleted from. In Section 4, in-
cremental approach for updating approximations is
given when subsets of objects are merged. In Sec-
tion 5, some experiments are conducted to evaluate
the performance of proposed approaches. The paper
ends with conclusion and future work in Section 6.
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2. Confidential Dominance-based Rough Set
Approach

In this section, some basic concepts of decision sys-
tems, including IODS, confidential dominate rela-
tion are introduced.

Definition 1 >* A decision system is a 4-tuple
10DS = (U,A,V,f). U is a finite non-empty set of
objects, called the universe. A is a non-empty fi-
nite set of attributes, A = CUd where C and d de-
note the sets of condition attributes and decision at-
tribute. 'V is a domain of attributes. The domain
of C and d is ranked according to an increasing
or decreasing preference. The attributes are cri-
teria. f:U XA — V is an information function.
f={f(x,a)|f(xi,a) : xi = vg,a € C,x; € U, 1 <
i < |U|}, where |- | denotes the cardinality of a set.
f(xi,a) =v, (1 <i<|U| ) denotes the attribute
value of object x; under a. If all attributes? value
are know in the decision system, it is a complete or-
dered decision system. If exists any missing data,
it is an incomplete ordered decision system (I0DS).
All the missing values are denoted by “*”.

Definition 2 %10 Let x,y € U, P C C. IfVa € P,
f(v,a) = f(x,a) then we denote yDpx. The rela-
tion is called a dominance relation. Here, f(y,a) =
f(x,a) meansy at least as good as (outranks) x with
respect to criterion a, which is defined by f(y,a) >
f(x,a) according to increasing preference ordering,
and f(y,a) < f(x,a) for decreasing ordering.
Definition 3 Ler I0DS = (U,A,V,f), P C C,
Bp(x) ={b|b € PA f(x,b) # x}. A confidential dom-
inance relation (CDR) is defined as follows.

CDR(P) ={(x,y) € U?|(Br(x) C Bp(»))
AVqep((f(x,q) = * A f(y,q) = %)V

(f(x,q) = A f(y,q) # %)V f(y,a) = f(x,a)}

(1
yDgDRx denotes that y is dominates x in CDR,
which means the object y is more detailed than ref-
erent x, and y is weakly preferred over x with respect
to each criterion ¢ for which the evaluation of refer-
ent x is known.
Definition 4 For P C C, x € U, DSP*(x) = {y €
UlyDSPRx} is P confidential dominating set of x.
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DgDR— (x)={ye U‘xDICJDRy} is P confidential dom-
inated set of x.

The set of decision attributes d partitions U
into a finite number of classes. Let CI = {Cl|r €
{1,2,...,n}}, where Cl, > Cl,_y > ... = Cl;. An up-
ward union and downward union of classes are de-
fined respectively as follows: Cl? = Us>/Cls, le =
Us<:Cls, where t,s € {1,2,...,n}. x € CI{ means x
at least belongs to class Cl,, while x € le means x
at most belongs to class Cl;

Definition 5 Ler IODS = (U,A,V,f),PCC,x€U.
The P upper and lower approximations of CI7 and
le under the CDR are defined respectively as fol-
lows.

P(CI7) = {x e U|DE"** (x) C CI7}

P(CI?) = | DEPR* (x) = {xIDSPR (v) NCI7 0}

xeCl?

P(CIS) = {x e UIDE"* (x) C CI5}

P(Cl) = | DEP* (x) = {x|DEP*F (x) NCIs # 0}

xele

The boundary region is defined as follows.
Bnp (CI7) =P(CI7) — P(CI7)

Bnp (CI) = P(CIS) — P(CIY)

The objects in the boundary region are inconsis-
tent, which means an object x is confidential domi-
nating another object y , however, x is assigned to a
class worse than y.

Definition 6 For any x € U in an I0DS =
(U,AV,f), 8(x) =< Ip(x),up(x) > is called
P generalized decision of the object x, where
Ip(x) = min{¢|DSPRT (x) N Cl, # 0} and up(x) =
max{t|DEPR~ (x) N Cl, # 0}.

Property 1 Let IODS = (U,A,V,f), P C C. For
any x € U, the following items hold.

(1) if Ip(x) > Cl,, then x € P(CI7)

(2)if up(x) < CL,, then x € P(CLY)

(3)if Ip(x) < CL,, then x € P(CLY)

(4)if up(x) = Cl,, then x € P(CI7)
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Proof. (1) U is partitioned by d into decision
classes Cl = {Cl;|t € {1,2,...,n}}. Since Ip(x) =
min{r € {1,2...,n} : DSPR*(x) N CL}, for Vy €
DEPRF (x) we have f(y,d) > Cl, if Ip(x) > t. Hence,
DSPRY (x) C CI7 = x € P(CI7).

(2)-(4) are similar to (1). O

According to Property 1, approximations of CI7
and CI under the CDR are defined as follows.

P(CI7) = {x € Ul|lp(x) = CL}

I~

(CLS) = {x € Ulup(x) < CL}
P(CI?) = {x € Ulup(x) > Cl;}
P(CIY) = {x € Ul|lp(x) < CL}

Example 1 Let us consider an incomplete ordered
decision system I0DS = (U,A,V, f) presented in
Table 1, where U = {x;,x2,--- ,x10}, A = CUd,
C={ay,ar,a3}, Vy={1,2,3,4}.

Table 1. An IODS

aj ay as d

x1 4 4 3 4
xx 3 2 3 3
x3 4 * 2 3
xg 2 2 2 2
x5 2 1 2 2
X6 3 1 2 1
x7 * 2 2 2
x3 4 1 2 2
x 3 * 2 3
X10 4 3 3 3

From Table 1, upward union of decision is calcu-
lated as follows.

le = {)q}, Cl3> = {x1 ,)CQ,X3,X9,X10},

Cl; = {X1,XQ,X3,X4,X5,X7,x8,X9,X10}, Cl% =U.

C confidential dominating sets are calculated as
follows.

DgDR+(x1) ={x1}, DgDR+(x2) = {x1,x2,X10}»
DgDR+(x3) == {X1,X3,XS,X10}, DgDR+(x4) -
{x1,x2, 24,10},

DEPR (xs) = {x1,%2, %4, %5, %6, X8, X10 }, DE”* (x6) =
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{x1,%2,%6,X8,X10 }, DEPRY (x7) = {x1, %2, %4,%7, 10},
DEPRY (xg) = {x1,x3,x10},

DgDRJr()Cg) = {x1 ,XQ,X3,X6,)C8,X9,X10}, DgDR+ <X10) =
{X] ,xlo}.

Thus, approximations of upward union CI;” with
respect to C confidential dominating sets are com-
puted as follows.

C(Cl7) = {x1}, C(CL5) = {x1,x2, %10},

Q(Cl;) = {x1,X2,X3,X4,X7,X8,X10 } Q(le) =U.

C(CI7) = {x1}, C(CI7) = {x1,%2,X3, X6, X8, %9, X10 } »

C(Cl)=U,C(CI7)=U.

Analogously, approximations of C confidential
dominated set with respect to upward union C lf can
be calculated. For simplicity and clarity, the follow-
ing examples discuss CDRSA only with the increas-
ing preference order.

3. Incremental updating approximations under
the variation of attribute sets

Approximations computing is a critical step for
applying CDRSA in knowledge discovery. Tra-
ditional approach of approximations computing is
time-consuming when attributes are changed be-
cause it should recompute from scratch. In this sec-
tion, approaches of incremental updating approx-
imations under the variation of attributes are dis-
cussed.

3.1. Incremental updating approximations when
new attributes added

Lemma 1 Let IODS = (U,A,V,f), PCCand Q C
C —P. Forany x € U, we have
= oo
(2)Dpog (x) =Dp " (x)NDG " (x)

Proof. (1) Assume y € DEP** (x) N DGP** (),
namely y € DSPRT(x) and y € DgDR"’(x), which
means (x,y) € CDR(P) and (x,y) C CDR(Q). It
follows y € DSSSJF(X) D}CDSS+ (x) = DSPRT (x) N
DEP™ (x) holds.
(2) It is similar to (1). |
By Lemma 1, Confidential dominat-
ing/dominated set of x can be easily obtained when
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attribute set Q is added into P.

Theorem 1 Ler I0DS = (U,A,V,f), P C C and
Q CC—P. Foreach Cl>, we have

()PUQ(CI?) = P(CI?)UT(CI?),

where T(CI7) = {x|lpUQ(DgBS+(x)) >Clxe
Bnp(CI7)}

(2)PUQ(CI?) = P(CI?) — K(CI?),

> - .

B where K(CI7 ) = {x]upUQ(Dgﬁg (x))<Cl:xe
P(CI7)}

Proof. (1) PUQ(CI) = {x € UIDF58" (x) C
CI7y.
Since Dgﬁg* (x) = DSPRT(x) ﬁDgDIH (x), we have

PUQ(CIY) = {x € UIDEP**(x) N DP**(x) C
Cl7y = {x e UIDSPRT(x) C Cl7}U{x € U —
P(CI7)DEEST(x) € CI7}. And {x € U —
P(CI?)} = {x € (Bnp(CI7)U(U — P(CI7))}, it fol-
lows {x € U —B(Cl?)|DIC,BS+(x) CClPYy={xe
Bnp(CI7)|lpug(DS0g T (x)) = Cl}. Let T(CI7) =
{xllpuo(DEEST(x)) = Cl = x € Bnp(CI7)}.
PUQ(CI?) = P(CI7)UT(CI7) holds.

(2) Since PUQ(C) = Uy Dilg (x) =
Usecr (DB (x) NDGPR (x))

and DEPM* (x) N DGR (x) = DEP*F(x) — (U —
D1€8§+ ) CDR CDR
we have  U,cp(Dp Tx) N Dy tx) =

Uxea? (DgDR+ (x) = (U - D1C385+ (x)))

= UxecszgDRJr(x) —Useez (U —Dgﬁg+ (x))). Ac-
cording to Property 1.(4), we have PUQ(CI7) =
P(CI7) — {upUQ(DIC,gg’ (x)) < Cl, : x € P(CI7)}.
Let K(CI7) = {x\upUQ(DICJSS_(x)) < Cl:x €
P(CI)}.
PUQ(CLY)

=P(CI7) — K(CI?) holds. 0

Theorem 2 Ler I10DS = (U,A,V,f), P C C and
Q CC—P. Foreach Clg, we have

(1)PUQ(CIT) = P(CIS)UY(CIY),
where Y (CI) = {x|upUQ(DIC38§_ (x))<ClL:xe
Bnp(CI5)}

(2)PUQ(CIS) = P(CIS) — Z(CLS),
where Z(CIS) = {x|lpUQ(DIC36§+(x)) >Cl:x €
P(CIF)}
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Proof. It is similar to proof of Theorem 1. O

Based on Theorems 1-2, an algorithm of updat-
ing approximation of CDRSA is proposed when new
attributes are added into the IODS (See algorithm 1
IUA).

Example 2 (Continued from Example 1) Let P =
{ai,a3}, 0 ={a},C=PUQ.

DEPRY (x) = DEP*F(xi0) = {xi,x0}.
DgDR+(Xz) = {xl,xQ,xlo}
DgDR+()C3) DC +( )Z{X],)Cy,,Xg,X]o},
DypPR (xy) = DR+( 5) =U—{x1},
DgDRJr(xG) D ( ):{Xl,X2,X3,x6,X8,X9,X10},
DgDR+(X7) U

DCDR+(XI) _ {xl}
DgDR—i-(xz) — DEDR+ (X4) — DgDR+ (X7) —
{x1,%2,%4,%7,%10},
DSDR+(X3) — DZDR+ (xg) =U,

DgDR—i-(xS) _ DgDR+(x6) _ DgDR-l-(xS) _ U _
{X3,X9}.
Approximation of CI7 with respect to P confi-
dential dominating sets are computing as follows.
B(le) = @, B(Cl;) = {xl,xz,xlo},
P(CI3) = {x1,x2,x3,x3,x10}, P(CIT) = U.
P(CI7) = {x1,x10}, P(CI5)
P(Cl5)=U,P(CI{)=U.
According to Lemma 1, C = PU Q confiden-
tial dominating sets are easily calculated as follows.
Take x; and x4 for example.

DgDM(xl) = DEI5T(nm) = DEP*(x) n
DSSS*(M) = DEPM(u) N DG () =

{x1,x2,%1,%10}-

Based on Theorem 2, approximations of CI”
with respect to P U Q confidential dominating sets
are computing as follows.

T(Cly) = {xllpuo(DEE5T(x) = Clu : x €
Bnp(CI7)} = {x1},

T(CI7)=0,T(Cl;) = {x4,x7}, T(CI) = 0.

K(CI7) = {X|Mpug(Dng (x)) < Cly : x €

P(CI7)} = {xlo}

K(CI7)=K(Cl5) =K(CI7) = 0.
PUQ(CI7) = P(CI}) U T(CI}) = {xi},
PUQ(CIY) = {xi,x2,X10}, PUQ(C) =

- {X],XZ,X3,X6,X8,X9,X]O},
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{xl,xz,x%m,x%x&xlo}, PUQ(CI%) =U.
0(CI7) = P(Cly) = K(CI7 ) = {x1 },
32) = {xl,xZ,X3,x6,x8,x9,x10}. P(Cl;) =

”\vQ

( )

3.2. Incremental updating approximations when
attributes deleted

Lemma 2 Let IODS = (U,A,V,f), PCCand Q C
P CC. Forany x € U, we have

(1)DEPRT (x) = DEPRF (x) UAZ (),

where A7 o) ={yevU- DSEPRT (x)|(U —
DCDR+( )) DC£)1é+ (x)} )

(2) DEPY (x) = DEPR~ (x) UAG (x),

where A\ o) = {y e U - DEPR=(x)|(U —
DGR (1) ADEPE- ()]
Proof. (1) Proof by contradiction. Assume y €
DEPE" (x) satisfies y € U —DEP* (x) and y ¢ Az (x)
namely, y ¢ {U — DEPRT(x) A Dg?g* (x)}, then y €
DEPR*(x) or y € U = DEPET (x). (a) y € DEPF* ()
is in contradiction with the assumption y € U —
DR (x); (b) y € U — D2 (x), we have (x,y) C
U — DSP R+( ) which means y ¢ DS f; (x). Contra-
diction. D§?g+ (x) = DEPRF (x) UAZ (x) holds.

(2) It is similar to Lemma 2(1). a

Theorem 3 Ler I0DS = (U,A,V,f), P C C and
Q CPCC. Foranyx € U, we have

(1) P—Q(CI7) = P(CI7) —W(CI7),

where W (CI7) = {x|lp,Q(A5(x)) < Cl,x €

P(CI7)}

(2) P=Q(CI7) = P(CI?)UR(CI?),

where R(CI7) = {AZ (x) :x € P(CI7)}
Proof. (1) P—Q(CIY) = {x € UIDFP (x) €
Cl7'} = P(CI7) — {x € P(CI7)|D25" (x) £ CI7}
Let W(CI7) = {x € P(CI7)|DSPE(x) ¢ CIF7} =
{xlip—o(A 5( ) <czt,xe£(Cl/>}-
P—Q(CI7) = P(CI7) — W(CI7) holds.

(2) P=0(CI7) = Uy DEPST (%) = P(CI7) U
{A5(x) :x € P(CI7)}. Let R(CI7) = {A[(x) :x €

(Cl/)} B
Q(CI7) =P(CI7)UR(CI?) holds. 0
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Algorithm 1 (IUA) Incremental Updating approximations when new attributes Added

Require: P confidential dominating/dominated sets; P(CI;),

Ensure: PUQ(CI7), PUQ(CI?)

1: Compute Q confidential dominating/dominated sets

2: for i=1:|U| do

3 DSSS*( ) = DEPRT(x) ﬁDgDR+ (x)

4 DSPR (1) = DSPR (x) N DGPR (v)

5: end for

6: for i=1:|CI7| do

7: Compute T(CI7) and K(CI7)

8 Compute Y(Clt2 ) and Z( )

9. PUQ(CIY)=P(CI7) ( Cl7) and PUQ(CI
1  PUQ(CI?)=P(CI7)—K(CI?)and PUQ

11: end for

P(CI)

Theorem 4 Let I0DS = (U,A,V,f), P C C and
Q CPCC. Foranyx € U, we have
(1) P=Q(CI) = P(CIF) - S(CIY),
where S(CIS) = {x]up_Q(Aé(x)) > Cly,x €
P(CIF)}
(2)P— Q(Cl<) =P(CIS)UV(CLS),
where V (CIS) = {Aé (x) :x € P(CIS)}

Proof. It is similar to proof of Theorem 3. O

Based on Theorems 3-4, an algorithm is devel-
oped for updating approximations of CDRSA when
some attributes are deleted from the IODS (see Al-
gorithm 2 TUD).

Example 3 (Continued from Example 1) Let x € U,
P=C-0Q.

According to Lemma 2, for any x, Az (x) is eas-
ily calculated as follows.

AG(x1) = {x10}, AG(x2) = A (x3) = A (x9) =
Az(xlo) =0,
AG(xa) = {xs,x5,%6,%8,%0,x10},  Ag(xs) =
AG(x6) = {x3, %0},
AZ(X7) = {x3,X5,X6,X8,X9 }, Ag(Xg) ={x3}

Approximation of CI7 with respect to P =C — Q
confidential dominating sets are computing as fol-
lows.

> >

W>(Cl4 ) = {x]lC;Q(AQ (x)) f Cly,x €

P(CIF)} = {xi}. W(CE) = 0. W(CE;) = {a.x7),
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W(CI7) =0.

R(CEy) = {Aj() x € PCR)}y =
{xlo}, R(Cl?) {x3,x9,x10}, R(Cl;) =
{xg,x5,x6,x8,X9,x10},R(Cl?):{x3,X5,x6,xS,x9,x10}.

P = C-QCF) = C—W(Cg) =0,
C-0(C) = {x,xx0}, C-0CL) =

{x1,%2,%3,x8, 10}, C = Q(CIT) =U
P(CI) = C=Q(CI}) = C(CE) U

{x1,x10},

P(CIy) = {x1,%2,x3,X6,X8,X0,X10}, P(Cly) = U,

P(CI7)=U

R(CI}) =

4. Incremental updating approximations when
subsets of objects are merged

In this section, incremental updating approximations
of CDRSA is discussed when subsets of objects are
merged into IODS.

Assume the universe of I0DS = (U,A,V, f) is
composed by m subsets of objects, where U =
U;n:1 Uni=12,---,m

Definition 7 Let Uy C U, k=1,2,--- ,m. CI7*
lek in subset Uy are defined as follows.

and

={x e Ul f(x,d) = CL}

CISF = {x e Ul f(x,d) < CL}
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Algorithm 2 (IUD) Incremental Updating approximations when some attributes Deleted

Require: P confidential dominating/dominated sets; P(CI;7), P(CI;7)
Ensure: P— Q(CI7), P— Q(CI7)
1: for i=1:|U| do

2: Compute Az (x) and AZ (x)
s DEPE(x) = DI (0) UAS ()
4: DC?R (x) = DSPR=(x)U Aé (x)
5: end for
6: for i=1:|CI7| do
7: Compute W (CI7) and R(CI7)
8 P—Q(CI7) = P(CI7) —W(CIF) and P— O(CIF) = P(CIF) — S(CIF)
9:  P—Q(CI?) =P(CI?)UR(CI?) and P— Q(CIS) = P(CIS) UV (CLY)
10: end for
Definition 8 LetU; CU,i=1,2,--- ,m. The P con- Theorem 6 Letx e U,i=1,2,--- ,m, we have
fidential dominating/dominated sets of the object x (1) DSPRT (x) = U, DEPRF (x)
related to U; are defined as follows. (2) DSDR— (x) =U", DSD R= ()
DR (x)' = {y € UilyDE""x} Proof. (1) Since DSPR™ (x ) {x € U[yDSPRx} =
, CDR,\ _ CDR,\ _
DEPR(x) = {y € UJDEPM) U Btk et o U DR pergs

Definition 9 Let Uy C U, i,k =1,2,--- ,m. Lower

oK Sk (2) It is similar to proof Theorem 6(1). O
and upper approximations of CI7" related to U; are
defined as follows. Theorem 7 Givent=1,2,--- ,ni=1,2,--- m, the
; ; llowing items hold
P(CI*) = {x € UIDEPR* (x)' C CI* fo
BAPY = e blopm ey e (1) E(CI7) = Ur (O E(CE)
P(CIFYY = | DEPR (x) = {r e UIDEPR (x)'NCIZ £0} (2) P(CI7) = U, UL, P(CIY)

xecit Proof. (1) Since g(cz,/) = {x € UIDSPR*(x) C
Similarly, lower and upper approximations of Cl>} _
1 =

<k .
CI>" related to U; are defined as follows. (xe U, UilUm IDCDR+ kU, lek} _

B(Cltgk)t _ {X e Ui‘DgDRf(x)i C Clték} m 1{)66 U; ’DCDRJr( )1 C Cl[}l A-- -/\DgDRJr(X)m C
. ) 3 ) 12m} _
P(CI=HY = | ] DSPR=(x)' = {x € U;|DSPR* (x) mcz<’<7éoﬁ
t xeLch<k ’ ! P(N{x € UIDEPRY(F ity =
t >k\i
Theorem 5 Let i =1,2,---,m, t = 1,2,--- ,n, we i (>ﬂk:1£”<lCl ’21)’ Sy
have P(Cl7) = UL, (ﬂk;lB(Clt/ )') holds. .
(1)Cl? =\Jr,Cr? (2) Since P(CI7) = {x € U|DSPR~(x)NCI7 #
i= . _
(2) CIS = ™, CIS 0} =

{x e UL, Uil Uit DSPR= () N UL, Cl7* £ 0} =

Proof. (1) Since CI7 = {x € U|f(x,D) > Cl,} = m e Ui’DgDR—(x)]ﬂClt)I £ O A A

{x € ULUlfx,D) > CL} = ULi{x €

. CDR— =m _ m m
Ulf(eD) > Cl} = U, CIZ ClF = Up, Ol D, CDEQ) new™ # 03 = UL (Uk ix €
holds. Ui|DGPE () NCI7" # 0}) = L P(CIET,
(2) It is similar to proof Theorem 5(1). 0 P(CI7) =", U, P(CI7Y) holds. 0
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Theorem 8 Givent=1,2,--- ,ni=1,2,---,m, the
following items hold.

(1) P(CIF) = UL (M, P(CLYY)

(2) P(CI) = ULy Uiy P(CIEY)
Proof. It is similar to proof of Theorem 7. O

Based on Theorems 5-8, an algorithm is de-
signed for updating approximations of CDRSA
when subsets of objects are merged IODS (see Al-
gorithm 3 ITUM).

Example 4 (Continued from Example 1) Let U =
U, UU,, where U = {x1,x,--,x7} and U, =
{x8,x9,x10}.

According to Definition, k = 1,2. CI7 ¥in subset
Uy are calculated as follows.

lel = {xl}, Cl?l = {xl,XQ,X3}, Cl;l =
{X],X2,X3,X4,X5,X7}, lel = Ul-

Cl3>2 = {x9,x10}, Cl222 = {xg,X9,X10}, lez =
U,.

The C confidential dominating sets of the object
x related to U;(i = 1,2) are calculated as follows.

DgDR+(xl)1 — {xl}, DgDR+(x2)1 — {x17x2}’
DgDR+(x3)1 = {x17x3}’ DgDR+(x4)l = {xlax27x4}’

DgDR+(X5)1 = {xl,xz,X4,x5,x6},
DgDR+(x6)1 — {Xl,xz,xé}, DgDR+(X7)1 —
{x1,%2,x4,%7}.

DgDR+(xl)2 = 0, DgDR+(x2)2 {xlo}’
DEPRY (x3)% = {xs,x10},
D™ (xa)? = {xio}, DEP*F(x5)* = {xs,x10},
DEPRF (x6)% = {x3,x10}.
DgDR+(x7)2 — {xlo}-

DgDIH (xg)' = {x1}, DgDR+(369)1 = {x1,%2,X3,X6 }
DgDRJr()C]())l = {)q}.

DgDR+(x8)2 — {x8,x10}, DgDR+(x9)2 —
{x8,x9,x10},
DgDRJr(xlo)z = {xlo}.

Lower approximations of Cl?k related to U,
where i,k = 1,2, are computed as follows.

cci) = {x}. C(CI7*) = {x1},
C(CEN = {x1,x2,x3}, C(CIE*) = {x1,%2,%4,27},
C(CIZY = {x1,x2,%3,%4,%7}, C(CI5H)! = Uy
C(CI7')? =0,C(CI7*)* = {x,x10}
ccE'y? = {xgxo0} Q(lez)z = {xi0},
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C(Cly")? = {xs,x10},
C(CI7*)? = U
Upper approximations of CI7" related to Uj,
where i,k = 1,2, are computed as follows.

>k

7(Cl>1) {xl} C(Cl3>1>l = {X1,XZ,X3},
c(c) = (cz>1) =U

cC'? = 0. CCE')? = C(CB') =
7(Cl>l) {xl,X2,X3,x6}.

(Cl>2) (Cl>2) {x8,X9,X10}.

C(CI7*)? = C(CI5%)? = {x3,x9,X10}-

Approximations of Cl 7 when U; and U, merged
are updated as follows.

ccr) = ULiacerty) = {n)
C(CI5) = {x1,x2,x10},
C(Cl5) = {x1,x2,%3,%4,%7,%3,x10}, C(CI{) = Uy U
U,.

Approximations of CI7 when U; and U, merged
are updated as follows.

c(cip) =UP Ui, E(Cr) =
{x1,%2,x3, X6, X8, X9,X10 }, C(Cl5 ) =

5. Expriment

Some experiments are conducted to evaluate the per-
formance of the incremental approaches. Six UCI
data sets are selected from UCI Machine Learning
Repository>’, described in Table 2, as benchmark for
performance test. The incremental algorithms and
non-incremental algorithm are developed by Matlab
2014Ra on Macbook Pro 2015 with OS X EI Capi-
tan on Intel Core i5 2.7GHz and 16G memory.
There are two classes of the experiments: experi-
ments on updating approximations of CDRSA under
the variation of attributes and experiments on updat-
ing approximations when two subsets are combined.

Table 2. Data sets description

ID Data set Ul |C| class
1 heart-disease(cleveland) 303 13 5
2 lonosphere 351 34 2
3 arrhythmia 452 279 12
4 winequality(white) 4898 11 7
5  statlog (Landsat Satellite) 6435 36
6  mushroom 7910 22




ATLANTIS
PRESS

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 540-554

Algorithm 3 (IUM) Incremental Updating approximations when subsets of objects are Merged

Require: approximations of C Z?i related to every Uj;
Ensure: P(CI7), P(CI7)

: for eachx ¢ U; do

2 Compute DSPRT (x)f

3: end for

4: for i=1:m do

5. foreach k #iin CI7*, CIS* do

6: compute P(CI7*)" and P(CI7*)!
7.

8

9

—

compute P(CIS¥) and P(CISF)!

end for
: end for
P(CL)

P(CI7) = Ui, (N P(CIZ*)!) and P(CIS) = ULy (M P(CEE)')
P(CI7) = UL Uity P(CIT) and P(CIF) = UL Uiy P(CEEY)

5.1. The variation of attributes

For this case, a comparison of incremental updating
approximations and non-incremental computing ap-
proximations is investigated to evaluate the perfor-
mance of updating approximations of CDRSA un-
der the variation of the attribute set. We make two
groups of experiments on each data sets when some
attributes are deleted and added correspondingly.

In the first group of experiments, some attributes
are randomly selected from the condition attribute C
to constitute a deleted attribute set Q. The size of
Q is from 10% to 50% in percentage in C, where
the step length is 10%. The remaining attributes are
P =C — Q. Time consuming is recorded to com-
pare the incremental approach of updating approxi-
mations IUD and non-incremental method of com-
puting approximations with respect to P when at-
tribute set Q is deleted from C.

In the second group of experiments, the deleted
attribute set Q are added back into P. Thus, we
have C = PU Q. Similarly, computational time of
incremental approach IUA is compared with non-
incremental method when attribute set O is added
into P.

The experimental results of the six data sets are
shown in Figure 1. In each of sub-figures, the x-
coordinate pertains to percentage of the size of Q in
C from 10% to 50%, and y-coordinate pertains the
time consuming. The ‘non-incr-add’ denotes non-
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incremental method of computing approximations
with respect to C, while the ‘non-incr-del’ denotes
non-incremental computing approximations with re-
spect to P.

From the Figure 1, the incremental approaches
IUA and IUD are always faster than non-
incremental approach ‘non-incr-add’” and ‘non-incr-
del” respectively. Furthermore, IUA is always effec-
tive than IUD because calculation of the confidential
dominating/dominated sets in IUA is faster.

The experimental results of data sets arrhythmia
and statlog (Landsat Satellite) with large condition
attributes, as in Figure 1 (c¢) and Figure 1(e), show
that the trend of time consuming of both IUD and
‘non-incr-del” goes down when the cardinality of
deleted attribute set increases.

In addition, from the results of winequal-
ity(white), statlog (Landsat Satellite) and mushroom
with more objects, the trend of time consuming of
IUA goes down when the cardinality of added at-
tribute set increases. Intuitively, the trend of time
consuming should go up when the cardinality of
added attribute set increases. However, the bound-
ary of remain attributes may decrease after the car-
dinality of deleted attributes increases. According to
IUA, it follows that time consuming may decrease.
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of computing approximations under the variation of at-
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550



ATLANTIS
‘ PRESS International Journal of Computational Intelligence Systems, Vol. 10 (2017) 540-554
0.35 T 045 T
-4 UM -¢ IUM
8- non-incremental 0v4l’ =& non-incremental| ]
Z 03 —\./il @0‘35, .
o o
g g
& £ o3t 1
2025 1 H
iy Fosy |
ol T 0 ALY '
& - g ool RCAEEECTETTEY YU |
0 Fog 1 " R N
.-..’__..... o5k ~~~.. |
Tt S DY
1 1 1 1 1 1 1 01 1 1 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 09 05 0.55 0.6 0.65 0.7 0.75 08 0.85 09
Percentage of subset in universe Percentage of subset in universe
(a)heart-disease(cleveland). (b)lonosphere
2 50
181 b
ol -4 10M ;
g == non-incremental @ -4 1M
- 230k =& non-incremental| |
S 4t : z
C:D &0
£l i ST 1 # RRREE S
-._..‘ o '-._..
.~ -4
08F el 1
1 1 1 1 1 1 1 . 0 1 1 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 085 09 05 0.55 0.6 0.65 0.7 0.75 08 0.85 09
Percentage of subset in universe Percentage of subset in universe
(c)arrhythmia (d)ywinequality(white)
60 120
5 —— ook -¢ 1M |
D 0 =& non-incremental
v -4 UM 3 —
240k ~&-non-incremental| 2 gk i
a 40 a 80
¥ ¥
I 1 ER0 1
: i TR
I Rk LT = BT I
) e .. ... -~ e,
0+ eyl 40t .. 1
10 1 1 1 1 1 1 1 N i 20 1 1 1 1 1 1 1 - ~
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 09 05 0.55 0.6 0.65 0.7 0.75 08 0.85 09

Percentage of subset in universe

(e)statlog (Landsat Satellite)

Percentage of subset in universe

(fymushroom

Fig. 2. A comparison of incremental and non-incremental
of updating approximations when two subsets of objects are

merged

551



ATLANTIS
PRESS

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 540-554

5.2. Two subsets are merged

For this section, we focus on update approxima-
tions when two subsets are merged. Analogously,
time consuming of computation is recorded to com-
pare the incremental approach IUM with non-
incremental method.

The strategy of the experiment is the universe of
each data sets are divided into two subsets. A group
experiments are conducted, one subset is partitioned
in percentage of universe from 50% to 90% and the
other is remaining.

The experimental results of the six data sets are
shown in Figure 2. In each of sub-figures, the x-
coordinate pertains to percentage of the one sub-
set in the universe, and y-coordinate pertains the
time consuming of updating approximations when
the other subset is combined into the one.

Clearly, from Figure 2(a)-(f), IUM is more effec-
tive than non-incremental approach when two sub-
sets are combined into the universe. And the trend
of time consuming of IUM goes down when per-
centage of the one subset in the universe increases.

6. Conclusion and future work

An information system evolves commonly in the dy-
namic data environment. It is important to acceler-
ate the calculation of approximations in CDRSA in
such dynamic environment. In this paper, we focus
on the incremental approaches while the variation
of attributes or the objects in IODS. The properties
of confidential dominating/dominated sets under the
variation of attributes or objects are discussed. Fur-
thermore, incremental approaches of updating ap-
proximations are proposed when attributes or ob-
jects are dynamic changed. With the result of exper-
iment, incremental approaches of updating approx-
imations of CDRSA are feasible and effectively re-
duce the time consuming.

Our future work will focus on speeding up these
approaches on the distributed computing environ-
ment for massive data sets.
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