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Abstract. A flow model was proposed to compute the fluid pressure in pump side chamber. Based on 
which the flow can be regarded as a secondary and axisymmetric viscous laminar flow, which is the 
superposition of circumferential shear flow and radial differential pressure one. These were described 
using N-S equations. By comparing orders of magnitude, the N-S equations were simplified. They 
were then integrated to obtain the analytical solutions. The correction coefficient of potential head 
was introduced to determine simplified computation model for fluid pressure inside chamber. By 
ignoring the influence of leakage, the final computation model was established. This research used the 
model to predict the pressure profiles of a centrifugal pump and the theoretical profile agrees well 
with the experimental one.  

Introduction 
In pump field, axial thrust balance theory is a very important topic. Scholars have summarized more 
than ten kinds of computational formulas to solve axial thrust. However, these formulas are mainly 
semi-empirical and semi-theoretical, by which axial thrust cannot be calculated exactly [1-8]. The 
solving of fluid pressure in pump chamber is a core research problem for the study of impeller shroud 
force, and it is the key in calculating axial thrust accurately. An assumption is that fluid in pump 
chamber has no leakage and rotates as a rigid body at half angular velocity of impeller. Based on the 
assumption, the fluid pressure in pump chamber is considered as a parabolic distribution along the 
radial direction. In fact, the assumption is not in accord with the real situation, which leads to a 
difference between calculation results and physical truth for axial thrust [9-12]. Gao et al. adopted an 
iterative method to solve axial thrust and indicated that in order to get an exact solution of impeller 
shroud force, Navier-Stokes equations (N-S equations) must be simplified by various methods for 
viscous flow in pump chamber [13]. A four-layer flow model for side chamber fluid was set up by 
Yang et al. Their research shows that most fluid rotates as a rigid body and its rotational angular speed 
is 0.48 times of the impeller one and not 0.5 times, as commonly considered [14]. With the 
development of computational techniques, the computational fluid dynamics (CFD) is widely used in 
flow analysis. Pump performance prediction and optimization design based on CFD has basically 
reached the level of practical engineering [15-17]. By numerical simulation, Shi et al. predicted the 
axial thrust for type 250QJ50 single-stage well-pump in main operation conditions and solved the 
axial thrust acting on twisted blade. The research enriches the solution of gross axial thrust [18]. In 
order to analyze the flow field structure of side chamber, Wang et al. adopted steady numerical 
simulation to the computational domains, which consists of side chamber, wear-ring clearance, volute 
and impeller channel. The results show that pump side chamber fluid pressure gradually decreases 
along the radial direction from inlet to inner [19]. In respect to the centrifugal pump with balance 
holes and double wear-rings, Liu et al. proposed a computational model to establish balance chamber 
fluid pressure and  the reliability of the computational model was verified experimentally [20]. 

This work proposed a flow model for the incompressible viscous fluid and used N-S equations to 
describe it. By comparing orders of magnitude, the N-S equations were simplified. The analytical 
solutions were then obtained. According to the solution, a new theoretical formula was established to 
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compute side chamber fluid pressure. Eventually, the type IS80-50-315 pump is measured to verify its 
practicability.     

Flow Model and Fundamental Assumptions 
The side chamber flow model is presented in Fig. 1. This model consists of impeller shroud, shaft and 
pump casing. In the figure, a cylindrical coordinate system r zθ− −  is indicated, for which the r-axis 
is fixed on impeller shroud and the z-axis is fixed on pump casing, as shown in Fig. 1.  

 
Fig.1 The schematic of side chamber flow model 

where 2r  stands for impeller outlet radius, 1r  represents radius of wear-ring, δ  denotes the width of 
side chamber, ω  is impeller rotational angular speed. 

Some assumptions are made to determine the flow, which are as follows [21-26]: 

(1) The fluid is incompressible and the flow is steady. Hence 0
t

∂
=

∂
 and ρ = c  can be defined; 

(2) The width of side chamber is small hence the axial velocity of fluid in side chamber is 
considered as zero, which can be written as 0zv = ; 

(3) The volute fluid is high pressure and flows into the side chamber inlet evenly so all flow 

parameters are not related with θ . That is 0
θ
∂

=
∂

; 

(4) For side chamber, the ratio of width and radial size is very small. Therefore, the fluid pressure is 

approximately regarded as changing only along the radial direction, which can be written as 0p
z

∂
=

∂
.  

On basis of the assumptions above, the flow in side chamber can be regarded as a secondary and 
axisymmetric viscous laminar one. It is the superposition of circumferential shear flow and radial 
differential pressure flow. The absolute flow is helical motion. 

Theoretical Computations for Liquid Pressure 

Approximate Analytical Solutions for N-S equations and Fluid Pressure Computation Model. 
The net flow induced by the leakage is inwards, thus the nominal radial velocity is also inwards. 
According to the model shown in Fig.1, the N-S equations for pump side chamber flow were 
simplified by ignoring the per unit mass force [27, 28], which can be written as 

22 2

2 2
1 r r r r

r
vv v v vp v

r r r r z r r
θν

ρ
 ∂ ∂ ∂∂ ∂  − − + + = −  ∂ ∂ ∂ ∂ ∂  

.                                                                               (1) 

2 2

2 2
r

r
v v v v v vv
r r r z r r

θ θ θ θ θν
 ∂ ∂ ∂∂  + + = −  ∂ ∂ ∂ ∂  

.                                                                                     (2) 
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1 0p
zρ

∂
− =

∂
.                                                                                                                                                                             (3) 

where rv  stands for radial velocity of fluid in side chamber, vθ  is circumferential velocity of fluid in 
side chamber, p  fluid static pressure, ρ  denotes density of fluid, ν  represents kinematic viscosity 
of liquid, which can be calculated byν µ ρ= , µ  is dynamic viscosity of liquid. 

The total differential equation for p  is expressed as 

d d dp pp r z
r z

∂ ∂
= +

∂ ∂
.                                                                                                                         (4) 

Substituting Eq.3 into Eq.4, 

d
d
p p
r r

∂
=

∂
.                                                                                                                                          (5) 

For 0
θ
∂

=
∂

 and 0zv = , the continuity equation for incompressible fluid steady flow can be written 

as 

0r rv v
r r

∂
+ =

∂
.                                                                                                                                    (6) 

Eq.6 is derived with r, which is written as  

2

2 0r rv v
r r r

∂∂   + = ∂ ∂ 
.                                                                                                                            (7) 

 To simplify the N-S equations more, a method was adopted which compares the orders of 
magnitude for viscosity terms and inertial terms in N-S equations, respectively. After the comparison, 
minor terms were neglected and the main terms retained. 

For most centrifugal pump with a low specific speed, the impeller radius is very big in comparison 
to the width of side chamber, which can be written as 2rδ = .  From Fig.1, it can be determined that 
the value range of r is 1 2r r r≤ ≤  and the value range of z is 0 z δ≤ ≤  for N-S equations. Therefore, 
r and 2r  have the same orders of magnitude and so has z and δ , which are expressed as 

2~r r ,  ~z δ . 

 When r  changes from 1r  to 2r , rv r∂ ∂  and 2rv r have the same orders of magnitude which can 
be written as 

2

~r rv v
r r

∂
∂

. 

Such typical theoretical treatments can be found in Refs. [29-31]. Similarly, we got some others as 
follows: 
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The orders of magnitude for partial differential terms were compared to the second order, which 
are expressed as 

2

2 2
2

~v v v
r r r r

θ θ θ∂ ∂∂  =  ∂ ∂ ∂ 
.                                                                                                                    (8) 

2
2

~v v
r r r

θ θ∂  
 ∂  

.                                                                                                                                  (9) 

2

2 2~ ~v v v
z z z

θ θ θ

δ
∂ ∂∂  

 ∂ ∂ ∂ 
.                                                                                                                    (10) 

As , the orders of magnitude were compared for viscosity terms in Eq.1 and Eq.2 based on 
the results in Eq.8, Eq.9 and Eq.10. The relationships of viscosity terms can be expressed as 

Then the orders of magnitude were compared for 
inertial terms in Eq.1 and Eq.2, and because , the expressions are expressed as 

According to the results above, these five terms 
2

2
v
r

θν
∂
∂

, 

v
r r

θν
 ∂  

  ∂   
, r

vv
r
θ∂

∂
, rv v

r
θ , r

r
vv
r

∂
∂

 can be neglected in Eq.1 and Eq.2. Eventually, after substituting 

Eq.7 into Eq.1, the N-S equations were simplified as follows:    

22

2
1 r vvp

r z r
θν

ρ
∂∂

− − = −
∂ ∂

.                                                                                                                  (11) 

2

2 0v
z

θ∂
=

∂
.                                                                                                                                       (12) 

1 0p
zρ

∂
− =

∂
. 

The circumferential velocity of fluid in pump side chamber was determined by integrating Eq.12 
twice, which is written as 

1 2v c z cθ = + .                                                                                                                                  (13) 

In order to solve the constants 1c  and 2c  in Eq.13, two boundary conditions were introduced. This 
was that the circumferential velocity of fluid in side chamber equals the one of impeller shroud or 
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impeller when it is on the impeller shroud and the one on the pump casing equals zero, which can be 
expressed as 0z = , v rθ ω=  and z δ= , 0vθ = , respectively. These were then adopted into Eq.13. 

1 zv rθ ω
δ

 = − 
 

.                                                                                                                             (14) 

where ω  is determined by  2
60

nπ
ω = , n  represents the design revolving speed of pump, π  is a 

constant, 3.14π =  .  
In order to obtain the expression of radial velocity of fluid in side chamber rv , Eq.14 was 

substituted into Eq.11 and integrated twice. The expression is written as 

2 4 3
2 2

3 42
1 d 1

2 d 12 3 2r
p r z zv z z c z c
r

ρω
µ µ δ δ

 
= − + − + + + 

 
.                                                                     (15) 

Another two boundary conditions were introduced to solve 3c  and 4c  in Eq.15, that the radial 
velocity equals  zero when it is on the impeller shroud and the one on the pump casing equals zero too, 
which can be expressed as  0z = , 0rv =  and z δ= , 0rv = , respectively. These were then adopted 
into Eq.15. 

( )
2 4 3

2 2
2

1 d 1 1
2 d 12 3 2 4r

p r z zv z z z z
r

ρω
δ δ

µ µ δ δ
 

= − + − + − 
 

.                                                             (16) 

The fluid leakage vq  in pump chamber was determined by Eq.17 which is expressed as  

3 2 3 2

0

d2 d
6 d 20v r
r p rq rv z

r
δ π δ ρπω δ

π
µ µ

= = −∫ .                                                                                       (17) 

Rearranging Eq.17 derives 

2

3

6 3d d
10

vqp r r
r

µ ρω
πδ

 
= + 

 
.                                                                                                            (18) 

Eq.18 indicates that the pressure gradient d
d
p
r

 is the function of leakage vq  and radius r . 

Integrating Eq.18, allows the expression of fluid pressure, which is expressed as 

2 2
53

6 3ln
20

vqp r r cµ
ρω

πδ
= + + .                                                                                                       (19) 

In order to solve 5c , an assumption was made that the pressure at the impeller outlet equals the one 
at the side chamber inlet, which can be expressed as 2r r= , 3p p= . The assumption which acts as the 
boundary conditions was substituted into Eq.19. Eventually, by dividing Eq.19 with gρ , the 
computation model was obtained.  

2 2
3 2 2

3 2
2

6 ln 1.2 1
8

vp q r up r
g g g r g r

ν
ρ ρ πδ

 
= − − − 

 
.                                                                                   (20) 
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where 2u  stands for impeller tip speed. 
Simplified Computation Model for Fluid Pressure. Zailun Liu et al. measured the fluid leakage 
rate through wear-ring using specialized equipment and obtained the fluid leakage rate profiles in 
terms of differential pressure between the front and rear of wear-ring [32]. A computational method 
for fluid leakage rate in side chamber was introduced by Zailun Liu et al. and by measuring the 
pressure in the front and rear of wear-ring the Head profiles in terms of fluid leakage rate were 
obtained [33]. Maoqing Chen simulated the operation condition of centrifugal pump by specialized 
equipment and measured the wear-ring fluid leakage rate [34]. These research indicate that the order 
of magnitude for the fluid leakage wear-ring is 10-3m3/h under proper functioning. In general, the 
width of pump side chamber is more than five millimeters, which can be expressed as 5δ >  mm. 
Therefore, the term which contains vq  in Eq.20 is so small that it can be neglected. Eq.20 was 
simplified as follows: 

2 2
3 2

2
2

1.2 1
8

p up r
g g g rρ ρ

 
= − − 

 
.                                                                                                          (21) 

On the right hand side of Eq.21, 1p
gρ

 was added and subtracted at the same time, which is written 

as 

2 2
3 1 1 2

2
2

1.2 1
8

p p p up r
g g g g g rρ ρ ρ ρ

 
= − + − − 

 
.                                                                                       (22) 

where 1p  is the fluid static pressure at impeller inlet, which can be established by experiment. 
The pump side chamber fluid is under the influence of its rotation which is driven by rotational 

impeller shroud and its radial flow caused by leakage, there is 3 2p p< . In order to compute the fluid 
pressure inside chamber inlet 3p , the correction coefficient of potential head k was introduced. The 
definition is   

3 2

2 1

p pk
p p

−
=

−
.                                                                                                                                     (23) 

where 0 1k< < , and it was suggested that 0.9 0.95k = : , 2p  is fluid static pressure at impeller 
outlet. 

According to the definition of potential head, Eq.23, was rearranged and expressed as 

3 1 2 1
p

p p p pk kH
g g g gρ ρ ρ ρ

 
− = − = 

 
.                                                                                                    (24) 

Eventually, Eq.24 was substituted into Eq.22 and the simplified computation model was 
established, which is expressed as  

2 2
2 1

2
2

1.2 1
8p
u D pp kH

g g D gρ ρ
 

= − − + 
 

.                                                                                               (25) 

where the pump potential head pH  was calculated by Eq.26, which is expressed as 
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2
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1
2

t
p t

gHH H
u

 
= − 

 
.                                                                                                                       (26) 

If the pre-circulation of flow in the inlet of impeller is ignored, there is 1 0uv ∞ = . For centrifugal 
pump with infinite blades, the theoretical head can be calculated using the following equation  

( )2
2 2 2cott m

uH u v
g

β∞ = − .                                                                                                             (27) 

where 2mv  is axial plane velocity of fluid at impeller outlet, 2
2 2 2

m
v

Qv
D bπ ψ η

=  , Q  pump flow rate,   

2D  donates impeller outlet diameter, 2b  represents the outlet blade width, the blade blockage 
coefficient at impeller outlet 2 0.85 0.95ψ = : , this work adopted 2 0.93ψ = , vη  is pump volumetric 

efficiency in design condition, which can be determined by 2 3

1
1 0.68v

sn
η −=

+
, sn  stands for specific 

speed of pump. 
By method of mathematical statistics and regression analysis, Xijie He et al. obtained the equation 

for correction coefficient of theoretical head [35], which is written as          

0.15

3
2

1.55Z
σ

β
= , ( )4,8Z ∈ , ( )2 20, 40β ∈ .                                                                                                    (28) 

where σ  is correction coefficient of theoretical head, Z  number of blades. 
Then, the pump theoretical head was established by  

t tH Hσ
∞

= .                                                                                                                                    (29) 

The fluid pressure of pump inlet 1p  is known, hence Eq.25 is still unsolvable. However, it can be 
established by experiment. Ultimately, Eq.25 is solvable. 

Theoretical Computations and Experimental Verification 

Theoretical Computations for Fluid Pressure in Design. Type IS80-50-315 centrifugal pump was 
taken as the computational model whose design parameters are tabulated in Table.1 and important 
geometries of the impeller are tabulated in Table.2. 

Table.1 The design parameters of type IS80-50-315 centrifugal pump 

Q (m3/h) H (m) n (r/min) η (%) 
25 32 1450 52 

Table.2 The important geometries of the impeller 

Feature sizes 

impeller outlet radius    2r (mm) 158 
outlet blade width  2b (mm) 8 
exit blade angle    2β (°) 22 

number of blade      Z  5 
The measured pressure of pump inlet is zero, which can be expressed as 1 0p gρ = . According to 

the parameters given in Table.1 and Table.2, adopting Eq.26 can be used to obtain the theoretical 
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profiles of pressure inside chamber. When Eq.26 was solved, 0.95 was taken for k . The predicted 
profiles are shown in Fig.2. 

                
  (a) Front side chamber                                    (b) Rear side chamber 

Fig.2Comparison between the calculated and experimental profiles 

Experiment Method and Results. The experiment was conducted on the closed test bench for 
floating impeller of centrifugal pump. 

 In order to measure the fluid pressure inside chamber, three pressure taps on the pump body were 
opened, which have radiuses of 140mm, 122mm and 83 mm respectively. There were three other 
pressure taps on the pump casing with radiuses of 146mm, 116mm and 89 mm, respectively as shown 
in Fig.3.  

          
Fig.3 The positions of measuring taps 

In design condition, when the measured flow rate of type IS80-50-315 centrifugal pump is 
25.13m3/h, the measured head is 27.92m. Eq.30 can convert measured fluid pressure into the one 
under design revolving speed.  

2p p n
g g nρ ρ

′  =  ′ 
.                                                                                                                            (30) 

where p
gρ

 is the fluid pressure head at design revolving speed and p
gρ
′

 is the fluid pressure head at 

experiment revolving one. 
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Discussion 
The experimental profiles were shown in Fig.2. In design, fluid pressure increases as radius 

increases, and the profile is almost a rising straight line. The theoretical profile agree well with the 
experimental one in rear chamber. However, the profiles do not agree as well in front chamber. 
Nearby front wear-ring inlet, the theoretical profile has a large difference with the experimental one. 
With a radius of 83mm, the difference between theoretical and experimental values is 1.01m. The 
experiment results also show that the average pressure in rear chamber nearly equals the one in front 
chamber and the deviation is 0.1m.  

Conclusions 
Based on the assumption of the flow model, the flow inside chamber can be regarded as a 

secondary and axisymmetric viscous laminar flow, which is the superposition of circumferential shear 
flow and radial differential pressure one. The N-S equations were simplified by comparing orders of 
magnitude. Then the N-S equations were integrated to obtain the analytical solutions. In order to 
determine the simplified computation model, the correction coefficient of potential head k was 
introduced. When the fluid pressure in pump side chamber is predicted, the research suggest that k  
takes 0.9 0.95: . Eventually, by ignoring the influence of leakage, the final computation model was 
established. This was used to predict the pressure profiles for type IS80-50-315 centrifugal pump. The 
theoretical profile agrees well with the experimental observations. The result shows that the 
computation model can predict the pressure well for the pump. And when a centrifugal pump is 
designed, the model can predict pressure inside chamber well. 
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