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Abstract-In this paper, we investigate how to calculate the
probability of fault occurrence in the future based on the
observations online. In a stochastic discrete event system
framework, we first calculate the probability of fault
occurrence for pre-fault event sequences which do not include
fault events. Our idea is to attach label to each state in the
stochastic automaton and convert it into a Markov chain.
Based on the Markov chain, we determine the probability of
fault occurrence by calculating the sum of probabilities of
some states in the Morkov Chain. Second, for every pre-fault
observable event sequence, we find all the possible pre-fault
event sequences and the probability of their occurrences. Our
idea is to update the current state estimate for the observable
event sequence and then calculate the probability of every state
based on the current state estimate which can be done with
polynomial complexity. Combining these two results, the online
prognosis problem is successfully solved.
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I INTRODUCTION

In discrete event systems [1]-[3], fault prognosis has been
extensively investigated as prognosability[4]-[8]. A discrete
event system is said to be prognosable (or say predictive) if
faults can be undoubtedly determined to occur in the future
based on the observations of event sequences. Generally
speaking, prognosability is rather strict, even more stronger
than diagnosability, which requires faults can be diagnosed
in finite observations after they occur [9].

In this paper, we do not require that the occurrence of
faults can always be predicted with certainty, but to calculate
the prognosable degree for all the observations. In order to
do it, we adopt stochastic automata to model discrete event
systems and an online prognoser is used to calculate the
probability of fault occurrence in the future. Whenever the
system has an output (an observable event), the prognoser
will immediately update the probability of fault occurrence.
It is an online prognosis problem of stochastic discrete event
systems.

We solve the online prognosis problem as follows. We
first calculate the probability of fault occurrence for pre-fault
event sequences which do not include the fault events. Our
idea is to attach label to each state in the stochastic
automaton and convert it into a Markov chain. Based on the
Markov chain, we determine the probability of fault
occurrence by calculating the sum of probabilities of some
states in the Morkov Chain which has been solved

successfully. We then, for every output (an observable event)
of the system, find all the possible pre-fault event sequences
and the probability of their occurrences. Our idea is to update
the current state estimate for the current output and then
calculate the probability of every state in the current state
estimate which can be done with polynomial complexity.
Combining these two results, the online prognosis problem is
successfully solved.

Recently, some work has been done in a stochastic
discrete event system framework. The papers [10]-[12]
discuss fault diagnosis problem of stochastic discrete event
systems. The differences are as follows: 1) they discuss fault
diagnosis while our paper discusses fault prognosis. 2) They
consider qualitative performance evaluation of stochastic
discrete event systems while our paper considers quantitative
performance evaluation of stochastic discrete event systems.
In our previous work [13], detectability measure was
investigated which calculates the sum of probabilities of all
the detectable event sequences. Even though what it
investigates is a quantitative performance evaluation problem,
the differences are obviously as follows: 1) our previous
work [13] discusses state estimation while this paper
considers fault prognosis. 2) Calculating detectability
measure requires that every detectable event sequence can
surely determine the current state while in this paper; we
calculate the predicable probability of faults for every event
sequence. 3) The computational complexity of calculating
detectability measure is exponential while the computational
complexity of calculating prognosable probability is
polynomial. The most related work is done by [14], where
fault prognosis of stochastic discrete event systems is
investigated. However it still investigates prognosability
which is a qualitative performance evaluation indicator.
Furthermore, it does not discuss how to calculate the
prognosable probability online which is an open problem
[14].

The rest of the paper is organized as follows. Section Il
introduces the stochastic automaton model and some
necessary notions. Section Il proposes an algorithm to
calculate the prognostic probability of pre-fault event
sequences. Section 1V presents a method to compute the
prognostic probability of a pre-fault observable events
sequence. Combine these results; a procedure is proposed to
solve the problem of online prognosis in Section V. Finally,
we conclude the paper in section VI.
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. STOCHASTIC DISCRETE EVENT SYSTEMS

A stochastic discrete event system is modeled by a
stochastic automaton

G =(Q.2,6,ps:%)

whereQ is the finite state set; X is the finite event set;
J0:QxZX — Qis the state transition function which defines
the dynamics of the stochastic automaton. The transition
function O is extended to 5:QxX" — Q in the usual way.
The initial state isq,. We useI'(q) to denote all the events

which can occur at state g . For strings € Y., we use| S| to
denote its length. For a set likeQ, we use|Q|to denote its

cardinality. We use N to denote the set of natural numbers.
All the possible faults are modeled as a fault event f because

we only want to predict the occurrence of faults.

With a slight abuse of notations, we use (q;,0,(;) to
denote a transition which means that event o drives the
system from state C]; to state g; . The set of all the transitions

are denoted asT :{(qilolqj):qi'qj GQ/\O'EZ/\é‘(qiaO')jqj}’ pé is
the probability transition function of G defined
as ps:T—(01] . For a given transition (q;,0,q;) .
Ps (0, 0,4;) is the probability that event o occurs and the
system transitions to state q i given that the system is in

state ; . Note that if a transition is defined, then it will occur
with a positive probability. For any undefined
transition (g, 0, q,) ¢ T, We define p;(q;,0,q;) =0 which

means the transition never occurs.
The language generated by the stochastic automaton is
defined as

L(G) ={s €2 :5(d.5),
where §(q,,s)! means that 5(q,,s) is defined. If we

remove probabilities from G , the stochastic automaton is
then converted into a non-stochastic automaton, denoted as

G = (Q,Z, 51 qO)
The non-stochastic automaton G has the same dynamics
as the stochastic automaton G such that L(G) = L(G) .

Generally speaking, some events are observable and the
others are unobservable. The set of observable events is

denoted by>® < X. X (2-X,)is the set of unobservable
events. Without loss of generality, we assume that the fault
event f is unobservable, that is, f eX . For any
string S € L(é) , the observation is the natural projection
Mg X — X, defined recursively as

Ms(s)o if oeX,

Mé(g)=g;Mé(35)={M_(s) if oY

where & denotes the empty string. When considering the
prediction problem of faults, we assume that the time interval
between adjacent events in an event sequence is long enough
to take action such as giving an alarm. Hence for an
observable eventt , the inverse projection M '(t) of an

observable string t is defined as:

M () =¢;

M) ={s, € L(G) : My (sy) =t}

where S, is the string of which the last event is
observable, that is, the last event is right the last event of
observable string t. We extend the projection and inverse
projection to a language K c L(G) in the usual way as
Mz (K)={Mg(s):se K}and M"(K) =U, «Mz'(s) -

Given a state ¢, € Q, the probability of the occurrence of
string S from it is denoted as

Prz(g,e) =1,
Prs(q;,0) = pg(d;,0,6(0;,0));
Prs (0,,50) = Prg (a,,8) x pg (5(;.8).0,5(a,,50)).
Note that the initial state g, is known. We assign a
probability to each string in L(é) as follows:
Prs(e) =Prs(dp.) =1,
Prs (o) =Prs(0,0) = Pg (0p,0,6(, 0));
Prz(so) = Prs(,,50) = Prz(0,,8) x p5((0,.8),0,0(0,50)).
For any string S¢ L(é) , we have Pr(s)=0 .

In order to investigate the online prognosis problem, the
following assumptions [13] for the stochastic automaton

G are needed.
Assumption 1: The language L(G) generated by G is live.
That is, for every state g, eQ, at least one transition is

defined and the sum of probabilities of all the transitions
defined at this state equals to one or, equivalently,

(Vg €Q) Z ps (G, 0,6(q;,0)) =1.
oell(q;)

Assumption 2: The automaton G does not have any cycle
of unobservable events or, equivalently,

(Vuste L(G))se X, = @neN)|s[<n.

Il PROGNOSTIC PROBABILITY OF PRE-FAULT
EVENT SEQUENCES

Before considering the online prognosis problem, we first
want to know the probability with which the faults will occur

for a given pre-fault event sequence s e L(é) .

We say an event sequence S is pre-fault if the event

sequence does not include event f , denoted as f ¢ s. Else,
f ¢ sand we say event sequence S is post-fault. We define
(G)as

the set of all the pre-fault event sequences Lpre
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L (G)={seL(G): f gs},

Lore (G) s prefix-closed, we define the set of all the post-
fault event sequences L, (G)as

Lo (G) ={s € L(G): f es}.

Easily to know L(G) =L, (G) U L post (G)-

We continue to introduce some more notations. For
event sequences e L(G), the postlanguage LS(G) is the set

of possible continuations of event sequence S, that is,

L, ((3) ={s'e X *:ss'e L(é)}.

Every event sequence in L (é) is pre-fault or post-fault.
We then divide L (é) into two parts. One is the set of all the
pre-fault event sequences, dj:noted as

L, e (G)={s'e Li(G): f g5s'}.

The other is the set of all the post-fault event sequences,
denoted as

Lo pos (B) ={s'e L,(G): f e5'}.
Based on the length of strings,
language L.(G) into a

sublanguage | (G).L,,(G):--- L, G):---- L, (G) consists
of all the strings with the length i in Ls(é),that is,

L., (G) ={s e L,(G):|s|=1i}.

Note that LSVO(G)z{g}, we further divide every
sublanguage sti(é) into two parts, the pre-fault part

we divide the
serial of

L, »re(G) defined as

Leipe(G)={s'e L, (G): f &5}
S, post (é) defined as
L., ox(G) ={s'e L, ,(G): f e5s'}.

Here we want to know the probability with which the
faults will occur for a given pre-fault event

sequencese L, (G), that is, the sum of probabilities of all

and the post-fault part L

the sufficiently long post-fault event sequences in L. post (é) .

Since the given stochastic automaton is live, the sufficiently
long post-fault event sequences should be those with the
length going to infinity. Hence we have the following
definition to describe the prognosis probability P, (s) as:

Definition 1: For a given pre-fault event
sequencese L . (G), the probability with which the faults

will occur, denoted as P, (s), is defined as

P () =limU,.. _ _ Prs(5(dy.s).s).

The following will discuss how to calculate P, (s)- Our
idea is to construct an augmented automaton G 50.9) which
defines the language Ls(é) and then translate calculating

P, (s) into calculating the probability of some states in a
Markov chain.
We define a label set A={N,F} . The label N is

interpreted as the”normal” behavior of the system, while F
means at least a fault has occurred (or say the fault event f

has occurred). We add a label f (N orF ) to state geQ
as(q,1)- (q,N) means the system comes to state g with the
occurrence of a pre-fault event sequence and (g, F) means
the system comes to state q with the occurrence of a post-

fault event sequence.
Then the augmented automaton éd(q 9 is constructed as

GJ(%'S)
= (Z,za é” pé(;(qo‘s) ! ZO)

=Ac(QxA,%, S, P&, s’ z,)

where Z is the set of states of G, ,and astatez e Zis
of the formz = (g, 1)(l € A). Note that state Z is a doubleton.
We use z(1) to denote the first element and z(2) to denote the
second element. That is, for a given state z=(q,l) ,
z() =qand z(2) =1 . The transition function¢ is defined,
for state (q,1)eQxAand evento € X, as

(5(q,0),1) if 5(q,0)and o = f
cWq,1),0) =1 (5(q,0),F) if 5(q,0)!and o =f
undefined others

The state transition probability is denoted as

péo‘(qo‘s)((qi’li)’a’(qjilj)) and equals to p@(q!01qj) '
Initially automaton (3‘5(%,5) stays in state 5(q,, s) and no faults
Hence the initial state z,=(5(q,,s),N)

Since £((q,1),0)! if and only if 5(q,0)!, the language
generated by Gﬁ(qms) equals to LS(G~) , that

is, L(éo‘(qo,s)):Ls(é)' In 65(%,5) , we divide the state set

occur.

Z into two parts: the pre-fault state set Z, and the post-fault
state set Zc They are defined
as Z,={zeZ:2(2)=N} and Z, ={zeZ:2(2=F} .

Gq,.) as the following properties.

5(do.s
Property 1: For any strings'e Ls(é), we can calculate
the probability of its occurrence by automaton G S(as) 3
Prs(6(qo,8),8") =Prg  (s")
Proof: Let us denote strings'ass'=o,0,---0,,. By the
definition of p. ~ , we have

5(do.s)

5(q0.s
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Pr (s")

5(dg 9)

= Pr-
Gs(ap

= Pa,,., (20016 (20,01))

x p@é,(qo,s) (£ (24,0,),0,,6(2y,0,0,)) %

(0,0,--0p)

X péd(qovs) (£ (zy,0,°Cn1),On ¢ (29,0, 0,))

= Ps(2,(1), 01, ¢ (20, 01)(D))

x Pg(£(20,01)A),0,,(25,010,) (D)) %+

x Ps(¢(20,01 00 4)D), 04,6 (20,0,---0,)(1D))
= P (6(dp, ), 01,6(0p,507))

x Pg(8(0y,801),0,,6(0y,50,0,)) %+

x Ps(6(0o,80; 204, 4),0,6(0g, 50, - 0,))
=Pr;(06(q,,8),0,0,---0,)

=Prs(0(q,,8),s")-

(é) drives
automaton é{i(q 9 into the pre-fault state setZ and any post-

Property 2: Any pre-fault string s'e L

s, pre

5a0.9) into the

words, for any

fault string s'e L, (G) drives automaton G
post-fault state set Z_. . In other
strings'e L, (G) ,

s'e L pre (G)

= (2,8) € Zy AS'E L o (G)

=6 (zy,8")eZe

Proof: We first prove s'e Ls’pre(é) <((z24,8") e Z,
by induction on the length of strings'e L, (é) .

Base: initially |s'|=0and Ls,O(é) ={¢e}cL
have ¢ (z,,¢)=z,€Z, -

Induction  hypothesis:
strings

(é), we

s, pre

Assume  that  for all
s'e L,(G) :
with|s'< K, s'e L, ,,.(G) = ¢ (2,,8") € Z,,-

Induction step: we show that, for any s'c e LS(C~5) ,

(G) = ¢ (z,,5'c) € Z,, as follows,

()

= {(z2y,8'0)=C(C(24,8"),0)Af gS'c
=$(z,,8'0)=4(S(24,8"), o)A T gs'AT o
& £(25,5'0) =L ((8(2,1),5),N), o)A f 2 &
= ¢ (25,8'0) =(5(z,(1),s'0),N)

= ¢ (zy,8'0)e Z,

1
S'ce LS'pre

s'ocel

We then prove s'c L. post (é) & ((25,8)€Z, 8 follows.
s'e L, x (G)

os'el,,.(G)

(By thefact L (G) = L, ,,. (G)UL, ,0x (G))

< {(z2,8) 22y

(By the statement s'c e L, ., (é) <=4 (zy,8'0)eZy)

< (¢ (zy,8'0)eZ; (BythefactZ =27, U Z.)
_ We denotg the prognosis probability of automation
Gig5 S P (Gyq,.s)) and defined it as:
Pr:  (s').

P (G = lim )
f (G(S(qo,s)) iaooUS'eLi‘post(Ga‘(qo.S)) 5(do.s)
Then we have the following theorem to calculate P (s) -

Theorem 1: The prognosis probability of pre-fault event
sequence S equals to the prognosis probability of automaton

G092
P; (s) = Py (Gyq,.5))

Proof:

P; (s)

=limU,, & Prs(6(ay.s).s") (By Definition 1)
=lMU, G Pfe, (8) (BY Property 1)
=P (éﬁ(qo,s))

We divide language L(Gsq,) into two parts: One is the set

. . . G .
of strings which drive automaton ~¢(:$) into “good” states

. Z
in—Nas

L, (Ga‘(qo,s)) ={s'e L(Ga‘(qo,s)) 10(zy,8') €2y}
_ The other is the set of strings which drive automaton
Giaps) into “bad” states inz_as

I—zF (Gé(qo,s)) ={s'e L(G,s(qo,s)) 1¢(24,8") € Ze }

We further divide L, (éo,( ) into a serial of subsets
based on the length of strings

I-i,zN (Gb‘(qo,s))

:{S‘G LZN (Gﬁ(qo,s)):lglz I} i :0!112!"'

and divide L, (éﬁ(qo,s)) into a serial of subsets as

Li,ZF (Ga‘(qo,s))

={s'e L, (Gsq,9) IS 1}
Then we have
Theorem 2: The prognosis probability of automaton

Gj(q,.5) 1 the sum of probabilities of those infinite event
sequences goes to “bad” states. That is,

p.S)

i=012,---.
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P (g, ) = limU ()

Proof: From the definition of p, (G(S(qo,s)) , We have

SVEI-i,Z;: (Gﬁ(q s) 5(q0.8)

P (Gs(q,.))
=[im s'
.-mU eLipos Gsap)  Gotao s>( )
=lim ~ .
l—)ooU posl (G(S(qo‘s))/\lsl i G()(qo s) ( )
- !I—[EUSIELZF (Go(gos))NIS=i o(qo 5) (s)
(By Property 2)
= limU (s").

io ~ S'elize Gops)  Goiap)

A corollary then follows.
Corollary 1: The prognosis probability of pre-fault
string S can be determined as
(s")-

P (S) B IImUSELIZF Gy (a0.5)) G>(aos)
We can view the stochastic automaton Gg(q 5 as a
0+

Markov chain if we remove the event labels associated with
the transitions. The Markov chain is denoted as

Mz =(Z, py7,)

Gs(a)

where Z is the state set of G and 7, is the initial

4(dp.s)
state probability distribution vector of G

7y =[7y(20), 70(2,), 700(2,), ]

For states z;,2; € Z, py (7

5(aps) B
=[1,0,0,---,0].
" J) is the state transition
probability from z; to Z; and defined as

pu(z,2;) = }: Ps

With a slight abuse of notations, we use p,, to denote the
state transition probability matrix. Its (i, j)th entry is the

state transition probability p,, (z,,z;) from state 7, to state z .
For the Markov chain M - , the state probability

9(d0.5)
distribution vector at step N is denoted as 7z, . The vector
7, can be calculated recursively as z, =7, ,

(z,0,2).

5(do.s)

x p,, With the
initial state probability distribution vector 7, . We

use 7, (z,) to denote the probability of state Z in the ith step.
As discussed in the paper [13], the Markov chain
satisfies:

Theorem 3: The probability of language Lis, (éﬁ(qo,s))

in éb‘(qn,s) equals to the sum of probabilities of states in Z

of 7z, . In other words,

s'eli 7 (éa(qo‘s)) th(q 9 (S ) UZeZ 7T (Z)

With the results in Theorem 3, we have the following
theorem to calculate P, (s) -

Advances in Computer Science Research, (ACSR), volume 52

Theorem 4: The prognostic probability of pre-fault event
sequence S can be determined by Markov chainp . as

5(do.s)
P (s)= limUZeZF 7 ()
Proof: By Corollary 1, we have
P, (s) = I|mU

= llmUZ€ZF 7;(2)
I—00

Ga(qo S) (s)

(By Theorem 3)

S 6Ll ZE (Ga(qo s))

AVA PROGNOSTIC PROBABILITY OF PRE-FAULT
OBSERVABLE EVENT SEQUENCES
Generally speaking, some events are observable and the
other events are unobservable in practical systems. Hence
what we see is not the occurred event sequence, but its
observation (an observable event sequence). When we see
the observable event sequence, we want to know the
probability with which the fault event will occur.
For the given system G, the set of observable event
sequences, denoted as M (L(G)) , is

L,(G) =M (L(G) ={M(s) :s € L(G)}.
For observe observable event sequencete L (G), the
possible occurred event sequences are all inm él(t). When

we discuss prognosis probability, the fault event should not
have occurred. In other words, every event sequence in
M G:1(t) should be pre-fault. We say an observable event

sequence te M (L(G)) is pre-fault if the entire event
sequences in M Gzl(t) are pre-fault. Then we get a subset

which includes all the pre-fault observable event sequences
as

Ly e (G) ={t € L,(G): M5 () = L. (G)}.
The prognosis probability Pf (t) should be the sum of the
prognosis probabilities of these event sequences in él(t)'

Considering the occurrence probabilities of different event
sequences in p Zare different, the prognosis probability

for any pre-fault observable event sequence t e Lo’pre(é)
should be defined as
Definition 2: For pre-fault observable event

sequencete L, . (é), the prognosis probability with which

the faults will occur, denoted as P, (t) , is defined as
seM3 (1) Pré (s)x Py (s)
USeMg(t) Prs (s)
Note thatpré (s)is the occurrence probability of string s

and p, (s) is the prognosis probability of faults with the

occurrence of strings .

The following will discuss how to calculate it. When we
observe the occurrence of observable event sequencet, the
current state probability distribution is denoted with a vector

p)3s:

Pf (t) =
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(1) =[#(0)(do), #()(@,), -+, #()(Gg)]
where g(t)(q,) is the probability with which the system

stays in state g, after we observe event sequence t. It is

calculated as
seM3 (t)AS(dg.5)=0; Pr@ (S)

oo U
0@ =7 " P

Then we have:

Theorem 5: The prognosis probability of pre-fault
observable event sequence t can be determined by the
current state probability distribution ¢(t) and the prognosis

probability of automaton éq as

P (1) =Uq 0 #®)(@)P; (G,)
where P, (éq ) is the prognosis probability with which the

faults will occur given that the system stays in state g; .
Proof: By the definition of P, (t) , we have

P, (t) = M Prs (s)x Py (s)
L () =
USeMél(t) Pré (S)
U, Prs(8)x Py (Gy )
—_Me® ¢ L 297 By Theorem1)
USEMg(t) Pré (S)

_ UQiEQ UseMGil(t)MS(qo,s)=qi Pré (S) Pf (qu)
USeMG:I(t) Pré (S)
1 S $)=0; PrF— (S) ~

— qugQ seMg (1)Ad(do.5)=0; G Pf (qu)

USEMG:I('() Prs (s)

= qu€Q¢(t)((1i)Pf (C~5qi ). (By Definition of ¢(t))
Calculating p, G,) has been solved in the above section.

The following will consider how to calculating ¢(t) for
observable stringt. LetL (é, 0;,q;) represents the set of all

the strings which drive automaton G from state g, to
state g, when we observe event o €%, . L (G,q,q,) is
defined as
L,(G.g;,0;)={seZ :seM (c) A (0,8) =q;}-
We denote the state transition probability matrix
as MTX_ . Its (i, j)th entry, which means the transition

probability from state . to state q; when we see observable
evento , is defined as:

MTX_ (i, ) = USGLo(é,q,,q,) Prz(q;,s).

For every observable evento e X, we obtain its state
probability transition matrix MTX_ by calculating every

entry MTX_ (i, j) - We then calculate ¢(t) recursively as

follows.
Theorem 6: For observable event
sequencet = 0,0, -0, € L,(G), the current state probability

distribution vector ¢(s,0,---c,,) is calculated recursively as
#(o,0, - 0,)=NORM (4(0,0, -0, ;) X MTXo'm) '
where NORM is the normalization operation.
For the interest of space, we transfer the proof of
Theorem 6 into VII. Appendix.
V. ONLINE PROGNOSIS

Now we discuss the online prognosis problem. The
problem is to calculate the prognosis probability for observed
event sequences online. Assume the observation sequence is
X()x(2)---x(i—1) (Note that it is an observation event

sequence), for a new observation x(i) (an observable event),
we want to update the prognosis probability P, (i) online such
that

Pr (1) = Py (x(D)x(2) -+~ x(i = 1) x(i)).

The following will consider how to update the prognosis
probability P, (i) for every output x(i) online. We first should

ensure the fault has not occurred. In other words, the
observed event sequence x(1)x(2)---x(i) is pre-fault. If it is

not pre-fault, calculating the prognosis probability
P, (i) becomes trivial. Let us first consider how to check

whether X(1)x(2)---x(i) is pre-fault or not when we

observe X(i) .
We use the approach in Section 3 to construct an
augmented stochastic automaton G, as

Gy, = (Z,2,¢, pg_ (G0, N)).

Stochastic automaton G, has the following properties:
) L(G, ) =L(G);

2) L, (G,,) =L, (G);

3) (Vs € Lo (G))< (U N). 8) = (6(dp. ), N);

4) (Vs € Lo (G))¢ (Ao, N), 5) = (6(0, 5), F)-
Proof: Forwardly got it.
We then define the current state estimate SE(t) for

observable event sequencet in éq as:
SE(t) ={z:(Fs e Mg ()2 =<((do, N), )}
-1 -1
Note that Méqo ) =MZ()-
With the current state estimate SE(t) , we can check

whether t is pre-fault or not by the following theorem.
Theorem 7: The observed event sequence
X(2)x(2)---x(i) is pre-fault if and only if all the states in the

state estimate SE (X(1)x(2)--- x(i)) are “good” states. That is,
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XD)X(2)++ X (i) € Ly pre (G)

< (Vz e SE(x(D)X(2)---x(i)))z(2) = N.
Proof: Indeed, we have

XD)X(2) (i) € Ly e (G)

& (Vs e M (xD)x(2)-x(D)))s € L, (G)
(By the definition of L, ,.,(G))

< (Vs e M (x)x(2) -+ x(@)))¢ (Ao, N), ) = (50, 5), N)

(By the third and fourth statements of Property 3)

< (Vs e M (xD)x(2) - x(0)))¢ (A, N), 5)(2) =N

< (Vze SE(x()x(2)---x(1)))z(2) =N

(By the definition of SE())
For a state estimate y — Z , we denote its unobservable reach
as:

UR(Y)={z:(32'c y)(3Fs € X,,)z=¢ (', 5)}-

With the occurrence of observable event o, we denote its
observable reach as:

OR(y,o0)={z:(37'e y)z=¢(z',0)}.
Then we can recursively calculate the current state
estimate SE(x(1)x(2)---x(i)) as shown in the following

theorem.
Theorem 8: For the observed event
sequence x(1)x(2)--- x(i) , its state estimate can be calculated

recursively as:

SE(x()x(2)---x(1))

=OR(UR(SE(Xx()x(2)---x(i =1))), x(i)).

Proof: By the definition of M (), we know, for any
strings € M ™ (x(1)x(2)--- x(i)) , it can be re-write as

s=s's"x(i)

where,s'e M (x(D)x(2)---x(i —1)) ands"'e X . With
the fact, let us prove the theorem as follows.

SE (x(D)x(2)-- x(1))
={z:(3se Mg; (x(D)x(2)--- x(D)))z = £ ((gy. N).5)}
( By the definition of SE(-))

={z:(3s'e M;;.In (x(Dx(2)-- x(-1))(3s"eX..)
z=4((gy. V), s's"x(7))} (By the fact of 5 = s's"x(7))
={z:(3s'e M;;.L (x(Dx(2)--- x(G-1)))(Is"e X’ )

z=4(5((go.N).s"). " x(1))}

{z:(3z'e SE(x()x(2)---x({—1))(Is"e X))
z=C,(2",5"x(1))} (By the definition of SE(-))
{z:(3z'e SE(x()x(2) - x(i-1)))(3s"e X))
- L(£ (). X))

={z: (3" UR(SE(x(1)x(2)---x(i-1))))
z=¢4(z",x(i))} (By the definition of UR ("))
= OR(UR (SE(x(1)x(2)--- x(i —1))), x(@)).

( By the definition of OR(-))

Now we propose an online prognoser to calculate the
prognosis probability for every observed event sequence. We
use SE(i),4(i) to denote the current state estimate and the

current state probability distribution vector when the online
prognoser observes the ith output x(i) . The prognoser runs as

follows:
Initially, there are no observations. We calculate the
current state estimate SE(0) , the current state probability

distribution vector ¢(0)and the current prognosis probability
P (0)as

SE(0) = (do., N);

#(0) =[1,0,---,0];

P, (0) = P, (G,,)-

Whenever one new output (i) is observed, the online
prognoser updates the current state estimate and the current
state probability distribution vector as:

SE(i) = OR(UR(SE(i —1)), x(i));

#(i) = NORM (g(i —1) x MTX ;).

With the current state estimate SE(i) , we update the
current prognosis probability as

P ()= { Uaeo #0)(@)P; (G,) i (V2 SE(D)z(2) =N

None others

The following theorem shows the prognoser is correct. In
other words, the prognosis probability P, (i) is always what

we want.
Theorem 9: The updated prognosis probability P, (i) by

the online prognoser is always correct such that
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P (X@x(2)x@)---x(1))  if xD)x(2)x(3)--

P ()= X(i) € Ly e (G)
None others

Proof:

We first prove (vie N)SE(i)=SE(x()x(2)x(3)---x(i)) by
induction oni .

Base:

Initiallyi = 0. We have SE (i) = SE(0) = (q,, N) = SE(s) -

Induction hypothesis: Assume that for all I <K , we
have SE (i) = SE(x(1)x(2)x(3)---x(i)) -

Induction step:

We show that SE (k +1) = SE(x(1)x(2)x(3) - x(k)x(k +1)) as
follows,

SE(k +1)

= OR(UR(SE(k)), x(k +1))

= OR(UR(SE(X(D)x(2)x(3)---x(k))), x(k +1))

(By Induction hypothesis)

= SE(X(D)x(2)x(3)---x(k)x(k +1))

(By Theorem 8)

We then prove (Vie N)g(i)=g(x(D)x(2)x(3)---x(i)) by
induction oni .

Base: Initiallyi=0. We have ¢(i) = ¢(0) =[1,0,0,---] = 4(¢) -

Induction hypothesis: Assume that for all i<k , we
have g(i) = d(x@Q)x(2)x(3) - x(i)) -

Induction step:

We show that g(k +1) = g(x()x(2)x(3)---x(k)x(k +1)) as
follows,

Pk +1)

= NORM (g4(k) x MTX, 1))

= NORM (£(x(1)x(2)X(3)--- x(k)) x MTX,,..1))

(By Induction hypothesis)

= p(X(@D)x(2)x(3)--- x(k)x(k +1))

(By Theorem 6)

With the two results, let us now prove the theorem as

XD)X(2)x(3) -+ x(i) € Ly e (G)

< (Vz e SE(x@x(2)x(3)---x(1))z(2) =N
(By Theorem 7)

< (VzeSE(i))z(2)=N

(By the fact of SE(i) = SE(X(L)x(2)x(3)---x(i)))
< Py (i) =Ug o #()(@))P (G,)

(By the update of P (i))

= Py () =U, o d(xDX@)X()- X(D)(a;)P; (Gy,)

(By the fact of ¢(i) = d(x(L)x(2)x(3)--- x(i)))
< Py (i) = P (x@)x(2)x(3) -+ x(1))
(By Theorem 5)

VI. CONCLUSIONS

This paper investigates how to calculate the prognosis
probability of stochastic discrete event systems. The main
contributions are summarized as follows: 1) we define the
prognosis probability for pre-fault event sequences and find
effective algorithms to calculate it. 2) We further define the
prognosis probability for pre-fault observable event
sequences and find effective algorithms to calculate it. 3) By
updating the current state estimate, the current state
probability distribution vector, and the current prognosis
probability with an online prognoser, the online prognosis
problem is successfully solved.
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VII.  APPENDIX
Proof of Theorem 6
We re-write string t as t=t'c, (t'=0,0,:--0,,) and enumerate all the states in Q as (0, ,(
have: (0,0, --0,,) = NORM (¢(0,0, -0, ;) x MTX,, ). The detailed proof is supplied as follows.

oo, -0,
=it'c,)
Ussl{;'{fa“]nJ(qn.:}-qn PIG(S) o U:EME'{J"E_,)M@_-,JH, PIG(S)
Usagon P Uiaga P10
=NORMU 2 .y 0i00, 50 DB Ui 000,904, P6(S))
= NORMUQ.EQ U:s-.:; (OING(g, ), Pr(s) XUfeu; (0,)(g &)=, Pr:(g;.50 - UE 2 U:ei.f; (g, )4, Pry(s) Xureu; (6. )n0(g 4, Pr(g;.5)

Yoo P20 Uragioig.im, P2%)

We then

n -

=NORM U116 y050.000 P2 Uit 4, P2

U:IE‘I"{-:;'{G“]-“JWM;'H) Pré(qugs ) o UE’E'::IF;'(O’,},&J-[E‘JHJ PI—G(II" & j .

Wy
Usagaia s Po0) " Urapio g, Plds)

=NORM NORMU_.r: 1 20 50 PR Ui 10 PO

Vsagomte, e P5@S)  Usagi g o, P20S) |
- NORM(f)x MIX, )
= NORM(c,0,-0,)x MTX, )
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