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Abstract

In this paper some axiomatic definitions about specificity for interval-valued fuzzy sets are proposed.
Some examples of measures of specificity for interval-valued fuzzy sets are showed. It is also defined a
extension of the notion of alpha cut for interval-valued fuzzy sets and a generalized similarity for interval-
valued fuzzy relations. An axiomatic definition of specificity of interval-valued fuzzy sets under the

knowledge of a generalized similarity is given.

Keywords: Specificity measure, Interval-valued fuzzy set, Similarity, T-indistinguishability.

1. Introduction

Interval-valued fuzzy sets (/¥ .%.%) were intro-
duced in the 60s by Grattan-Guinness ’, Jahn 8,
Sambuc ° and Zadeh '6. They are extensions of
classical fuzzy sets where the membership degree of
the elements on the universe of discourse (between
0 and 1) is replaced by an interval in [0,1] x [0, 1].
They easily allow to model uncertainty and vague-
ness generalizing the fuzzy sets. Sometimes it is eas-
ier for experts to give a “membership interval” than
a membership degree to a characteristic of objects
on a universe. . ¥ .% . are a special case of type-2
fuzzy sets that simplifies the calculations while pre-
serving their richness as well.

The concept of specificity provides a measure of
the amount of information contained in a fuzzy set.
It is strongly related to the inverse of the cardinal-

ity of a set. Specificity measures were introduced
by Yager '%!! showing its usefulness as a measure
of tranquility when making a decision. The output
information of expert systems and other knowledge-
based system should be both specific and correct to
be useful.

Measures of specificity have been widely an-
alyzed 345 for intuitionistic fuzzy sets 14 for

interval-valued fuzzy sets and for type 2 fuzzy sets
13

2. Preliminaries

Let X = {ey,...,e,} be a finite set.
Definition 2.1 A fuzzy set 1 on X is normal if there
exists an element x € X such that u(x) = 1.

Definition 2.2 ! Ler a j be the j" greatest member-
ship degree of .. A measure of specificity is a func-
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tion Sp:{a;} — [0, 1] such that:

o Sp(u) =1ifand only if U is a singleton.
« Sp(0) =0
o Sp(u) depends on aj in that way:

ISp(u)
aal > 0

1.
2. BP0 forall j =2

aj
It is also defined a weaker measure of specificity:
Definition 2.3 ' Let [0,1]% be the class of fuzzy

sets of X. A weak measure of specificity is a function
Sp:10,1]X — [0,1] such that:

e Sp(u) = 1ifand only if U is a singleton.

e« Sp(0)=0

o If U and 1 are normal fuzzy sets in X and L C 1,
then Sp(p) = Sp(n).

Definition 2.4 Let Sp and Sp' be two measures of
specificity. Sp is more strict than Sp/, denoted by
Sp < Sp/, if for all sets, u, it verifies: Sp(p) <
Sp'(w).
Yager introduced !! the linear measure of specificity
on a finite space X as:

Spw (M) = a1 —Yjawja,
where a; is the j" greatest membership degree of u
and {w;} is a set of weights verifying:

e W; S [0, 1]
Y wi=1
o {w;j} is not increasing.

Definition 2.5 > A fuzzy relation R : X*> — [0,1]
is a similarity relation if it is reflexive, sym-
metric and transitive under the t-norm minimum
(Min(R(a,b),R(b,c)) < R(a,c) forall a,b,c in X).
Yager also a defines a measure of specificity under
the knowledge of a similarity to solve the Yager’s
jacket problem 2.

Definition 2.6 '> Let u be a fuzzy set on X and let
S be a similarity S : X x X — [0,1]. Let my be the
set of classes of equivalence of the a-cut of S. The
set of classes of equivalence under the knowledge of
S Uq/S is the subset of equivalence classes of the
a-cut of S defined in that way: a equivalence class
of the a-cut of S belongs to Ug /S if its intersection
with the o-cut of g is not empty.

Definition 2.7 '2 Let [0,1]X be the set of fuzzy sets
on X. Let U be a fuzzy set on X and let S be a simi-
larity S : X x X — [0,1]. The specificity of U under
S is defined as follows:

Sp(au/S) = Oa"”“)‘ card(ila/s) da

Definition 2.8 2 It is denoted by L and < the fol-
lowing set and an order relation:

1. L={[x1,x] € [0,1]> with x; < x»}.

2. [x1,x2] <p [y1,y2] if and only if x; <y, and
X2 <2

Also by definition:

[x1,22] <z [y1,¥2] € x1 < y1,%2 <yp 01
XL < y,x <y
[x1,%2] =1 [y1,y2] & x1 = y1,%2 = 2.

0z = [0,0] and 1, = [1,1] are the smallest and
the greatest elements in L respectively.

L is a complete lattice and the supremum and in-
fimum are defined as follows:
Definition 2.9 ' Let {[v;,w;]} be a set of intervals
on L. Then

1. Meet{[vi,w;|} = linfimun{v;},infimun{w;}]
2. Joint{[vi,w;]} = [supremun{v;},supremun{w;}|

Definition 2.10 2 An interval-valued fuzzy set A on

a universe X can be represented by the mapping:
A:X —[0,1)?

Definition 2.11 2> Let X be a universe and A and

B two interval-valued fuzzy sets. The equality be-

tween A and B is defined as: A =y B if and only if

A(a) =1 B(a) Ya € X.

Definition 2.12 2 Let X be a universe and A and B

two interval-valued fuzzy sets. The inclusion of A in

to B is defined as: A Cp B ifand only if A(a) < B(a)

Va € X.

Definition 2.13 2 An interval-valued negation N is

a decreasing function, N : L — L, that satisfies:

1. JV(OL) =r 1L
2. (1) =0,
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If V(AN ([x1,%2])) =L [x1,x2] then A is called an
involutive negation.

Definition 2.14 A strong interval-valued negation
N is a strictly decreasing and involutive function,
N . L — L, that satisfies:

1N (0) =, 1,
2. N (1) =L 0,

Example 2.1 Let A be the involutive mapping de-
fined by:

N L—=L
N ([x1,x2]) =2 [1 —x2, 1 — xq]

Then & is a negation operator for interval-valued
fuzzy sets. It is trivial to prove that: A (0r) =1 1y,
N (1) =L 0p and N (N ([x1,x2])) =L [x1,x2].
Definition 2.15 > A generalized t-norm function
T is a monotone increasing, symmetric and as-
sociative operator, 7 : L* — L, that satisfies:
T (11, x1,x2]) =L [x1,x2] for all [x1,x3] in L.
Example 2.2 Let Inf; be defined as follows:

InfL([xlaXZ]a [ylayZ]) = Meet{[xl,xz], [ylayZ]}
It easy to prove that Infy is a generalized t-norm.

3. Specificity for Interval-valued Fuzzy Sets

Definition 3.1 A operator G : [0,1]" — [0,1] is an
operator of specificity if it is continuous and it is in-
creasing for the first argument and decreasing for
the others and satisfies:

.« G(1,0..0) =1
. G(0,0...0) =0

Lemma 3.1 Let u be a fuzzy set on X. Let {11(a;)}
for all i = 1..n the list of membership degrees of U
decreasing order. Let G : [0,1]" — [0, 1] be an op-
erator of specificity. Then G(u(ay),...,u(ay)) is a
measure of specificity for F.’s.

Proof. trivial by definition 2.2 O

Definition 3.2 An operator f(x,y) : [0,1]> — [0,1]
with x <y is called transformation operator if it is
continuous, increasing and verifies:

Specificity for interval-valued fuzzy sets

1 f(1,1) =1
2. £(0,0)=0
3. f(0,x) >0 forall x € (0,1]

4. f(x,1) <1 forallx€]0,1)

Some examples of transformation operators are the

following:
Example 3.1
x+y
flxy)=—
Example 3.2

fley) = asxt By

witha+B=1,0>0,>0
Example 3.3

X +y?

f(xay) - 2

Definition 3.3 Let i be an interval-valued fuzzy set
on X and let {[x1,,x,|} for all q : 1..n be its mem-
bership intervals. Let f be a transformation opera-
tor. Then, the f-list of UL is the set of all the member-
ship intervals of elements of X, ordered decreasingly
through the operator f, that is, [x,y] <y [z,t] if and
only if f(x,y) < f(z,1).
Example 3.4 Ler X be the universe with cardinal-

ity 5 and let U be the following interval-valued fuzzy
set:

1 =1{[0.8,0.9]/e;,[0.2,0.4]/e2,[0.8,1.0] /e3,
[0.1,0.2] /s, [0.0,0.1] /es}

Then, if f(x,y) = (x+y)/2 then:

[xy] | fixy)
[0.8,0.9] | 0.85
[0.2,04] | 0.30
[0.8,1.0] | 0.90
[0.1,0.2] | 0.15
[0.0,0.1] | 0.05

The f-list of U is:
{]0.8,1.0],[0.8,0.9],[0.2,0.4],[0.1,0.2],]0.0,0.1]}
Definition 3.4 An interval-valued fuzzy set 1L on X
is a singleton if there exists an element a; € X such
that W (a;) = 1z and W (a;) = O (for all j # i) for the

others.
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Definition 3.5 Ler ([0,1]2)X be the set of interval-
valued fuzzy sets on X. Let f be a transformation
operator. Let {[x1,,x2,]} for all ¢ = 1..n be the f-list
of U. A f-measure of specificity for interval-valued
fuzzy sets is a function Spy : ([0,1]2)X — [0,1] such
that:

o Spr(u) =1 ifand only if u is a singleton.

. Sps(0) =0.

o If [x1,,X2,] increases (according to <p) then
Spr(u) increases.

o If [xlq,xzq] increases (according to <p) then
Spr(u) decreases for all g : 2..n.

Definition 3.6 An interval-valued fuzzy set | on X
is normal if there exists an element a € X such that
pla) =1z.

Definition 3.7 © Let ([0,1)2)X be the set of member-
ship degrees of interval-valued fuzzy sets on X. A
weak measure of specificity for interval-valued fuzzy
sets is a function Sp:([0,1]2)X — [0,1] such that:

o Sp(u) =1ifand only if U is a singleton.

e Sp(0)=0

o If u and M are normal fuzzy setsin X and i Cp 1,
then Sp(p) = Sp(n).

Lemma 3.2 If Spy is an f-measure of specificity for
interval-valued fuzzy sets then Spy is a weak mea-
sure of specificity for interval-valued fuzzy sets.

Proof. Let {[x1 ,x2, ]} and {[y1,,y2,]} for all ¢ =
1..n be the f-list of u and n respectively. If pu and
7 are normal and u C; 1 then [xlq,xzq] <p [y]q,yzq]
for all ¢ = 2..n. According to the fourth axiom of
the definition 3.5 Sp (1) > Sp¢(n) 0

Example 3.5 In '3 Yager shows a particular case
of function of transformation, f, (called Qf). Let U
be an interval-valued fuzzy set on X with l(ay) =
[x1,,X2,] forallq: 1..n.
Or(a;) = f(x1,,X2,) such that x < f(x,y) <y for
all x,y.

Let a; be the element of X which maximizes Qp.
Then, the following expression is a measure of speci-
ficity for interval-valued fuzzy sets:

Sp = Qr(a;) — 715 Yvasi OF (ar).

Lemma 3.3 Let u be an interval-valued fuzzy set
on X and let Spy be any f-measure of specificity
over W. Let {[x,,x2,]} for all q: 1..n the f-list
of U. Then, there exists an operator of specificity
G :[0,1)" — [0, 1] such that:

Spf(u“) = G(f(xllax21)7"‘7f(x1,17x2,1))

Corollary 3.1 Let G be a measure of specificity
for Fs. Let [ a transformation operator.
Then G(f(x1,,X2,),-.-, f(x1,,X2,)) is a f-measure for
IVFSLs

Definition 3.8 Let Spy and S pg, be two measures of
specificity. Spy is more strict than Sp;,, denoted by
Spy < Spl, if for all set, y, it verifies: Spy(i) <
Spy(1).

Theorem 3.1 Sp; is more strict than S pfg if and only
if f(x,y) < g(x,y) for all x, y.

Proof. Trivial O

D

Theorem 3.2 Let f be a transformation operator
and {0} a set of weights that satisfies:

e O € (0,1]
° Z’}:2aj — 1

 {a;} is not increasing.

LetT, T', S and N be, two t-norms, a t-conorm and a
negation (in [0,1],<) respectively. Let {f(x1,,x2,)}
be the f-list of an interval-valued fuzzy set (. Then

Spf(lLL) = T(f(xll ’x21)17N(S(T/(a27f(xlz7x22)))7

s T (O, f(31,532,)))))

is a f-measure of specificity for interval-valued fuzzy
set.

This expression is a generalization of the t-norm
based measure of specificity given in 3 but extended
for SV 7.7

Proof.

1. Spy(u) = 1if and only if u is a singleton:

o If u is a singleton then [x,,x2,] = [1,1]
and [x1,,x2,] = [0,0] for all k > 1. Then
f(x1,,x2,) =1 and f(x;,,xp,) = 0 for all
k>1.
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o It Spp(u) =1,
f(X11,XQ1) =1 and

it is necessary that

S(T(a27f(x127x22)>)7 - '7T(an7f('x1n7'x2n)> =0

Then T (o, f(x1,,x2,))) = 0 for all k and
f(x1,,x2,) = 0 for all k.

2. Sps(0) = 0: trivial.

3. Trivial due to the fact 7, T’ and S are mono-
tonic

O

Let {o;} be a set of weights which satisfies the
conditions of theorem 3.2.
Example 3.6 With T'(a,b) = Max{0,a+b— 1},
N(a)=1-—a,
S(a,b) = Min{l,a+ b},
T'(a,b) = axb and f(x,y) = 332, it is obtained:

1 n
Spf(nu) = 7(x1| —|—X2]) - Z aj(xlj —|—X2j)
=

2
J
Example 3.7 With T (a,b) = Max{0,a+b— 1},
N(a)=1-—a,
S(a,b) = Min{1,a+ b},
T'(a,b) = axb and f(x,y) = a*xx+ B xy with
a+pB=1,00>0,B>0, it is obtained:

Spr(t) = otkxi, +Bxxs, — Y oi(0tsxs, +Bxxa))
j=2

Example 3.8 With T (a,b) = Max{0,a+b— 1},

N(a)=1-—a,

S(a,b) = Min{1,a+ b},

T'(a,b) =axband f(x,y) = XZeryz, it is obtained:

1 1 &
$pr() =50, +3) — 3 L ey (d, +3)
j:

Examples 3.6 and 3.7 are extensions of R. Yager’s
linear measure of specificity !! for ¥ .7.7.

4. Alpha cuts for interval-valued fuzzy sets

Definition 4.1 Let u be an interval-valued fuzzy set
on X. The oy, 00 cuts of U are subsets of X defined
as follows:

Specificity for interval-valued fuzzy sets

Hoy,n = {ai | t(ai) > (o, 00]}
Definition 4.2 Let R be an interval-valued relation
R:X%* > L. The 04,0 cut of R, Ry, o, is a crisp
relation defined for all oy, oy in [0,1] as follows:

_J 1 Rlai,aj) 21 [on, @)
Ray.a0(aisaj) = { 0, otherwise.

Lemma 4.1 Let R = [Rgoun,Rup] be an interval-
valued fuzzy relation on X where Ryy,, and
Ry, are fuzzy relations on X, it is, R(a;,a;) =
[Raown(ai,aj),Rup(ai,a;)| for all a;, aj in X. Then,
Raya0 (a1,7) = 1 if and only if Ragun o (i) = 1
and Ryp o, (a;,a;) =1

Proof. Trivial due to definition 4.2 O

Lemma 4.2 Let R,S be two fuzzy relations. If
Ry (ai,aj) = Sa(ai,a;) for all aj,aj on X and for all
o in [0, 1] then R(a;,a;) = S(a;,a;).

Proof. Let’s suppose that there exist r,s such that:
R(ay,as) # S(ar,as). If R(ar,as) > S(ar,as) then
Ry(ay,as) =1and Sy(a,,as) =0 where p = R(a,,ay)
which is a contradiction. If R(a,,as) < S(a,,as) a
similar contradiction can be found. ad

Proposition 4.1 The set of all oy, cuts of an
interval-valued fuzzy relation R determine R.

Proof. Bylemma4.1 the o, o cuts of an interval-
valued fuzzy relation R are determined by the o cuts
of Rgown and the & cuts of R,,, which by lemma 4.2
are determined by the fuzzy relations R4, and Ry,
that define R = [Rgown, Rup). so the oy, o cuts of R
determine R. O

Corollary 4.1 Let R,S be two interval-valued fuzzy
relations. If Ro, o, (ai,a;) = Say,0,(ai,a;) for all
aj,ajon X and for all oy, 0 in [0,1] then R(a;,a;) =
S(ai,aj).

Proof. Trivial due to proposition 4.1 O

Definition 4.3 Let .7 be a generalized t-norm*. An
interval-valued relation R : X*> — L is a generalized
T -indistinguishability if it is reflexive, symmetric
and 7 -transitive, it is:

1. R(a,a) =y 1 forallain X.

2. R(a,b) =1 R(b,a) forall a,b in X.
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3. 7 (R(a,b),R(b,c)) <r R(a,c) forall a,b,c in
X.

Lemma 4.3 Let R : X*> — L be a generalized Inf -
indistinguishability. Then, for each 01,0, Rq, o, is
an equivalence relation.

Proof.
1. Ry, .o (ai,a;) = 1 trivially.
2. Ry, (aiaaj) =Ry, (aj,ai) trivially.

3. Due to the fact that R is a Infi-

indistinguishability:

Infr(R(a;,ar),R(ax,a;)) <r R(aj,a;) for all
a;j,aj,arin X

If Ry o(ai,ar) = 1 and Ry, o, (ag,a;) = 1
then R(a;,ax) > [ou,00] and R(ax,a;) >
[, ] and

[ou, 00) <p Infi(R(ai,ar),R(ak,a;)) <r
R(Cli,a]’)

therefore: [, 0] <i R(a;,a;j) and so Ry, g,
18 transitive
O

Lemma 4.4 Let R : X*> — L be an interval-valued
relation. If for each a1, 00, Ry, o, is an equivalence
relation, then R is a Infi -indistinguishability.

Proof.
1. R(aj,aj) =1 by contradiction.
2. R(aj,aj) = R(aj,a;) by contradiction.
3. It is supposed that R is not a Inf;-
indistinguishability:

Infi(R(a;,ar),R(ax,a;)) > R(a;,a;) for
some a;,a;,a; in X

Then, it is found a R, ¢, that is not a equiva-
lence relation: Let € and 0 be two real number
arbitrarily small such that oy = R(a;,a;) — €
and o = R(aj,aj) — 0. Then Ry, o, (ai,ar) =
1 and Ra17a2 (ak,aj) =1 but R(xhaz (a,-,aj) =0,
i.e Ry, o, 18 nOt transitive

O

Theorem 4.1 Let R : X*> — L be an interval-valued
relation. If for each 04,00, Ry, o, is an equivalence
relation if and only if R is a Inf-indistinguisha-
bility.

Proof. Trivial due to the lemmas 4.3 and 4.4 O

Corollary 4.2 Let R : X?> — L be an interval-valued
relation. Then, R is a Infi-indistinguishability if and
only if Ry, o, and R, o, are equivalence relations
Sforall oy, 0.

Theorem 4.2 Let R : X> — L be a generalized 7 -
indistinguishability (with 7 #+ Inf). Then, there
exists some 04,0, such that Ry, o, is not an equiv-
alence relation.

Proof. Let R : X> — L be a generalized
T -indistinguishability (with 7 # Inf;).  Let
a;j,a;j,a; be elements of the universe X such that:
f(R(a,-,ak),R(ak,aj)) =L R(a,-,aj). Let [Otl,OQ] be
such that: [o, 00] = InfiR(a;,ar),R(ay,a;). Then,
due the fact that Inf; is the greatest of the general-
ized t-norms :
R(ai,aj) = 7 (R(ai, ax),R(ax. a;)) <r
InfiR(a;,ar),R(ak,a;)

Then Ry, o (aiar) = 1, Raya(ar,aj) = 1 but
Roy o (ai,aj) =0 U

5. Specificity for Interval-valued Fuzzy Sets
under generalized similarities

Proposition 5.1 Let u be an interval-valued fuzzy
set on X. Let [a1, 0] = Joint{u(a;)} for all i:1..n.

Then: N
— O ro 1
Sp(,u)—Z*foz OzmeQ da2+

[ 1
Ja 10" i 4o Ao
It is a measure of specificity for IV .F .Fs.

Note that the integration area guarantees that
card(lg, o, ) 18 DOt Zero.

Proof.

o Axiom 1:

1. If u is a singleton then Sp(u/S) = 1:
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o Let a; be the only element on X such that
lag) = 1.

o Then Ug o, = ar for all oy,0 and
card(ley,,) = 1 for all ay,0p and
[061,062] [1 1]

e Then

Z*fo 2ldoy dop =1
2. So that Sp(u) = 1 it is necessary that

[ar, 0] = [1,1] and card(lg, o) = 1. Oth-

erwise Sp(i) < 1. Hence u is a singleton.

o Axiom 2:
Trivial.
o Axiom 3: Let {[x; ,x,]} for all g = 1..n be the
f-list of .
1. If [x1,,x2,] increases then [ay, 0] increases
and card(liq, o,) does not change.

2. If [x1,,x,] for all g :2..n increases then
1/card (e, o) decreases

O

In # a set of axioms that generalize the specificity
of a fuzzy set under T-indistinguishabilities is given.
Definition 5.1 * Let Sp a measure of specificity for
IV FSs. Sp(u/S) is a measure of specificity un-
der a generalized similarity S if it verifies:

1. Sp(u/S) =1 ifand only if U is a singleton.
2. Sp(0/S) =

3. Sp(u/id) = Sp(p).

4. Sp(n/S) = Sp(u).

Definition 5.2 An interval-valued relation R :
X% — L is a generalized similarity if it is re-
flexive, symmetric and Infi-transitive where
Infi([x1,x2], [y1,y2]) = [min(x1,y1),min(x2,y2)], it
is, R is an Infy -indistinguishability.

Definition 5.3 Let 1 be a fuzzy set on X and let S be
a similarity S : X x X — [0,1]. Let Ty, o, be the set
of classes of equivalence of the o, 0 cut of S. The
set of classes of equivalence under the knowledge of
S Wy /S is the subset of equivalence classes of the
ay, 0 cut of S defined in that way: a equivalence
class of the o, 0 cut of S belongs to Uy, o, /S if its
intersection with Uy, o, is not empty.

Specificity for interval-valued fuzzy sets

Example 5.1 Let E = {ej,ez,e3,ea}. Let 1 =
{[0.6,0.8]/e; + [0.7,0.8]/ex + [0.8,0.8]/e3 +
[0.9,1.0]/es} and

1 0.1 0.1 0.1

§— 0.1 1 0.8 0.6
o 0.1 08 1 0.6
0.1 06 06 1
1 0 00
01 1 0
Ro708 = 01 10
0 0 01

Then, mo708 = {{e1},{e2,e3},{ea}} Mo708 =
{ex,e3,e4} and o 7058/S = {{e2,e3},{ea}}
Proposition 5.2 Let u be an interval-valued fuzzy
set on X and let S be a similarity S : X x X — [0, 1].
Then:

Sp(/.L/S) 2*[ Wa)da] da2+

f Fd e >doc1 doy

It is a measure of specificity for IV F .s.

Note that the integration area guarantees that
card(ly, o, /s) is not zero.

Proof. Let {m, ,,} for all i be the set of equiva-
lence classes of 7y, q,-

o Axiom 1:
1. If u is a singleton then Sp(u/S) = 1:

o Let g, be the only element on X such that
lag) = 1r.

o Then W, o, = ax for all ay, ap.

o There exists only a 7[&17052 such that a; be-

longs to it.

And card(lg, 0,/S) = 1 for all o, .

o Then

2% [y J1day dop = 1

2. If Sp(u/S) =1 then u is a singleton:
If Sp(u/S) =1 then card(lg, o,/S) =1 for
all o, 0 and  is a singleton.

o Axiom 2:
Trivial.
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o Axiom 3:
Remember that X = {ay,...,a,}, then if R is the
relation identity then {7, o} =a; foralli:1.n
and card(Ug, o,/S) = card (o, o )-

o Axiom 4:
For a relation S there will exist o, such
that card(mh, o,) > 1 and card(o, o,/S) <
Card(.ual 7Olz)

O

6. Conclusion

Several expression for t-norm based measure of
specificity for .#7#.%.%s have been proposed and
studied.

An generalized expression for measures of speci-
ficity have been proposed for .# 7 .#.%s and the
measures of specificity under the knowledge of gen-
eralized similarities have also been defined follo-
wing the Yager’s jacket ideas.
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