International Journal of Computational Intelligence Systems, Vol. 5, No. 3 (June, 2012), 542-552

Group decision making methods of the incomplete IFPRs and IPRs

Zaiwu Gong, Chonglan Guo, Yuanyuan He

College of Economics and Management, Nanjing University of Information Science and Technology,
Nanjing, 210044, China

E-mail: zwgong26@ 163.com

Received 31 August 2010
Accepted 13 April 2012

Abstract

We propose optimal priority methods on the incomplete intuitionistic fuzzy preference relation (IFPR)
and the incomplete interval preference relation (IPR). The least squares method has been used previously
to derive the priority vector of the fuzzy preference relation (FPR). In this paper, we generalize the least
squares method to IFPR and IPR based on our proposed multiplicative consistent conditions. We also
investigate the relationships between the optimal models of incomplete IFPRs, IPRs and FPRs. We also
apply the same method to the case of collective judgment with complete information. We illustrate the
feasibility and effectiveness of our proposed methods with three numerical examples.
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1. Introduction

In multiple attribute decision making, decision mak-
ers (DMs) provide their subjective opinions by com-
paring each pair of alternatives and then construct-
ing judgment matrices 2 to order a finite number of
alternatives from best to worst. Different DMs may
have different preferences, and the judgment ma-
trices (also called preference relations) may there-
fore take many forms. Examples include the fuzzy
preference relation (FPR) 34 and the interval pref-
erence relation (IPR) °. In FPR, the elements de-
note the membership degree to which one alterna-
tive is preferred to another. They range between 0
and 1. This key idea originates from Zadeh’s fuzzy
sets . However, in IPR, the elements denote the
range of the membership degree to which one alter-
native is preferred to another. They characterized by
a closed subinterval of [0,1]. This key idea comes
from interval-valued fuzzy sets (IVES) of Zadeh 7,

In 1986, Atanassov 8 generalized Zadeh’s fuzzy
sets to intuitionistic fuzzy sets (IFS). IFS are well
suited to dealing with inevitably imprecise or not to-
tally reliable judgment '%!!. Szmidt and Kacprzyk
12,13 introduce an intuitionistic fuzzy preference re-
lation (IFPR) to study the consensus-reaching pro-
cess, and to analyze the extent of agreement within a
group of experts. Xu 4151617 inyestigates the prop-
erties of IFPRs by constructing a score matrix and
an accuracy matrix. He also researches the group
decision method with IFPRs.

In practical decision making problems, because
of either the uncertainty of objective things, or the
vague nature of human beings, some of the prefer-
ence degree values may not be presented by DMs.
A preference relation with some entries missing is
called an incomplete preference relation. Much re-
search has been devoted to this situation. The earli-
est attempt to obtain the priorities of incomplete tri-
angular fuzzy number preference relations using the

Published by Atlantis Press
Copyright: the authors

542


Administrateur
Texte tapé à la machine
Received 31 August 2010

Administrateur
Texte tapé à la machine
Accepted 13 April 2012

Administrateur
Texte tapé à la machine


Gong et al.

logarithmic least squares method (LLSM) was by
Laarhoven and Pedrycz 8. Kwiesielewicz '%%0 gen-
eralized this work using a pseudo-inverse method.
Xu 2! obtained the priority vector of the incom-
plete FPR by developing goal programming meth-
ods. Herrera-Viedma et al. 2>232* proposed a con-
sensus model for group decision making with in-
complete FPRs. Wei et al. 2267 introduced novel
induced aggregating operators with fuzzy number
intuitionistic fuzzy information to group decision
making. We now develop the priority approach on
incomplete IFPRs and IPRs.

The paper is organized as follows. In Section 2,
the definition of the IFPR and its consistent condi-
tions are proposed, based on the multiplicative con-
sistent definition of the IPR, respectively. In Sec-
tion 3, we present the optimal priority models of
incomplete IFPRs, IPRs and FPRs. We also apply
the methods to the cases of collective judgment with
complete information. In Section 4, we give numer-
ical examples to illustrate the validity and practical-
ity of the proposed methods. A short conclusion is
given in Section 5.

2. Basic concepts

2.1. Three kinds of fuzzy sets

Let X = {xi,...,x,} be an ordinary finite non-empty
set.

A fuzzy set  F in X is an expression given by
F ={<x,ur(x) > |x € X}, where ur : X — [0,1]
is the membership function of F, and ur(x) € [0,1]
deotes the degree of membership of x € X in F.

An interval-valued fuzzy set (IVFS) 7Tin X
is an expression given by I = {< x,M;(x) > |x €
X}, where M; : X — DJ0,1] such that M;(x) =
[Mj1(x), My (x)], D[0,1] being the set of all closed
subintervals of [0,1], M;.(x) and My (x) are the
lower extreme and the upper extreme, respectively,
of the interval M;(x). The IVFS is the extension of
Zadeh’s fuzzy set.

An intuitionistic fuzzy set (IFS) 8 in X is an ex-
pression given by A’ = {< x, y (x), var(x) > |x €
X}, where ty 0 X — [0,1], var : X +— [0, 1] with the
condition 0 < py/(x) +va(x) < 1, forall xin X. The
numbers Uy (x) and V4 (x) denote, respectively, the

membership degree and the non-membership degree
of the element x in A'.

For each finite intuitionistic fuzzy set in X,
ma(x) = 1 — par(x) — va(x) is called an intuition-
istic fuzzy index of A’. It is a hesitation degree of
whether x belongs to A’ or not. It is obvious that
0 < mar(x) < 1 for each x € A’ If my (x) = 0, then
War(x) + var(x) = 1, which indicates that the intu-
itionistic fuzzy set A’ has degenerated to the classic
fuzzy set A’ = {< x, a (x) > |x € X }.

IVES and IFS are based on different semantics
. However, from a mathematical point of view,
the elements of IVFS and the elements of IFS can
be transformed each other 23031 Let B = {<
X, up (x), vg(x) > |x € X} be an IFS, and 7g (x) =
1 — up (x) — vpr(x) be an intuitionistic fuzzy index
of B'. If we combine up (x) with g (x), and com-
bine v (x) with 7g (x), then we can get two intervals
B1 = i (), (x) + 7 ()] = [t (), 1 — Vi (x)]
and B, = [vp(x),vp(x) + mp(x)] = [ve(x),1 —
up (x)], respectively. Conversely, intervals B; =
[[.LBI (x), 1—vp (x)] and B, = [VB/ ()C), 1—up (x)] sat-
isfying pp (x) + vp(x) < 1 can be written as an IFS
B = {<x,up(x),vp(x) > |x € X}.

The following operations on intervals of positive

28

real numbers are due to 323334, Let My = [I;,uy],
My = [, up]. Then [l1,u1] + [lo,us] = [l + L, u; +
wl; [L,ut]) — [boug] = [l —wo,uy — b]; [l,u] -

(b, uo] = [, wual; [l un]/ [, ua] = (1 Juz,ur /1)
Any a € R can be denoted as a = [a,a], and if
[l1,u1] > a, thenl; > a,u; > a.

2.2. Three kinds of preference relations

Let N={1,2,....,n}, M = {1,2,....m} and n >
3. If a preference relation A = (a;j)nxn satisfies
ajj = O.S,Clij-l—aj,‘ = 1,61,']' > 0,i,j € N, then A is
called a fuzzy preference relation (FPR). A FPR
A = (ajj)nxn is multiplicative consistent 33 if there
exists a priority vector V = (v; vo ... v,)7 such
that aij = 1/(1 +vj/v,-) = V,'/(Vl'—l—Vj),i,j € N. Let

S = {s1,...,5,} be an alternative set. If a prefer-
ence relation R' = (r;;)nxn satisfies rj; = [0.5,0.5],
rlfﬂ + r}iu = rl’-ju + r",il =1, then R is called an inter-

val preference relation (IPR) 3°. Here, 7/ =i

denotes the degree range to which the alternative
s; is preferred to the alternative s;, i,j € N. If
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ri; =10.5,0.5], then there is no difference between
si and s;; if rl’.j > [0.5,0.5], then s; is preferred to s;;
and if r{; < [0.5,0.5], then s; is preferred to 5;. An
IPR R’ = (r};)nxn is multiplicative consistent 3 if
there exists a priority vector Q = (@, ... @,)" =
([o1, 014] ... [@n,®])7" such that ry=1/(1+
;) ;) = [0 /(0 + Oju), O/ (@1 + Ou)] Vi j €
N, where w; = [(J)ﬂ,(l)iu],l' EN.

An intuitionistic fuzzy preference relation >
is defined as

8inS

R —
{< (siy55), Usn(si587), Vor(si,85) > |(si,55) € S < S}

where Uy @ S xS — [0,1], vg : S x S — [0,1],
Usi(si,s;) is the degree to which s; is preferred
to s;, and V(s;,s;) is the degree to which s; is
not preferred to s;. Moreover, the inequality 0 <
Ui (si,87) + vr(si,sj) < 1 holds for every (s;,s;) €
Sx 8,1, j € N. The matrix format of the intuitionistic
fuzzy preference relation is expressed as follows:

Let R be an intuitionistic fuzzy preference re-
lation in S. If for all i,j € N, p;j = Un(si,s;),
Vij = Vm(si,Sj) and

rij = (05,05,0),
Mij = Vji, Vij = Wji, Tij = Tji
,uij+V,'j+7Tl’j:1 (D)
then
R = (ujj,vij, m;j) =
(v mn) (M2, iz, ) (Mins Vin, Tin)
(22, V22, T022)

(U21,V21,T21) (M2, Van, To2n)

(unl s Vil s Tl ) (’J'HZ7 V2, 77.',,2) (,u'nn: Vin, ”)m)

is called an intuitionistic fuzzy judgment matrix
(also called an IFPR !5:16),

For all i, j € N, ;; are the degree to which s; be-
ing preferred to s;, and v;; are the degree to which
s; being not preferred to s;, and the intuitionistic
indices 7;; are such that the larger 7;; the higher
hesitation margin of the degree to which s; being
preferred to s;. In the process of decision making,
the DM can increase his evaluation by adding the
value of the intuitionistic index 3°#°. This means
that his/her judgment actually lies in the closed in-
tervals (L, lij + ;] and [vij, vij + 7).

Group decision making methods of the incomplete IFPRs and IPRs

2.3. The relationship between the IFPR and the
IPR

The IFPR can be split into three matrices as follows:

Hir M2 o Hin
Hor M2 -+ Hop
u= . . . 5
Hnt MHn2 -+ Hpn
Vit Vi -+ Vi
Var Va2 - Vo
V= B
Vnl V2 -+ Vpg
Tyr T2 o T
Ty T -+ Ty
T =
Tl T2 - Tp

If we combine u with &, and combine v with «,
we can derive two interval matrices as follows:

A = (aij) = (1ij, pij) =

(1, Pl (a2, P12 [Mins Pin]
(W21, p21] - [H22, P22 (20, p2n] |
[ﬂnl 7pn1] [.unbprﬂ] [unmpnn]

B = (bij) = (Vij»qij) =

Vit,qu]  [vi2,q12] [Vin:qin]
Va1,q21]  [V22,922] [Van, g2n]
[an’qm] [Vn27Qn2] [Vnn"bm]
where we denote
pij=1=Vij,qij = 1 — W 2)

By Egs. (1) and (2), we have that

[Mii, pii] = [0.5,0.5), 1+ pji = pij + Hji = 1,i,j EN,
3)
[Vii,qiil| = [0.5,0.5], vij+qji=qij+ Vji=1,i,JEN, (4)

which imply that both A and B are IPRs.
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A and B can be regarded as the decomposed ma-
trices of the IFPR R. That is to say, the interval
[Uij, pij] can be regarded as the range of the degree
to which s; is preferred to s;, and [v;;, ¢;;] the range
of degree to which s; is not preferred to s; 3940,

Consider again the IPRs A and B with the condi-
tions (3) and (4) holding. Let 7;; = p;; — W;;. Egs.
(2), (3) and (4) actually imply that

Wij = Vji,Vij = Wji,i,] EN, 5)
Pij = 4ji»qij = Pjiri,J €N, (6)
n-ij:ﬂjiviajeNv (7)

and
Mij+Vij+m=1,i,jEN. (8)

In consequence, the IFPR R can be considered as
a combination of the IPRs A and B.

This discussion leads to the following definition.

The IPRs A = (aij)an = ([.uijvpij])nxn and B =
(bij)nxn = ([Vij.qijl)nxn satisfying the conditions
(2), (3) and (4) are called the equivalent matrices of
the IFPR R.

3. Optimal models of the incomplete IFPR,
IPR and FPR

3.1. The priority of the multiplicative consistent
IFPR

Consider the equivalent matrices A = (ajj)nxn =
([tij, Pij])nxn and B = (b;j)nxn = ([Vij,qij])nxn of
the IFPR R = (rij)nxn = ([J[j,V,'j,ﬂ,‘j)an, which
satisfy conditions (2), (3) and (4). Let Q =
(0 ... 0,)7 = ([0, 01,] ... [0, ®u])T be the
priority vector of the multiplicative consistent IPR
A. Then

aij = [Wj,pi]=1/(1+w;/o)

; ;

= T i jeN. 9
W+ 0j, Oj + Oy
That is

; ..
ji=—,0,JEN, 10
Ui w1+ 0 J (10)

Wy,

i =—— 0,jEN. 11
Pij 01 + J (1)
By Egs. (2) and (11), we easily get
®;y @; ..
Vij=1—pij=1- - = i j€EN.
W1+ Wy, Oj + Wjy
(12)
From Egs. (10) and (11),
Wiy Wiy .
T = R, L= — 7l7 eN
i = Pij — Hij Wj + @y, W+ Wjy /
(13)

Eqgs.(12) and (13) mean that v;;,m;;,i,j € N
can be represented by the priority vector Q =
(@) ... @,)" of A as well.

If welet Q= (@ ... @,)” be the priority vector
of the consistent IPR A, then the membership degree
M, the nonmembership degree v;; and the intuition-
istic fuzzy index 7;; of R can be derived from Egs.
(10), (12) and (13), respectively. As in Section 2.3,
we can transform the interval vector € into intuition-
istic fuzzy numbers
¢ = (0,1 =0, ou—0oy) ... (01— o,
W;y — a)il) s (a)l’lla 1— Wy, Wpy — wnl))T>
where @;; is the membership degree of the impor-
tance (weight) of s;, 1 — wj, the nonmembership de-
gree of the importance (weight) of s;, and w;, — @y
the hesitation degree of the importance (weight) of
si i €N,

An IFPR R = (rij)nxn is multiplicative consis-
tent if there exists a vector { = ({; ... ;)7 such
that Eqs. (10), (12) and (13) hold, where {; =
(0,1 — @y, 0 — @;),i € N. § is called the priority
vector of the multiplicative consistent IFPR R.

Eqgs. (10) and (12) are called the consistent con-
ditions of the multiplicative consistent IFPR R be-
cause Eq. (13) is derived from Egs. (10) and (12).

3.2. The optimal models of the incomplete IFPR

Let X = {x},x2,...,x,} be a set of alternatives and
d ={d,,ds,...,dy} aset of DMs. The preferences
of the DMs on X are described by the IFPRs as fol-
lows:
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=N

= (Fijs)axn
(0.5,0.5,0)
(211, V211, T211) w
(H216y, 5 Vzib‘ﬂ ' D15y,

(Mn11s Vail, Tar1)

(unlﬁnl » V18,10 Tnl s, )

where 7ij; = (Uijs, Vijs, Wijs) are the elements
of the IFPR R with Wijs = Vijis, Vijs = Mjis, Tijs =
Tjis, Mijs + Vijs + Tijs = 1 YV i,j € N;i # j,s =
1,2,...,8;, and &;;, 0 < &;; < m represents the num-
ber of DMs estimating the preference degree of al-
ternative x; over x;. It is clear that §;; = 0j;. If there
exist io, jo € N such that 0 < &;,, < m, then m — 9,
DMs do not estimate the preference degree between
alternatives x;, and x;,; if there exists iy, jo € N such
that ;,j, = 0, then no DM estimates the preference
degree between alternatives x;, and x;,, and we de-
note 7 j,s = —. This means that the element 7; s
in R is absent and R are incomplete IFPRs. If for
all i, j € N, 6;; = m, then all the DMs decide on the
preference between x; and x;, and R are complete
IFPRs.

Suppose that all DMs hold the same degree
of preference of alternative x; over x; V i,j € N.
For the given multiplicative consistent IFPRs R=
(Uijs, Vijs, tijs )nxn, there must exist a priority vector
§ = (01,1 =01y, 01, — 017) ... (@1, 1 — Wjy, Wy —

@) - (@1, 1 — Oy, Oy — 0yy)) 7 such that
w;
jjs = T 14
Hijs o1+ 03 (14)
o; o;
Vijs = 1——— £ (15)

= )
Wji + O Ojy + Wiy

where 0 < w; < wy, < 1,i,j €N.
Egs. (14) and (15) are equivalent to the following

Group decision making methods of the incomplete IFPRs and IPRs

(121, V121, T121)

(‘u125|2a V1268155 7T125]2)

(0.5,0.5,0)

(Mn215 Vi21, Tt21)

(.un25,,2a V26,05 ﬂn25,12)

(K11, Vi21, Tin1)

L (“1}161,17 vlnﬁlnv ﬂ:ln&n)
(M2n1, Van1, T2n1)

(”21252”7 Vs 71,'2”52")

(0.5,0.5,0)
equations:
Mijs@ju — (1 — Wijs) oy =0, (16)
Vijs Wiy — (1 — vijs)wﬂ =0. (17)

Egs. (16) and (17) are actually the ideal cases. In
reality, it is hard for a DM be consistent, and differ-
ent DMs may present different judgments. In conse-
quence, Egs. (16) and (17) may not hold. Consider
the following deviation functions:

Eijs = [Wijs®ju— (1 — Wijs) o), (18)
YViis = [Vijs @i — (1 — Vijs) 0] (19)

It is clear that small deviation functions represent
better consistency of judgment. In order to get the
optimal priority vector of the inconsistent IFPRs, we
introduce a least squares optimal model as follows:

n T
minJ =3} % (M5 @ — (1 — ijs) 0]
i=1 j=1,j#is=1
+[Vijs @i — (1 = Vijs) 0712
( n
o+ Y w,=>1, ieN;
j=Lj#i
n
s.t. O+ Y o;<1, ieN;
J=L1j#
wiu_wll>0) IEN;
0y = 0,0y > 0, i€N.

(20)
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n
The two constraints ®; + ), ®j, > 1 and w;, +
J=1j#i
n
Y. wj <1 are the normalization constraints on
=L
the interval vector Q 4!

In model (20), if &; =m V i,j € N, then we
get a collective priority model of the IFPRs pre-
sented by m DMs with complete information. If
0jj = 1V i,j € N, then we get a priority model of

[0.5,0.5]

(211, P211) [H2n1, D2n1]
p : 0.5,0.5] :
B [ﬁ2152| 7ﬁ21521] {ﬁZnﬁznvﬁZn&n]
[ﬁnllaﬁnll] [ﬁnlaﬁnZl]

L [ﬁn15,,| 7ﬁn15,,1]

where [LL;js, pijs| are the elements of the IPR A
with Ljjs + pjis = 1, 0jis + pijs = 1V i,j € N,i #
Js=1,2...,0;, and ;j, 0 < &;; < m represents the
number of DMs estimating the preference degree of
alternative x; over x;.

Let C = ([(T)]l, (7)1,4] e [CT),'[, CT),'M] - [(Bnl,a)nu])T
be the priority vector of the multiplicative consistent
IPR A. Then

~ @il

[js — ~ .~ 21
M Js @y - wju ( )
~ (Y)iu

ijs — <~  ~ 22
Pijs wjl Ty ( )

where 0 < 0y < @, < 1,i,j € N. Egs. (21) and (22)
are equivalent to the following equations.

Hijs @, — (1 — fijs) @y =0, (23)
Pijs®ji — (1= Pijs) O = O. (24)

Let
&ijs = [Mijs @ — (1 — [Lijs) Dit), (25)

[ﬁulaﬁml]

[‘2112512 ) ﬁ12512]

[‘Hn25,,2 ) ﬁn25,12]

individual IFPR with complete information. If there
exist ig, jo € N such that 0 < §;j, < m, then we get a
collective priority model of the IFPRs presented by
m DMs with incomplete information.

3.3. The relation between the priority of the
IFPRs and that of the IPRs

Suppose that the preferences on X are described by
the following IPR:

[ﬁlnlaﬁlnl]

[E1ns,,5 P1ns, ] J

0.5,0.5]

Yiis = [Pijs @t — (1 — Pijs) D). (26)

As in Section 3.2, we introduce a least squares op-

timal model to get the priority of the inconsistent
IPRs:

n n % o
minJ=Y ¥ ¥ [Hijs®u— (1 — Hjs) @)
i=1 j=1,jis=1
+[Pijs@ji — (1 = Pijs) @)
n

o+ Y 0, =>1, i€N;
j=1j#i
n

s.t. Oy+ Y 0;<1, i€N;
e

Wy, — @ = 0, iEN;

Wy > 0,0 >0, [EN.

27
Obviously, for all i, j € N, if &; i = m, model (27)
can be regarded as a collective priority model of
IPR with complete information. If §;; = 1, model
(27) can be regarded as an individual priority model
of IPR with complete information. If there exist
i0, jo € N such that 0 < g, jo < m, then we get a col-
lective priority model of incomplete IPR.
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Given an IFPR R with equivalent matrices A, we
have W;js = Wijs, Vijs = 1 — pijsVi, j € N. Obviously,
models (20) and (27) have the same objective func-
tions and the same constrained conditions. Thus we
easily conclude the following:

Theorem 1 Given an IFPR R with equivalent ma-
trices A, model (20) and model (27) have the same
optimal solutions.

Theorem 1 indicates that regardless of whether R
or its equivalent matrices A are multiplicative con-
sistent, models (20) and (27) both have the same op-
timal solutions.

Theorem 1 gives the relation between the opti-
mal priority models of IFPRs and IPRs. Although
models (20) and (27) seem very similar, their mean-
ings are different. The objective function of model
(20) takes into account not only the membership de-
gree, but also the nonmembership degree, while the
objective function of model (27) accounts only for
the membership degree range.

3.4. The relation between the priority of the IPRs
and that of the FPRs

For all i, j € N, values p;j; in A= ([tijss Dijs))nxn
denote the maximum degree to which alternative x;
is preferred to x;. Consider the FPR A = (a@jjs)nxns
Gijs = Dijs, If 1 < J;
ijs = Wijs, if i> j; We call A the maxi-
a;is=0.5, ifi=].
mum degree preference relation of A, and ajjs Maxi-
mum membership judgment preference.

Letv= (V... ¥ ... »,)7 be the priority vector
of the multiplicative consistent FPRs A. Then

where

Gjjs = > j:vj' (28)
Eq. (28) is equivalent to the following:
a;jsvj—ajisv; = 0. (29)
Let
Eijs = (jsvj — isvi) % (30)

As in Sections 3.2 and 3.3, we introduce the least

Group decision making methods of the incomplete IFPRs and IPRs

squares optimal model of FPRs A 3:

) noomo Sy 2
minJ =Y Y Y (av;—ajsvi)
i=1 j=1,j#is=1
n 31
S =1, (31)
S.t. i=1
vi>0,ieN.

Obviously, for all i, j € N, if §;; = m, then model
(31) can be regarded as a collective priority model
of FPRs with complete information; if J; =1, then
model (31) can be regarded as an individual prior-
ity model of FPR with complete information; and if
there exist io, jo € N such that 0 < §;, jo <m, then we
get a collective priority model of FPRs with incom-
plete information. The optimal solution of model
(31) is:

V=, o) =0 e/’ 0 le,  (32)

where
no Sy, o o
Yy X ans  — Y apsans — Y Qiusnis
i=1,i#1s=1 s=1 s=1
521 o n 621' 9 52)1 L
— Y apsans Y X Apps =0 — Y Ganslnos
s=1 i=1,i#2s=1 s=1
[ o 82 L n Oni )
— Y QuusGnls  — X Gn2slons Yy Y Ains
s=1 s=1 i=1,i#ns=1
T
e=(11...1).

4. Numerical examples

Example 1 Suppose that there are three DMs pro-
viding the following incomplete IFPRs {R;, R, R3}
on a set of four alternatives X = {x1,x2,x3,X4}.

(0.5,0.5,0)  (0.1,0.6,0.3) - -
ﬁ _ (0.6,0.1,0.3)  (0.5,0.5,0) (0.8,0.2,0) - .
1= - (0.2,0.8,0) (0.5,0.5,0)  (0.8,0.1,0.1) >
- - (0.1,0.8,0.1)  (0.5,0.5,0)
(0.5,05,0)  (0.2,0.7,0.1) - -
’R§ _ (0.7,02,0.1)  (0.5,05,0)  (0.7,0.1,0.2) - .
2= - (0.1,0.7,02)  (0.5,0.5,0) - B
- - - (0.5,0.5,0)
(0.5,05,0)  (0.1,0.6,0.3)  (0.7,0.1,0.2) -
E _ (0.6,0.1,0.3)  (0.5,0.5,0) - (0.8,0.1,0.1)
3= (0.1,0.7,0.2) - (0.5,0.5,0) - .
- (0.1,0.8,0,1) - (0.5,0.5,0)
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Step 1: Using model (20), we first construct the
optimal model as follows:

min Jy = (0.1a,, — 0.9wy;)* + (0.6, — 0.40,;)?
+(0.2a2, — 0.8@y;)? 4 (0. 7@y, — 0.3y )?
+(0.1a2, — 0.9@y;)? + (0.6@;, — 0.40%;)?
+(0.7a@3, — 0.3w1;)? + (0. 1@y, — 0.9w3)?
+(0.6@1,, — 0.4@07)? + (0. 1@, — 0.90y;)?
+(0.701, — 0.3wy)* + (0.2, — 0.80y;)?
+(0.6@y,, — 0.4@07)? + (0. 1@, — 0.9wy;)?
+(0.83, — 0.200)* + (0.2, — 0.8 3;)>
+(0.7@3, — 0.3@2;)? + (0.1, — 0.9w3;)?
+-(0.8 04, — 0.2;)* + (0.1, — 0.9y )?
+(0.1@1, — 0.9@3;) + (0.7 w3, — 0.3wy;)?
+(0.2a0, — 0.83) + (0.83, — 0.200;)2
+(0.1an, —0.9w3;)% + (0.7 w3, — 0.30)?
+(0.8@4, — 0.2003;))% + (0.1003, — 0.9 )?
+(0.1@n, — 0.9ay;)? 4 (0.8 @y, — 0.2 )?
+(0.1@3, — 0.9@4;)? + (0.8 @y, — 0.23;)?

0] + Wy + W3, + Oy 2> 1,

Wy + W1, + W3y, + W4y = ]7

W3+ Oy + Oy + Oy 2 1,

Wy + Oy + Oy + O3y 2 1,

O+ @+ @31+ Wy < 1,

W+ O+ @31+ @y < 1,
S.t. W3+ @1+ @y + 0y < 1,

Wy + O+ @ + 37 < 1,

0, — 0y =0,

Wy — Wy 2 Oa

W3, — W3 2 07

Wy — 047 = 0,

Q7] 2 O7wiu 2 Oaiaj = 152a3a4'
(33)
Step 2: We use the 'Matlab Optimization Toolbox'
to obtain the solutions to (33):

0y =0.1132; @y, = 0.2876; @ = 0.4791; @y, = 0.6536;

a3 =0.0886; w3, =0.1418; wy = 0.0442; w4, = 0.0914.

Step 3: The priority vector of R is found to be

((0.1132,0.7124,0.1744) (0.4791,0.3464,0.1745)
(0.0886,0.8582,0.0532) (0.0442,0.9086,0.0472)).

Step 4: Using the comparative method of two intu-
itionistic fuzzy numbers 3, the optimal ranking order of
the alternatives is found to be x, > x; = x3 > x4.

Example 2 Consider the equivalent matrices A; of Ri,
i=1,2,3.

05,05 [0.1,04]  — -

0.6,09]) [0.5,0.5] [0.8,0.8]  — .
- 0.2,02] [0.5,0.5] [0.8,09] |’

0.1,02] [0.5,0.5]

A =

0.5,0.5] [0.2,03] - _
0.7,0.8] [0.5,0.5] [0.7,0.9] -

Az = — 01,03 [0505 @ — ’
- - —  [0.5,0.5]
05,05 [0.1,04]) [07,09]  —
i 06,09 [0505  —  [0.8,09]
37 01,03 - 0.5,0.5] -
—  [01,02] - [05,0.5]

From (27) we construct the following optimal model:

min Jy = (0.1, —0.901;)* + (0.40y; — 0.601,)?
+(0.2a0, — 0.8@y;)* + (03w, — 0.7w1,,)?
+(0.1@2, — 0.9@1;)* + (0.4, — 0.6,
+(0.7@3, — 0.3@y;)* + (0.9w3; — 0.1y, )?
+(0.6@1, — 0.4w2)% + (0.9, — 0.1ay,)?
+(0.7@1, — 0.3@y;) + (0.8w;; — 0.2a%,)?
+(0.6@y, — 0.4@,;)* + (0.9@;; — 0.1a%,)?
+(0.8w3, — 0.20) + (0.8 — 0.2a0,)
+(0.7@3, — 0.3@5;)* + (0.9@3; — 0.1a%,,)?
+(0.804y — 0.26021)2 +(0.9my — 0.10)2”)2
+(0.1@y, — 0.9@3)* + (0.3w;; — 0.7w3,,)?
+(0.2a, — 0.8@3;)* + (0.20; — 0.8@3,)?
+(0.1an, — 0.9@3) + (03w, — 0.7w3,,)?
+(0.8gy — 0.23;)% + (0.9 — 0.13,)?
+(0.12, — 0.9w47)% + (0.26%; — 0.8 0y, )?
+(0.1@3, — 0.9w47)* + (0.203; — 0.8, )

a)ll+a)2u+(03u+w4u 2 1;
0’21+w1u+0)3u+(04u 2 17
w3[+wlu+(02u+w4u 2 1,
w4l+w]u+(02u+(03u 2 17
01y + ) + @3+ 0y < 1,
Wy + 0+ @3+ 0y < 1,
s.t. W3y + O+ Wy + 0y < 1, 34

W4y + 017+ @ + 37 < 1,
0, — 0 =0,

Wy — Wy 2 0,

W3, — 3 2 07

W4y — g7 = 0,
(] = O,(X),’u = Oaiaj: 1a273a4'

Obviously this model is equivalent to model (33).
Thus the solutions to (34) are:

@1 = 0.1132; @y, = 0.2876; @y = 0.4791; @y, = 0.6536;
@y = 0.0886; @3, = 0.1418; @y = 0.0442; @y, = 0.0914.

The priority vector of A is found to be

([0.1132,0.2876] [0.4791,0.6536]
0.0886,0.1418] [0.0442,0.0914])7 .
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Again, using the comparative method of two interval
fuzzy numbers 36 we find

(0.4791,0.6536] >
100%

[0.0442,0.0914])".

[0.1132,0.2876]

> [0.0886,0.1418] >
87.43% 97.21%

The optimal ranking order of the alternatives is given
by

X2 > X1 = X3 > X4.
100% 87.43% 97.21%

Example 3 Consider the maximum degree preference
relation A; of A;, i =1,2,3.

05 04 — —

c_| 06 05 08 — |

=1 - 02 05 09 |°
—  — 01 05
05 03 — —

_ 07 05 09 —
A= o1 05 - |
-~~~ 05
05 04 09 -—

_ 06 05 — 09
=101 - 05 -
~ 01 — 05

By model (31), the optimal model is constructed as
follows:
= (0.6v; —0.47,)?
+(0.6V1 — 0.4?2) )
+(0.4v, — 0.6v}) )
+(0.4V2 — 0.6?1) )
+(0.1v, — 0.9v3) 0.1v, — 0.974)
+(0.9V3 —0. 191) 0.8v3 — 0.292)
+( ) )
+( )
S.t. {

0.9v; — 0.1y, 0.1v3 —0.9v4
0.9%4 — 0.192)% + (0.9v4 — 0.173)2
The optimal solution to model (35) is
V=0""e/eT07'e=(0.3266,0.5520,0.0799,0.0415)"

(0.7v; — 0.37,)?
(O.]V] —0.9v3 2
(0.37, — 0.791)?
(0.2?2 —0.8v3
(
(
(

N
+

min J3

[SS I S

,»  (35)
2

o+t F o+

Y+t +n=1,
vi>0,i=1,2,3,4

where
1.22 —-0.69 —-0.09 0
. —-0.69 047 -0.25 -0.09
Q= -0.09 -0.25 227 —-0.09
0 —-0.25 —-0.09 1.62
e=(1111)".

Also, the optimal ranking order of the alternatives is
Xy = X1 = X3 > X4.

Group decision making methods of the incomplete IFPRs and IPRs

5. Conclusions

We have derived priority methods of incomplete IFPRs
and IPRs based on multiplicative consistent conditions.
Our theorem shows that optimal models of IFPRs and
IPRs have the same solutions. The priority approaches of
these two kinds of incomplete preference relations origi-
nate from incomplete FPRs, while the priority approach
of incomplete FPRs comes from complete FPRs. Conse-
quently, our results are useful not only in treating impre-
cise or unreliable decision making problems, but also in
describing their theoretical significance:

On one hand, the optimal priority model of the in-
complete IFPRs applies to the complete IFPRs. In this
sense, the optimal model of the incomplete IFPRs gener-
alizes that of the collective complete IFPRs. On the other
hand, in the optimal priority model of the IFPRs, if we
replace the deviation function of nonmembership judg-
ment preference with the deviation function of maximum
membership judgment preference, then we get the opti-
mal priority model of the IPRs. Similarly, if the elements
in [PRs are replaced with crisp numbers, then we get the
optimal priority model of the FPRs.
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