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Abstract. In his classical work imply that [1], G. Gratzer had asked that for what equational classes
K, LeK and Csub(L)=Csub(L,) imply that L €K, (see Problem 1.10 in [1] ).In the present note, a

necessary and sufficient condition for such classes will be given.

1. Introduction

G. Gratzer asked in [1] which equational classes K , L e K and Csub(L) = Csub(L;) imply that L, eK

(see Problem 1.10 in [1] ). In the present note a necessary and sufficient condition for a class to have
this property will be given and the following result will be proved.

For concepts not defined here one may refer to [2] and [3]. First it will be shown the ordering
defined in [3] and [4] on the lattice of convex sub-lattices can be described as the smallest ordering
satisfying certain conditions.

In this present note we prove the following result:
Main Theorem. An equational class K has the property:
™ LeK, Csub(L)=Csub(L)= L eK
if and only if K is self-dual.
Definition 1. An equational class K is said to be self-dual, if s cld(K) = &°<ld(K),

where £° is the dual identity of ¢.
An easy consequence of the definition is:
Lemma 1. Equational class K is self-dual ifand only if Le K = L° €K,

where L° is the dual lattice of L.

2.Definitions and Lemmas

In the following, symbols v and A are used to denote the join and the meet operations in Csub(L),
the lattice of all convex sub-lattices of a lattice L,respectively.

The necessary part of the Main Theorem is almost trivial, namely we have

Theorem 1. If equational class K has the property (*), then K is self-dual.

Proof. For any lattice L, since

AeCsub(L) = AeCsub(L®),

we have (Csub(L),c) = (Csub(L®),<) under identical mapping. Thus, if K has the property (*) and
LeK, we deduce at once L° eK and K is self-dual. [

For the sufficient part, we begin with considering {0,1} -1attices.The following lemma is useful.

Lemma 2. If Lis {0,1} -lattice and Csub(L) = Csub(L,), then L, is {0,1} -lattice.
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Proof. Let ¢ be anisomorphism of Csub(L) onto Csub(L,) . From the atomicity of the lattice of all
convex sub-lattice of a lattice, ¢({a})={a} for every acL, Ja’eL, . Suppose that
o{0h) ={p} () ={a}.Gp.qeLy),
Since [pAag,pval={p}v{q}=0{0}v{})=9(L)=L, pag,pvq are the least and greatest
elements of L, respectively. O
Theorem 2. Let K be a self-dual equational class, and LeK be a {0,1} -lattice. |If
Csub(L) = Csub(L,), then L, eK .

Proof. Let ¢ be an isomorphism of (Csub(L),c) onto (Csub(L,),<) . Since ¢({a}) ={a’} for every
aelL,3Ja’'el, . Wecandefineamap f:L—L by f(a)=a’. Obviously, f isbijective. The proof of
the theorem is performed for three cases as follows.

Case 1. Suppose that o({0})={0%, where 0’ and 1 are respectively the least and greatest
elements of L and L, ensured by Lemma 2. We will prove that L = L, in this case.

Let abel,a<hb
Since (f (a)]={0}v{f (a)}=¢{0}) v s({a}) = p({0} v {a}) =y ((al) = #((b]) = ( (b)]

we have f(a)< f(b), and f is order-preserving . Symmetrically, f "is also order-preserving and
so f is a lattice-isomorphism.

The same is true for the case p({1}) ={1}.

Case 2. Suppose that o({0}) ={L'} or o{1})={0}. Asinthecase 1l a<b<= f(a)> f(b),a,belL,
and then L=(L)°.
Case 3. Suppose that {f (0), f )} {0",13=2 . We will proveL K .
Suppose  that (0P ={p}o{}) ={a} ¢{p})={0F and  o{aP={13 that s
fO)=p,f@Q=q,f(p)=0 and f(q)=1.Since p'Aq [0, p'1n[0,q] and
[0, pTN[0,aT=({0}v{pH N {0} v{a}) =(e({p}) Vv e{0}) N (e{P}) v e({1}))
=o(({p}v{0) N{p}n{})) =00, p]ln[p.1]) =¢({p}) ={0%
we have p'Aq'=0". Similarly, since
[0,p"vqT=[0,p]v[0,qT =o({p}v{0}v{p}v{l}) =o(L)=L,.
we have p'vq'=1.
Symmetrically, we have alsopvqg=1 pAq=0.
On the other hand, since ¢ is isomorphic, we have ((q]]cgsw, = Csub((al), ([P")lcan(w,) = Csub([p)).

Since o((a]) =[P, (ANean(y = ([P can(y,) » @Nd SO Csub((q]) = Csub([p")) under ¢. Thus for lattices
(q] and [p") , the condition stated in the case 1 are valid, and we conclude that (q']=[p’) under f .

Analogously, we can show that under f we have (p]=(p'l.[p)=(qland[q) =[q')°. Now we
proceed to show that L = (p]x(q]. In fact, forreL, let f(r)=r". Since

[par,pvrlnfgar,gvr]={p}iv{rh) n({a}v{r})
= ({0 {rH n{@3v{r}) =™ ([0.r'1n[r.1]) ={r} .

And (par)v(gar)e[par,pvrln[gar,qvr],

we conclude that r=(pAr)v(gar), and every element reL can be represented by a pair of
elements (par, gar) . To show that this representation is also unique, suppose
thatr=P,vq,,P,e(p] and g, (q]. From p,<r and q,<r, we deduce that p,<pvr<p and
QG <qvr<q,0 f(qg,)elp) f(gar)e[p)and f(par)e(q].Therefore
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f(a) = F(po) fFlanr)=f(pnar) .
Thus we have
[f(Po). f(do)]=e({po}v{a}) =0(0.r]) =p{pAr}v{qar})
={f(pAniv{f@an}=[f(par). fann]l
and so f(py)=f(par), f(g)="Ff(gnar) that is, pj=par and g,=qar, and therefore the
representation is unique
Now for any tow elements, r,selL, if r<s,then par<pas and gar<qgas.Conversely, if
par<pas and gar<gas, r=(par)v(gar)<(pas)v(gas)=s. This means that
r<s < par<pasand gar<qgas,r,sel,
and therefore the map @:r— (pAr)v(qar) isanisomorphism of L onto (p]x(q].
Similarly, we have L = (p'1x(q].
IfLeK ,then(q]l.,[p)eK ,sothat (q'],(p]° K .Byassumption, K is self-dual, we have (p'1eK
and is follows that L e K and the proof is now complete. [J.

3. The Proof of Main Theorem
From Theorem 1 and Theorem 2, we know that Main Theorem is true for the case of bounded
lattices. In the following, we are going to deal with the general case.

Lemma 3. For any lattice L, identity p=q holds in L if and only if it holds in every interval of
L.

Now we are in a position to establish:
Theorem 3. Let K be a self-dual equational class and Csub(L) = Csub(L,). If LeK ,then L €K .

Proof. Maps ¢ and f are the same as in the proof of Theorem 2. For any interval [a',b]c L, let

f(a)=a’, and f(b)=b’. Since
[anb,avb]={a}v{b}=p"{a}v{p}) =9 ([a'b]),
We have: Csub([aAb,avb)=([ab,avblleg, = ([a"b)lcuq,, =Csub([a’,b)
under ¢, that is
P lesubanb.avey - Csub([ab,a v b)) — Csub([a’,b])

is an isomorphism . Without loss of generality, we can assume that anb<a,b<awvb and
letp'=f(anb) ,q' =f(avb). Sincep({ab}),p(avb)eCsub([a’,b)), p’,q'<[a’,b’]. As in the case 3
of the proof of Theorem 2, we have

p'vq =b’, p'aq'=a’,[aanb,avb]z[avb,b]x[aAb,a],[a,b]=[a, p']x[a’,q],
[aAb,b]=[p,b], [aAb,a]=[a’, p']", [a,avb]=[a’,q], [b,avb]=[q,bT.

For any identity ¢ e Id(K), both ¢ and £° hold in [a,avb] and [aAb,a] since they hold in L,

and then they hold in [a’,q'] and [a’, p']°. It is follows that ¢ holds in [a’,q'] and [a’, p'], SO In

[a’, p']° . Our proof is complete by Lemma 3. [J
The Main Theorem is consequence of Theorem 1 and Theorem 3

4. Some Corollaries

By the Proof of Theorem 2, we have:
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Corollary 1. Let L be a {0,1} -lattice. IfCsub(L) = Csub(L,) , then there exists A,B eCsub(L) such
thatL = AxB and L, = AxBor A°xBor AxB°or A° xB®.

By the Theorem 3,we have:

Corollary 2[5]. LetL be a bounded distribution lattice, and Csub(L) = Csub(L,), then L, is also a
bounded distribution lattice.

Corollary 3[6]. LetL be a bounded semi-modular lattice, and Csub(L) = Csub(L,), then L, is also
a bounded semi-modular lattice.

5. An Interesting Application
As an interesting application we prove:
Theorem 4. Let L bea {0,1}-lattice, L be a lattice. Then the following conditions are equivalent:
1) Csub(L)=Csub(L,) impliesthatL =L,
2)if L=L xL,x---xL,, ThenL, = (L)% (k=12,---,m).
Proof. 1) =2) If L=L, xL,x---xL, since Csub(L) = Csub(L, x---x L, x L xL,,x--xL,), then
L=l xLyx-oox by = Lxeex Ly x L x Ly xeeex Ly
ThusL, = (L)%, (k=12,---,m).
2) = 1) Since Csub(L) = Csub(L,) and L is a {0,1} -lattice, by Corollary 1, we have that there
exists A,B eCsub(L) suchthatL= AxB and L, = AxBor A°xBor AxB°or A° xB°.

By 2),we have: A= A°, B=B°.Then AxB=AxB®=A°xB= A°xB° jtherefore L=L, ,and the
proof is complete. [J
Corollary 6. LetL;(i=12,---,m) be a china, and Csub(L) = Csub(L, x L, x---x L.,), then

L=l xL,x---xL,.
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