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Abstract. According to the theory used in researching certain type of doubly singular differential 
equations, by computing directly, we find out that a singular partial differential equation in two 
complex variables has a unique formal power series solution which is in a special form and whose 
coefficients can be worked out explicitly. By estimating coefficients of the solution, we prove this 
formal solution is 1-Gevrey in a monomial. This gives a way to study Gevrey order in a monomial 
for formal solutions to certain classes of differential equations (or systems).  

Introduction 
In [1], arbitrary formal solutions of inhomogeneous partial differential equations are considered. 

Because of the obvious symmetry of the two variables in their problem they solved, their treatment, 
in some sense, prefer one variable over the other. They shows that the above formal solutions could 
be computed explicitly and that Gevrey order of them could be determined.  

Asymptotic expansion in a monomial was introduced in [2] and the corresponding theory was 
used to study the formal solution of a class of doubly singular differential systems. After that, 
asymptotic expansion theory in a monomial is frequently used in studying formal power series 
solutions of certain class of differential equations (or systems) [3][4][5]. 

In this paper a formal solution to a singular linear partial differential equation is worked out 
explicitly. Gevrey order in a monomial of it is computed according to it’s formula. This gives an 
idea to research certain kind of singular partial differential equations. 

Calculation of the formal solution 
Consider the following singular partial differential equation 

(1 ) ( ) ( )u ux axy y u px qy f xy
x y

a∂ ∂− + + = +
∂ ∂

                                      (1) 

Where u is the unknown function which is a function of two complex variables x and y. Nonzero 
constants a, p, q and a are complex numbers, and a could not be an integer. f is a function of one 
complex variable which is analytic in a small neighborhood of the origin in the complex plane. 
Furthermore it satisfies the condition: 

(0) 0, (0) 0f f= ′ ≠                                                            (2) 
Suppose f has the following power series expansion at the origin 

1
( ) n

n
n

f z b z
+∞

=

=∑                                                                 (3) 

Formally, write the unknown u as below: 

, 0
( , ) m n

mn
m n

u x y u x y
+∞

=

= ∑                                                          (4) 

Then  
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∂ ∂
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Inserting the preceding formulas into (1), yields: 
1 1 1 1

, 0 , 0 1 1
( ) m n m n n n n n

mn mn n n
m n m n n n

m n u x y anu x y pb x y qb x ya
+∞ +∞ +∞ +∞

+ + + +

= = = =

− + − = +∑ ∑ ∑ ∑                 (6) 

Identifying coefficients of xkyl in the above identity, we have the results: 
00 000 : 0 0k l u uα= = = ⇒ =                                                   (7) 

Thus u has no constant term. 
0 01, 0 : ( ) 0 0k kk l k u uα≥ = + = ⇒ =                                             (8) 

0 00, 1: ( ) 0 0l lk l l u uα= ≥ − + = ⇒ =                                             (9) 

1, 1, 1,| | 2 : ( ) ( 1) 0 0kl k l klk l k l k l u a l u ua − −≥ − ≥ − + − − = ⇒ =                          (10) 
This means u does not have any terms like xkyl with |k-l|≥2. As for the diagonal terms i.e. terms 

like xkyk, we have following results: 
1, 12 : ( 1) 0 0kk k k kkk u a k u ua − −≥ − − = ⇒ =                                         (11) 

11 111: 0 0k l u uα= = = ⇒ =                                                   (12) 
Thus, u does not have any diagonal terms, i.e. terms like xkyk. For the rest coefficients we have: 

1
21 1 212, 1: (2 1 )

1
pbk l u pb uα
α

= = − + = ⇒ =
+

                                     (13) 

1
12 01 1 121, 2 : (1 2 )

1
qbk l u au qb ua

a
= = − + − = ⇒ =

− +
                               (14) 

When the integer k≥2, we have the recursion formulas 
1,

, 1 1, , 1( 1 )
1

k k k
k k k k k k k

qb aku
u aku qb ua

a
−

+ − +

+
− + − = ⇒ =

− +
                               (15) 
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−

+ − +

+ −
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+
                        (16) 

 
Therefore, all coefficients of u can be worked out by coefficients of f and by known constants a, 

p, q and a : 
1

, 1 1
0

!
( )! ( 1 )

jk

k k k jj
j

k a qu b
k j a

−

+ −+
=

 
= ⋅ − − + 
∑                                             (17) 
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1, 1
1

( 1)!
( )! (1 )
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k k k jj
j

k a pu b
k j a

−

+ − +
=

 −
= ⋅ − + 
∑                                              (18) 

Here and that follows we regard 0!=1. From the preceding induction derivation process, we can 
see that coefficients of the unknown u are all uniquely determined by given data. So we obtain the 
conclusion: 

The partial differential equation (1) has a unique formal power series solution 
1

1 1
1 0

( 1)! !( , ) ( )
( 1)! (1 ) ( )! ( 1 )

j jk
k j k j k

j j
k j

pa b qa bk ku x y x y xy
k j k ja a

+∞ −
− −
+ +

= =

 −
= ⋅ + ⋅ 

− − + − − +  
∑∑                   (19) 

 
Hence, the formal solution u(x, y) could also be written as follows: 

1 1( , ) ( ) ( )u x y xu xy yv xy= +                                                     (20) 
Where u1(xy) and v1(xy) are 
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= =
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1 1
1 0
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( )! ( 1 )

jk
k j k

j
k j

qa bkv xy xy
k j a

+∞ −
−

+
= =

 
= ⋅ 

− − +  
∑∑                                         (22) 

The uniqueness of the formal solution is obvious since all the coefficients are computed 
explicitly. 

Gevrey order in a monomial 
Let E be a complex Banach space. Let Ex be the set of all formal power series with 

coefficients in E, DR be the disc centered at the origin with radius R>0,  (DR; E) be the set of 
functions which are analytic in DR., and Ets denote the set of s-Gevrey series. 

Here we cite the definition introduced in [2]. 

Definition Consider a formal power series
, 0

ˆ ( , ) ,m n
mn

m n
g x y a x y E x y

+∞

=

= ∈∑  and s>0. We say that 

ĝ is s-Gevrey in the monomial xy, if it satisfies the following condition: If ĝ is written uniquely as 
follows 

0 1

ˆ ( , ) ( ) ( )n n
n n

n n
g x y x u xy y v xy

+∞ +∞

= =

= +∑ ∑                                              (23) 

With un, vn Et, then all un and all vn are s-Gevrey in t and for positive constant r sufficiently 

small the series 
0

ˆ n
s nn r
u x+∞

=∑  and 
1

ˆ n
s nn r
v y+∞

=∑   converge. Here  

( )0 0
ˆ ( !)k s k

s k kk k
a t a k t+∞ +∞ −

= =
=∑ ∑                                                (24) 

and the norm is defined by 
0 0

k k
k kk kr

a t a r+∞ +∞

= =
=∑ ∑ . 

Next we’ll show that the formal solution in (19) is 1-Gevrey in the monomial xy. As it can be 
written as the form in (20), we only need to prove that both u1 and v1 are 1-Gevrey in t(=xy) and for 
constant r sufficiently small the series 1 1

ˆ
r

u x and 1 1
ˆ

r
v y converge.  

In fact, let r be a positive constant sufficiently small such that f(t) is bounded at the disc Dr, i.e. 
there exists a positive constant M such that each bl in the formula (3) satisfies the inequality 

l l

Mb
r

≤                                                                              (25) 

Then for every positive integer k, we may estimate the coefficient of (xy)k as follows 
1 1

1
0 0

( 1)!( 1)!
( 1)! (1 ) 1 ( 1)! 1

jjk k
k jk j

j
j j

bpa b p kk a
k j k ja a a

− −
−−

+
= =

  −−
⋅ ≤ 

− − + + − − +  
∑ ∑  

1

0

( 1)! 1 !
1 1 1 1

kjk

k
j

p M k p Mar a k
r ra a a a

−

=

−  
≤ ≤ + + + + + 

∑                                   (26) 

That is to say u1 is 1-Gevrey in t(=xy). Similarly we could deduce the estimate of coefficients of 
v1   and get the conclusion that v1 is 1-Gevrey in t(=xy). 

Now, 
1

1 1
1 0

ˆ
1 ( 1)! 1

jk
k j k

k j

bp au
k k j

τ
a a

+∞ −
−

= =

 = ⋅ + − − + 
∑ ∑ , so 

1 1

1 1
1 0 1 0

1ˆ
1 ( 1)! 1 1 ( 1)! 1

j jk k
k j k

r k j k j

b p Mp a aru r
k k j k k ja a a a

+∞ − +∞ −
−

= = = =

 = ⋅ ≤ ⋅ + − − + + − − + 
∑ ∑ ∑ ∑          (27) 
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1
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−

+
= =

 
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− − +  
∑∑ , hence  

1 1

1 1
1 0 1 0

1ˆ
1 ( )! 1 1 ( )! 1

j jk k
k j k

r k j k j

b q Mq a arv r
k j k ja a a a

+∞ − +∞ −
−

= = = =

 = ⋅ ≤ ⋅ − + − − + − + − − + 
∑ ∑ ∑ ∑            (28) 

Take r small enough such that the right-hand side series in the above formulas (27) and (28) 
converge simultaneously. This yields what we want. 

Conclusion 
Under our hypotheses, the partial differential equation in two complex variables (1) has a unique 

formal power series solution which doesn’t have any diagonal terms. And this formal solution is 
1-Gevrey in the monomial xy. 
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