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Abstract

Molodtsov’s soft set theory provides a general mathematical framework for dealing with uncertainty. This
paper aims to put forward a new soft set–(M,N)-soft intersection set, which is a generalization of soft
intersection sets. We introduce (M,N)-S I (implicative) filters of R0-algebras. Some characterizations of
these kinds of filters are established. In particular, we discuss the properties of (M,N)-soft congruences in
R0-algebras. It can lay a foundation for providing a new soft algebraic tool in considering many problems
that contain uncertainties.
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1. Introduction

The concept of R0-algebras was first introduced

by Wang39 by providing an algebraic proof of

the completeness theorem of a formal deductive

system37,38,31,45. In 2005, Liu and Li21,22 have ex-

tended the notions of implicative filters and Boolean

filters to R0-algebras by considering the fuzzifica-

tion of such notions. It can be easily observed that

R0-algebras are different from the BL-algebras14,46

because the identity x∧ y = x� (x→ y) holds in BL-

algebras, but it does not hold in R0-algebras. We

note that R0-algebras are also different from the lat-

tice implication algebras41,42 because the identity

(x→ y)→ y = (y→ x)→ x holds in lattice implica-

tion algebras, but it does not hold in R0-algebras. Al-

though they are essentially different, they still have

some similarities, that is, they all have the impli-

cation operator →. Therefore, it is meaningful to

generalize the lattice implication algebras and BL-

algebras to R0-algebras. In 7, Esteva and Godo in-

troduced the MT L-algebra, which is an algebra in-
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duced by using a continuous t-norm and its corre-

sponding residuum. It can be proved that an R0-

algebra is, in particular a MT L-algebra in which its

t-norm � is a nilpotent minimum t-norm 7. In partic-

ular, Ma25,27 discussed fuzzy filters of R0-algebras.

It is well known that the complexities of mod-

elling uncertain data in economics, engineering,

environmental science, sociology, information sci-

ences and many other fields can not be successfully

dealt with by classical methods. Although proba-

bility theory, fuzzy set theory and rough set the-

ory are well-known and effective tools for dealing

with vagueness and uncertainty. Each of them has

certain inherent limitations. Based on this reason,

Molodtsov 30 proposed a completely new approach

for modeling vagueness and uncertainty, which is

called soft set theory. Since then, especially soft

set operations, have undergone tremendous studied,

such as 2,3,10,11,28,32,33,34.

We note that soft set theory emphasizes a

balanced coverage of both theory and practice.

Nowadays, it has promoted a breath of the dis-

cipline of information sciences, intelligent sys-

tems, expert and decision support systems, ex-

pert and decision support systems, knowledge sys-

tems and decision making, and so on. For exam-

ples, see5,6,8,12,13,15,16,17,29,40,47. At the same time,

soft set theory has been found its wide-ranging

applications in the algebraic structures, such as
1,9,18,20,23,24,26,43,44. Recently, Çaǧman and Sezgin
4,35 made a new approach to soft intersection the-

ory to groups and near-rings. Further, Jun et al.19

applied this idea to R0-algebras. They introduced

the concept of soft intersection filters of R0-algebras.

Some new characterizations were provided.

The present paper is organized as follows. In sec-

tion 2, we recall some concepts and results of R0-

algebras and soft sets. In section 3, we investigate

some characterizations of (M,N)-S I filters of R0-

algebras. In particular, some important properties

of (M,N)-soft congruences of R0-algebras are dis-

cussed in section 4. Finally, we study (M,N)-S I im-

plicature(Boolean) fillers of R0-algebras. It is shown

that (M,N)-S I Boolean filters and (M,N)-S I impli-

cature fillers of R0-algebras are equivalent in section

5.

2. Preliminaries

By an R0-algebra39, we mean a bounded lattice L =
(L,�,∧,∨,′ ,→,0,1), which ′ is an order-reversing

involution and with a binary operation → such that

the following conditions hold:

(R1) x→ y = y′ → x′;
(R2) 1→ x = x;

(R3) (y→ z)∧ ((x→ y)→ (x→ z)) = y− x;

(R4) x→ (y→ z) = y→ (x→ z);

(R5) x→ (y∨ z) = (x→ y)→ (x→ z);

(R6) (x→ y)→ ((x→ y)→ (x′ ∨ y)) = 1.

In any R0-algebra L, the following statements are

true(see 31):

(a1) x � y⇔ x→ y = 1.

(a2) x � y→ x.
(a3) x′ = x→ 0.

(a4) (x→ y)∨ (y→ x) = 1.

(a5) x � y⇒ x→ z � y→ z.
(a6) x � y⇒ z→ x � z→ y.
(a7) ((x→ y)→ y)→ y = x→ y.
(a8) x∨ y = ((x→ y)→ y)∧ ((y→ x)→ x).

(a9) x� x′ = 0, x⊕ x′ = 1.

(a10) x� y � x∧ y, x� (x→ y) � x∧ y.
(a11) (x� y)→ z = x→ (y→ z).

(a12) x � y→ (x� y).

(a13) x� y � z⇔ x � y→ z.
(a14) x � y⇒ x� z � y� z.
(a15) x→ y � (y→ z)→ (x→ z).

(a16) (x→ y)� (y→ z) � x→ z.
Let L be an R0-algebra. For any x,y ∈ L, de-

fine x � y = (x → y′)′ and x ⊕ y = x′ → y. It is

proved that � and ⊕ are commutative, associative

and x ⊕ y = (x′ � y′)′, and (L,∧,∨,�,→,0,1) is a

residuated lattice.

Now, we recall some basic concepts of filters in

R0-algebras.

A non-empty subset F of L is called a filter of L if

it satisfies (F1) 1 ∈ F and (F2) x, x→ y ∈ F⇒ y ∈ F.

A filter F of L is called a Boolean filter of L if

(F3)x∨ x′ ∈ F, for all x ∈ L. A non-empty subset F of

L is called an implicative filter of L if it satisfies (F1)

and (F4) x→ (y→ z) ∈ F, x→ y ∈ A⇒ x→ z ∈ F.

We know a filter of L is Boolean if and only it is

implicative(see 31,21,22.)
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From now on, L is an R0-algebra, U is an initial

universe, E is a set of parameters, P(U) is the power

set of U and A,B,C ⊆ E.

Definition 1. 30,5 A soft set fA over U is a set defined

by fA : E→ P(U) such that fA(x) = ∅ if x � A. Here

fA is also called an approximate function. A soft set

over U can be represented by the set of ordered pairs

fA = {(x, fA(x))|x ∈ E, fA(x) ∈ P(U)}. It is clear to see

that a soft set is a parameterized family of subsets of

U. Note that the set of all soft sets over U will be

denoted by S (U).

Definition 2. 5 Let fA, fB ∈ S (U). Then,

(1) fA is called soft subset of fB and denoted by

fA˜⊆ fB if fA(x) ⊆ fB(x), for all x ∈ E. fA and fB are

called soft equal, denoted by fA = fB, if fA˜⊆ fB and

fA˜⊇ fB;

(2) The union of fA and fB, denoted by fA˜∪ fB,

is defined as fA˜∪ fB = fA∪B, where fA∪B(x) = fA(x)∪
fB(x), for all x ∈ E;

(3) The intersection of fA and fB, denoted by

fA˜∩ fB, is defined as fA˜∩ fB = fA∩B, where fA∩B(x) =

fA(x)∩ fB(x), for all x ∈ E.

Definition 3. 19 (1) A soft set fL over U is called an

S I-filter of L over U if it satisfies:

(S 1) fL(x) ⊆ fL(1) for any x ∈ L.

(S 2) fL(x→ y)∩ fL(x) ⊆ fL(y) for all x,y ∈ L.

(2) A soft set fL over U is called an S I-

implicative filter of L over U if it satisfies (S 1) and

(S 3) fL(x→ (y→ z))∩ fL(x→ y) ⊆ fL(x→ z) for

all x,y,z ∈ L.

Remark 1. In 19, Jun et al. called these two con-

cepts int-soft filters and int-soft implicative filters,

respectively. But it was first introduced this concept

by Çaǧman 4. In the following paper, we will use

the terminology in 4.

3. (M,N)-S I filters

In this section, we introduce the concept of (M,N)-

S I filters of R0-algebras and investigate some char-

acterizations. From now on, ∅ ⊆ M ⊂ N ⊆ U.

Definition 4. A soft set fS over U is called an

(M,N)-soft intersection filter (briefly, (M,N)-S I fil-

ter) of L over U if it satisfies:

(S I1) fL(x)∩N ⊆ fL(1)∪M for all x ∈ L;

(S I2) fL(x → y)∩ fL(x)∩ N ⊆ fL(y)∪M for all

x,y ∈ L

Remark 2. If fL is an S I-filter of L over U, then fL
is an (∅,U)-S I filter of L over U. Hence, every S I-

filter of L is an (M,N)-S I filter of L, but the converse

is not true.

Example 1. Assume that U = S 3, symmetric group,

is the universal set and let L = {0,a,b,c,1}, where

0 < a < b < c < 1. Define ′ and→ as follows:

x x′
0 1

a c
b b
c a
1 0

→ 0 a b c 1

0 1 1 1 1 1

a c 1 1 1 1

b b b 1 1 1

c a a b 1 1

1 0 a b c 1

Then (L,∧,∨,′ ,→) is an R0-algebra21, where

x∧ y =min{x,y} and x∨ y =max{x,y}.
Let M = {(13), (123)} and N = {(1), (12), (13), (123)}.
Define a soft set fL over U by

fL(1)= {(1), (12), (123)}, fL(c)= {(1), (12), (13), (123)}
and fL(a) = fL(b) = fL(0) = {(1), (12)}.

Then one can easily check that fL is an (M,N)-

S I filter of L over U, but it is not S I-filter of L over

U since fL(c) � fL(1).

The following proposition is obvious.

Proposition 1. If a soft set fL over U is an (M,N)-S I
filter of L over U, then

( fS (1)∩N)∪M ⊇ ( fS (x)∩N)∪M for all x ∈ S .

Proposition 2. If fL is an (M,N)-S I filter of L over
U, then f ∗L = {x ∈ L|( fL(x)∩N)∪M = ( fL(1)∩N)∪
M} is a filter of L.
Proof. Assume that fL is an (M,N)-S I filter of L

over U, then it is clear that 1 ∈ f ∗L .
For any x, x→ y ∈ f ∗L , then
( fL(x)∩N)∪M = ( fL(x→ y)∩N)∪M = ( fL(1)∩

N)∪M.
By Proposition 2, we have ( fL(y) ∩ N) ∪ M ⊆

( fL(1)∩N)∪M.
Since fL is an (M,N)-S I filter of L over U, we

have
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( fL(y)∩N)∪M = (( fL(y)∪M)∩N)∪M
⊇ ( fL(x)∩ fL(x→ y)∩N)∪M
= (( fL(y)∩N)∪M)∩ (( fL(x→ y)∩N)∪M)

= ( fL(1)∩N)∪M.

Hence, ( fL(y)∩N)∪M = ( fL(1)∩N)∪M, which
implies, y ∈ f ∗L . This implies that f ∗L is a filter of L.

Define an ordered relation “˜⊆(M,N)” on S (U) as
follows:

For any fL,gL ∈ S (U),∅ ⊆ M ⊂ N ⊆ U, we define
fL˜⊆(M,N)gL⇔ fL∩N˜⊆gS ∪M.

And we define a relation “ =(M,N) ” as follows:
fL =(M,N) gL⇔ fL˜⊆(M,N) gL and gL˜⊆(M,N) fL.

Then, we can denote Definition 4 as follows:

Definition 5. A soft set fL over U is called an

(M,N)-soft intersection filter(briefly, (M,N)-S I fil-

ter) of L over U if it satisfies:

(S I′
1
) fL(x)˜⊆(M,N) fL(1) for all x ∈ L;

(S I′
2
) fL(x→ y)∩ fL(x)˜⊆(M,N) fL(y) for all x,y ∈

L.

Proposition 3. If a soft set fL over U is an (M,N)-
S I-filter of L, then for any x,y,z ∈ L.

(1) x � y⇒ fL(x)˜⊆(M,N) fL(y).
(2) fL(x→ y) = fL(1)⇒ fL(x)˜⊆(M,N) fL(y).
(3) fL(x�y) =(M,N) fL(x)∩ fL(y) =(M,N) fL(x∧y).
(4) fL(0) =(M,N) fL(x)∩ fL(x′).
(5) fL(x→ y)∩ fL(y→ z)˜⊆(M,N) fL(x→ z).
(6) x� y � z⇒ fL(x)∩ fL(y)˜⊆(M,N) fL(z).
(7) fL(x → (z′ → y)) ∩ fL(y → z)˜⊆(M,N) fL(x →

(z′ → z)).
(8) fL(x → (y → z)) ∩ fL(x → y)˜⊆(M,N) fL(x →

(x→ z)).

Proof. (1) Let x,y ∈ L be such that x � y, then
x→ y = 1, and so

( fL(x)∩N) = ( fL(x)∩N)∩ ( fL(1)∪M)

= ( fL(y)∩N)∩ ( fL(x→ y)∪M)

⊆ ( fL(x)∩ fL(x→ y)∩N)∪M
⊆ fL(y)∪M,

which implies, fL(x)˜⊆(M,N) fL(y).

(2) Let x,y ∈ L be such that fL(x→ y) = fL(1),
then

fL(x)∩N = ( fL(x)∩N)∩ ( fL(1)∪M)

= ( fL(x)∩N)∩ ( fL(x→ y)∪M)

⊆ ( fL(x)∩ fL(x→ y)∩N)∪M
⊆ fL(y)∪M,

that is, fL(x)˜⊆(M,N) fL(y).
(3) By (a9), x � y � x ∧ y for all x,y ∈ L, then

by (1), fL(x � y)˜⊆(M,N) fL(x)∩ fL(y). On the other
hand, by (a11) and (1), fL(x)˜⊆(M,N) fL(y→ (x� y)).
It follows from (S I2) that fL(x)∩ fL(y)˜⊆(M,N) fL(y→
(x� y))∩ fL(y) ⊆ fL(x� y). Hence fL(x� y) =(M,N)

fL(x)∩ fL(y).
By (a2) and (a9), we have y � x → y and x �

(x → y) � x ∧ y. Then fL(y)˜⊆(M,N) fL(x → y) and
fL(x� (x→ y))˜⊆(M,N) fL(x∧ y). Hence, we have

fL(x) ∩ fL(y)˜⊆(M,N) fL(x) ∩ fL(x → y) =(M,N)

fL(x� (x→ y))˜⊆(M,N) fL(x∧ y)˜⊆(M,N) fL(x)∩ fL(y),
which implies, fL(x)∩ fL(y) =(M,N) fL(x∧ y).
Thus, fL(x� y) =(M,N) fL(x)∩ fL(y) =(M,N) fL(x∧

y).
(4) Since x� x′ = 0, then it is a consequence of

(3).
(5) By (6) and (a15), (1) and (3), we can deduce

it.
(7) By (a10) and (a15), we have (x → (z′ →

y))� (y→ z) = ((x� z′)→ y)� (y→ z) � (x� z′)→
z = x → (z′ → z). By (1) and (3), we deduce that
fL(x → (z′ → y))∩ fL(y → z) =(M,N) fL(x → (z′ →
y))� (y→ z)˜⊆(M,N) fL(x→ (z′ → z)).

(8) By (R4) and (a12), we have
(x→ (y→ z))� (x→ y) = (y→ (x→ z))� (x→

y) � x→ (x→ z).
Hence, by (1) and (3), we can deduce that
fL(x→ (y→ z))∩ fL(x→ y) =(M,N) fL(x→ (y→

z))� (x→ y)˜⊆(M,N) fL(x→ (x→ z)).

Theorem 4. A soft set fL over U is an (M,N)-S I
filter of L over U if and only if it satisfies:

(S I3) ∀x,y ∈ L, x � y ⇒ fL(x)˜⊆(M,N) fL(y).
(S I4) ∀x,y ∈ L, fL(x � y) =(M,N) fL(x) ∩ fL(y).

Proof. “⇒ ” By Proposition 3(1) and (3).

“⇐ ” Let x,y ∈ L. Since x � 1, then by (S I3), we
have fL(x)˜⊆(M,N) fL(1), that is , fL(x)∩N ⊆ fL(1)∪

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

1067



(M,N)-S I R0-algebras

M. This implies that (S I1) holds.
By (a9), x � (x → y) � y. Hence, by (S I3)

and (S I4), fL(x) ∩ fL(x → y) =(M,N) fL(x � (x →
y))˜⊆(M,N) fL(y), that is, fL(x) ∩ fL(x → y) ∩ N ⊆
fL(y)∪M. This implies that (S I2) holds.

Therefore, fL is an (M,N)-S I filter of L over U.

The following proposition is obvious.

Proposition 5. A soft set fL over U is an (M,N)-S I
filter of L over U if and only if satisfies:

(S I5) x � y→ z ⇒ fL(x)∩ fL(y)˜⊆(M,N) fL(z).

Theorem 6. If a soft set fL over U is an (M,N)-S I
filter of L over U, then the following are equivalent:

(i) ∀x,y,z ∈ L, fL(x → (y → z)) ∩ fL(x →
y)˜⊆(M,N) fL(x→ z).

(ii) ∀x,y ∈ L, fL(x→ (x→ y))˜⊆(M,N) fL(x→ y).
(iii) ∀x,y,z ∈ L, fL(x→ (y→ z))˜⊆(M,N) fL((x→

y)→ (x→ z)).

Proof. (i)⇒ (ii) Putting z = y and z = x in (1) and
using (S I1), we can deduce that

fL(x→ y)∪M = ( fL(x→ y)∪M)∪M
⊇ ( fL(x→ (x→ y))∩ fL(x→ x)∩N)∪M
= ( fL(x→ (x→ y))∩ fL(1)∩N)∪M
⊇ fL(x→ (x→ y))∩ ( fL(1)∪M)∩N
⊇ fL(x→ (x→ y))∩N

that is, fL(x→ (x→ y))˜⊆(M,N) fL(x→ y).
(ii)⇒ (iii) By (a5) and (a15), we have
x→ (y→ z) � x→ ((x→ y)→ (x→ z)), and so
fL(x→ (y→ z))∩N ⊆ fL(x→ ((x→ y)→ (x→

z)))∪M.
Then

fL((x→ y)→ (x→ z))∪M
= fL(x→ ((x→ y)→ z))∪M
= ( fL(x→ ((x→ y)→ z))∪M)∪M
⊇ ( fL(x→ (x→ ((x→ y)→ z)))∩N)∪M
= ( fL(x→ ((x→ y)→ (x→ z)))∩N)∪M
⊇ ( fL(x→ ((x→ y)→ (x→ z)))∪M)∩N
⊇ ( fL(x→ (x→ z))∩N,

that is, fL(x→ (y→ z))˜⊆(M,N) fL((x→ y)→ (x→
z)).

(iii)⇒ (i) By (S I2) and (iii), we have

fL(x→ z)∪M
= ( fL(x→ z))∪M)∪M
⊇ ( fL((x→ y)→ (x→ z))∩ fL(x→ y)∩N)∪M
⊇ ( fL((x→ y)→ (x→ z))∪M)∩N
⊇ fL(x→ (y→ z))∩ fL(x→ y)∩N.

that is, fL(x→ (y→ z))∩ fL(x→ y)˜⊆(M,N) fL(x→
z).

4. (M,N)-soft congruences

In this section, we investigate (M,N)-soft congru-

ences, (M,N)-soft congruences classes and quotient

soft R0-algebras.

Definition 6. A soft relation θ from fL× fL to P(U ×
U) is called an (M,N)-congruence in L over U ×U
if it satisfies:

(C1) θ(1,1) =(M,N) θ(x, x), ∀ x ∈ L.
(C2) θ(x,y) =(M,N) θ(y, x), ∀ x ∈ L.
(C3) θ(x,y)∩ θ(y,z)˜⊆(M,N)θ(x,z), ∀ x,y,z ∈ L.
(C4) θ(x,y)˜⊆(M,N)θ(x� z,y� z), ∀ x,y,z ∈ L.
(C5) θ(x,y)˜⊆(M,N)θ(x→ z,y→ z)∩ θ(z→ x,z→

y), ∀ x,y,z ∈ L.

Definition 7. Let θ be an (M,N)-congruence in BL-

algebra L over U ×U and x ∈ L. Define θx in L
as θx(y) = θ(x,y), ∀y ∈ L. The set θx is called an

(M,N)-congruence class of x by θ in L. The set

L/θ = {θx|x ∈ L} is called a quotient soft set by θ.

Lemma 7. If θ is an (M,N)-congruence in L
over U × U, then θ(x,y)˜⊆(M,N)θ(1,1), ∀x,y ∈ L.
Proof. By (C1) and (C3), we have θ(1,1) =

θ(x, x)˜⊇(M,N)θ(x,y)∩ θ(y, x) = θ(x,y).

Lemma 8. If θ is an (M,N)-congruence in L over
U ×U, then θ1 is an (M,N)-S I filter of L over U.
Proof. For any x ∈ L, we have

θ1(1) = θ(1,1)˜⊇(M,N)θ(1, x) = θ1(x).
This proves that (S I′

1
) holds.

For any x,y ∈ L, by (C3) and (C5), we have
θ(1,y)˜⊇(M,N)θ(1, x → y) ∩ θ(x → y,y) and θ(x →
y,y) = θ(x→ y,1→ y)˜⊇(M,N)θ(x,1).

Then
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θ(1,y)˜⊇(M,N)θ(1, x → y) ∩ θ(x,1) = θ(1, x) ∩
θ(1, x→ y),

this is, θ1(y)˜⊇(M,N)θ
1(x)∩ θ1(x→ y). This proves

that (S I′
2
) holds. Thus, θ1 is an (M,N)-S I filter of L

over U.

Lemma 9. Let fL be an (M,N)-S I filter of L over U,
then θ(x,y)= fL(x→ y)∩ fL(y→ x) is an (M,N)-soft
congruence in L.
Proof. For any x,y,z ∈ L, we have

(1) θ f (1,1) = fL(1 → 1) ∩ fL(1 → 1) = fL(1) =

fL(x → x)∩ fL(x → x) = θ f (x, x). This proves that
(C1) holds.

(2) It is clear that (C2) holds.
(3) By Proposition 3(5), we have
θ f (x,y)∩ θ f (y,z)

= ( fL(x→ y)∩ fL(y→ x))∩ ( fL(y→ z)∩ fL(z→ y))

= ( fL(x→ y)∩ fL(y→ z))∩ ( fL(y→ x)∩ fL(z→ y))

= f (N1(˜A+,˜B+)),N1(˜A−,˜B−))
˜⊆(M,N) fL(x→ z)∩ fL(z→ x)

= θ f (x,z).
Thus, (C3) holds.
(4) Since x→ y � (x� z)→ (y� z) and y→ x �

(y � z) → (x � z), we have fL(x → y)˜⊆(M,N) fL((x �
z)→ (y�z)) and fL(y→ z)˜⊆(M,N) fL((y�z)→ (x�z)).

Thus, fL(x → y)∩ fL(y → x)˜⊆(M,N) fL((x � z) →
(y� z))∩ fL((y� z)→ (x� z)).

which implies, θ f (x,y)˜⊆(M,N)θ f (x� z,y� z). This
implies that (C4) holds.

(5) θ f (x→ z,y→ z)∩ θ f (z→ x,z→ y)

= fL((x→ z)→ (y→ z))∩ fL((y→ z)→ (x→ z))

∩ fL((z→ x)→ (z→ y)∩ fL((z→ y)→ (z→ x))
˜⊇(M,N) fL(y→ x)∩ fL(x→ y)

= θ f (x,y).
Thus, (C5) holds. Therefore, θ f is an (M,N)-soft

congruence in L.

Let fL be an (M,N)-S I filter of L over U and

x ∈ L. In the following, let f x denote the (M,N)-

congruence class of x by θ f in L and L/ f the quo-

tient soft set by θ f .

Lemma 10. If fL is an (M,N)-S I filter of L over
U, then f x =(M,N) f y if and only if fL(x→ y) =(M,N)

fL(y→ x) =(M,N) fL(1) for all x,y ∈ L.
Proof. If fL is an (M,N)-S I filter of L over U,

then f μ(ν) = θμf (ν) = θ f (μ,ν) = fL(μ→ ν)∩ fL(ν→

μ), that is, f μ(ν) = fL(μ → ν) ∩ fL(ν → μ) for all
x,y ∈ L. If f x =(M,N) f y, then f x(x) =(M,N) f y(x), and
so, fL(x→ x) = fL(1) =(M,N) fL(y→ x)∩ fL(x→ y).
Thus, fL(y→ x) =(M,N) fL(x→ y) =(M,N) fL(1).

Conversely, assume the given condition holds.
By Proposition 3, we have

fL(x→ z)˜⊇(M,N) fL(x→ y)∩ fL(y→ z) and fL(y→
z)˜⊇(M,N) fL(y→ x)∩ fL(x→ z).

If fL(y→ x) =(M,N) fL(x→ y) =(M,N) fL(1), then
fL(x → z) ⊇(M,N) fL(y → z) and fL(y → z) ⊇(M,N)

fL(x→ z). Thus, fL(x→ z) =(M,N) fL(y→ z). Simi-
larly, we can prove that fL(z→ x) =(M,N) fL(z→ y).
This implies that

f x(z) = fL(x→ z)∩ fL(z→ x) =(M,N) fL(y→ z)∩
fL(z→ y) = f y

L(z) for all z ∈ L.
Hence f x =(M,N) f y.

Denote f f (1) = {x ∈ L| f (x) =(M,N) f (1)}.
Corollary 11. If f is an (M,N)-S I filter of L over
U, then f x =(M,N) f y if and only if x ∼ f f (1)

y, where
x∼ f f (1)

y if and only if x→ y ∈ f f (1) and y→ x ∈ f f (1).
Let f be an (M,N)-S I filter of L over U. For any

f x, f y ∈ L/ f , we define

f x∨ f y =(M,N) f x∨y, f x∧ f y =(M,N) f x∧y,

( f x)′ =(M,N) f x′ and f x→ f y =(M,N) f x→y.

Theorem 12. Let f be an (M,N)-S I filter of L
over U, then L/ f = (L/ f ,∧,∨,′ ,→, f 0, f 1) is an R0-
algebra.
Proof. We can claim that the above operations

on L/ f are well-defined. In fact, if f x =(M,N) f y

and f a =(M,N) f b, then by Corollary 11, we have
x ∼ f( f (1))

y and a ∼ f f (1)
b, and so x ∨ a ∼ f f (1)

y ∨ b.
Thus, f x∨a =(M,N) f y∨b. Similarly, we can prove
f x∧a =(M,N) f y∧b, ( f x)′ = f x′ and f x→a =(M,N) f y→b.
Then we can easily check that L/ f is an R0-algebra.

Theorem 13. Let fL be an (M,N)-S I filter of L over
U, then L/ f � L/ f f (1).
Proof. Define ϕ : L → L/ f by ϕ(x) = f x for all

x ∈ L.
For any x,y ∈ L,ϕ(x∨ y) = f x∨y =(M,N) f x∨ f y =

ϕ(x)∨ ϕ(y),ϕ(x∧ y) = f x∧y =(M,N) f x ∧ f y = ϕ(x)∧
ϕ(y),ϕ(x′) = f x′ =(M,N) ( f x)′ = (ϕ(x))′ and ϕ(x →
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y) = f x→y =(M,N) f x → f y = ϕ(x)→ ϕ(y). Hence ϕ
is an epic.

Moreover, x ∈Kerϕ⇐⇒ϕ(x)= f 1⇐⇒ f x =(M,N)

f 1⇐⇒ x ∼ f f (1)
1⇐⇒ x ∈ f f (1). Hence, Kerϕ = f f (1).

Thus, L/ f � L/ f f (1).

5. (M,N)-S I implicative (Boolean) filters

In this section, we introduce the concept of (M,N)-

S I implicative (Boolean) filters of R0-algebras and

investigate some of their properties.

Definition 8. A soft set fL over U is called an

(M,N)-soft intersection implicative filter (briefly,

(M,N)-S I implicative filter) of L over U if it sat-

isfies (S I1) and

(S I6) fL(x→ (y→ z))∩ fL(x→ y)˜⊆(M,N) fL(x→ z)

for all x,y,z ∈ L.

Remark 3. If fS is an (M,N)-S I implicative filter of

L over U, then fL is an (∅,U)-S I implicative filter of

L over U. Hence, every S I-implicative filter of L is

an (M,N)-S I implicative filter of L, but the converse

is ont true.

Example 2. Assume that U = D2 = {< x,y > |x2 =

y2 = e, xy = yx} = {e, x,y,yx}, Dihedral group, is the

universal set.

Let L = {0,a,b,c,d,1}, where 0 < a < b < c < d <
1.

x x′
0 1

a d
b c
c b
d a
1 0

→ 0 a b c d 1

0 1 1 1 1 1 1

a d 1 1 1 1 1

b c c 1 1 1 1

c b b b 1 1 1

d a a b c 1 1

1 0 a b c d 1

Then (L,∧,∨,′ ,→) is an R0-algebra.

Let M = {e,y} and N = {e, x,y}.
Define a soft set fL of L over U by fL(1) = {e, x},

fL(c) = fL(d) = {e, x,y} and fL(a) = fL(b) = fL(0) =

{e,y}.
Then one can easily check that fL is an (M,N)-S I
implicative filter of L over U, but it is ont an S I-

implicative filter of L over U since fL(1) = {e, x} �
fL(c).

From Definitions 4 and 8, we have

Proposition 14. Every (M,N)-S I implicative filter
of L over U is an (M,N)-S I filter, but the converse
may not be true as shown in the following example.

Example 3. Consider the soft set fL of S over

U as in Example 1. Let M = {(13)} and N =
{(1), (12), (13), (123)}. We can easily check that fL
is an (M,N)-S I filter of L over U, but it is not an

(M,N)-S I implicative filter of L over U since

fL(b → a)∪M = fL(b)∪M = {(1), (12)} ∪ {(13)} =
{(1), (12), (13)} � {(1), (12), (123)} = fL(1) ∩ N =
fL(b→ (b→ a))∩ fL(b→ b)∩N.

Now, we discuss some properties of (M,N)-S I
implicative filters in R0-algebras.

Theorem 15. Let fL be an (M,N)-S I filter of L over
U, then fL is an (M,N)-S I implicative filter of L
over U if and only if it satisfies:
(S I7) fL(x→ (z′ → y))∩ fL(y→ z)˜⊆(M,N) fL(x→ z)

for all x,y,z ∈ L.
Proof. Assume that fS is an (M,N)-S I implicative

filter of L over U. For any x,y,z ∈ L, we have

fL(x→ z)∪M
= fL(z′ → x′)∪M
⊇ fL(z′ → (y′ → x′))∩ fL(z′ → y′)∩N
= fL(x→ (z′ → y))∩ fL(y→ z)∩N,

that is, fL(x→ (z′ → y))∩ fL(y→ z)˜⊆(M,N) fL(x→ z).
Thus, (S I7) holds.

Conversely, assume that fL is an (M,N)-S I filter
of L over U satisfying (S I7). Then

fL(x→ z)∪M
= fL(z′ → x′)∪M
⊇ fL(z′ → (x′′ → y′))∩ fL(y′ → x′)∩N
= fL(x→ (z′ → y′))∩ fL(x→ y)∩N
= fL(x→ (y→ z))∩ fL(x→ y)∩N,

that is, fL(x→ (y→ z))∩ fL(x→ y)˜⊆(M,N) fL(x→ z).
Thus, (S I6) holds. Therefore, fL is an (M,N)-S I im-
plicative filter of L over U.

Theorem 16. Let fL be an (M,N)-S I filter of L over
U, then the following are equivalent:
(i) fL is an (M,N)-S I implicative filter of L.
(ii) fL(x → z) =(M,N) fL(x → (z′ → z)), for all
x,y,z ∈ L.
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(iii) fL(x→ z)˜⊇(M,N) fL(y→ (x→ (z′ → z)))∩ fL(y),
for all x,y,z ∈ L.
Proof. (i)⇒ (ii) Assume that fL is an (M,N)-S I

implicative filter of L over U. Putting y = z in (S I7),

fL(x→ z)∪M
= ( fL(x→ z)∪M)∪M
⊇ ( fL(x→ (z′ → z))∩ fL(z→ z)∩N)∪M
= ( fL(x→ (z′ → z))∩ fL(1)∩N)∪M
⊇ fL(x→ (z′ → z))∩ ( fL(1)∪M)∩N
⊇ fL(x→ (z′ → z))∩N,

which implies, fL(x→ (z′ → z))˜⊆(M,N) fL(x→ z).
On the other hand, x → z � z′ → (x → z), we
have fL(x → z)˜⊆(M,N) fL(z′ → (x → z)). Hence,
fL(x→ z) =(M,N) fL(z′ → (x→ z)).
(ii)⇒ (iii) For any x,y,z ∈ L, we have fL(x→ (z′ →
z))˜⊇(M,N) fL(y→ (x→ (z′ → z)))∩ fL(y).
By (ii), we have fL(x → z) =(M,N) fL(x → (z′ →
z))˜⊇(M,N) fL(y→ (x→ (z′ → z)))∩ fL(y).
Thus, (iii) holds.
(iii) ⇒ (i) Let fL be an (M,N)-S I filter of L
over U satisfying the condition (iii). Then by
Proposition 3.7(7) for all x,y,z ∈ L, fL(x → (z′ →
z))˜⊇(M,N) fL(x→ (z′ → y))∩ fL(y→ z). Putting y = 1

in (iii), we have

fL(x→ z)∪M
= ( fL(x→ z)∪M)∪M
⊇ ( fL(1→ (x→ (z′ → z)))∩ fL(1)∩N)∪M
⊇ ( fL(x→ (z′ → z))∪M)∩ ( fL(1)∪M)∩N
⊇ ( fL(x→ (z′ → z))∪M)∩N
⊇ fL(x→ (z′ → y))∩ fL(y→ z)∩N,

which implies, fL(x → z)˜⊇(M,N) fL(x → (z′ → y))∩
fL(y→ z). Thus, (S I7) holds. By Theorem 15, fL
is an (M,N)-S I implicative filter of L over U.

Theorem 17. Let fL be an (M,N)-S I filter of L over
U, then the following are equivalent:
(1) fL is an (M,N)-S I implicative filter of L.
(2) fL(x) =(M,N) fL(x′ → x), for all x ∈ L.
(3) fL(x) =(M,N) fL((x→ y)→ x), for all x,y ∈ L.
(4) fL(x)˜⊇(M,N) fL(z→ ((x→ y)→ x))∩ fL(z), for all
x,y,z ∈ L.
Proof. (1) ⇒ (2) By Theorem 16(ii), we have

fL(x)= fL(1→ x)=(M,N) fL(1→ (x′ → x))= fL(x′ →
x).
(2)⇒ (3) Since x′ � x→ y, then (x→ y)→ x � x′ →
x, and so fL(x′ → x)˜⊇(M,N) fL((x→ y)→ x). Thus,
from (2), we can deduce that

fL(x) =(M,N) fL(x′ → x)˜⊇(M,N) fL((x→ y)→ x).
On the other hand, since x � (x → y) → x, we
have fL(x)˜⊆(M,N) fL((x→ y)→ x). Thus, we can get
fL(x) =(M,N) fL((x→ y)→ x).
(3)⇒ (4) Since fL is an (M,N)-S I filter of L, then
fL((x→ y)→ x)˜⊇(M,N) fL(z→ ((x→ y)→ x)∩ fL(z).
It follows from (3) that

fL(x) =(M,N) fL((x→ y)→ x)˜⊇(M,N) fL(z→ ((x→
y)→ x)∩ fL(z).
(4)⇒ (1) Since z � x→ z, we have (x→ z)′ � z′ and
z′ → (x→ z) � (x→ z)′ → (x→ z). Thus, we have

fL((x→ z)′ → (x→ z))˜⊇(M,N) fL(z′ → (x→ z)). It
follows from (4) that

fL(x→ z)∪M
= ( fL(x→ z)∪M)∪M
⊇ ( fL(1→ (((x→ z)→ 0)→ (x→ z)))∩ fL(1)∩N)∪M
= ( fL((x→ z)′ → (x→ z))∩ fL(1)∩N)∪M
⊇ (( fL((x→ z)′ → (x→ z))∪M)∩ ( fL(1)∪M))∩N
⊇ fL(z′ → (x→ z))∩N,

which implies, fL(x→ z)˜⊇(M,N) fL(z′ → (x→ z)).
On the other hand, since x → z � z′ → (x → z),
we have fL(x → z)˜⊆(M,N) fL(z′ → (x → z)). Thus,
fL(x→ z) =(M,N) fL(z′ → (x→ z)). Therefore, it fol-
lows from Theorem 16 that fL is an (M,N)-S I im-
plicative filter of L over U.

Finally, we introduce the concept of (M,N)-S I
Boolean filters of R0-algebras.

Definition 9. Let fL be an (M,N)-S I filter of L over

U, then fL is called an (M,N)-S I Boolean filter of L
if it satisfies

(S I8) fL(x∨ x′) =(M,N) fL(1), for all x ∈ L.

Theorem 18. A soft set fL over U is an (M,N)-S I
implicative filter of L if and only if it is an (M,N)-S I
Boolean filter.
Proof. Assume that fL is an (M,N)-S I implicative

filter of L over U. For any x ∈ L, since
x′ → (((x′ → x)→ x)→ (x′ → x)′) = ((x′ → x)→
x)→ ((x′ → x)→ x)= 1 and x′ → ((x′ → x)→ x)= 1,
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then
fL((x′ → x)→ x)

= fL(x′ → (x′ → x)′)
˜⊇(M,N) f (x′ → (((x′ → x)→ x)→ (x′ → x)′))
∩ fL(x′ → ((x′ → x)→ x))

= fL(1),
and so, fL((x′ → x)→ x) =(M,N) fL(1).
Similarly, we can prove fL((x → x′) → x′) =(M,N)

fL(1). Hence, we have
fL(x∨ x′)
= fL(((x′ → x)→ x)∧ ((x→ x′)→ x′))
=(M,N) fL((x′ → x)→ x)∩ fL((x→ x′)→ x′)
=(M,N) fL(1).

This proves that fL is an (M,N)-S I Boolean filter of
L.

Conversely, assume that fL is an (M,N)-S I
Boolean filter of L. For any x,y ∈ L, we have

fL(x→ y)∪M
= ( fL(x→ y)∪M)∪M
⊇ ( fL((y∨ y′)→ (x→ y))∩ fL(y∨ y′)∩N)∪M
= ( fL((y∨ y′)→ (x→ y))∩ fL(1)∩N)∪M
⊇ ( fL((y∨ y′)→ (x→ y))∪M)∩N
= (( fL(y→ (x→ y))∩ fL(y′ → (x→ y)))∪M)∩N
= ( fL(1)∪M)∩ ( fL(y′ → (x→ y))∪M)∩N
⊇ fL(y′ → (x→ y))∩N,

which implies, fL(x→ y)˜⊇(M,N) fL(y′ → (x→ y)).
On the other hand, since x→ y � x→ (y′ → y),

we have fL(x→ y) =(M,N) fL(x→ (y′ → y)).
Therefore, it follows from Theorem 16 that fL is

an (M,N)-S I implicative filter of L.

Remark 4. Every (M,N)-S I implicative filters and

(M,N)-S I Boolean filters in R0-algebras are equiva-

lent.

6. Conclusion

As a generalization of soft intersection filters of

R0-algebras, we introduce the concepts of (M,N)-S I
(implicative) filters of R0-algebras. We investigate

their characterizations. In particular, we describe

(M,N)-soft congruences in R0-algebras.

To extend this work, one can further investigate

(M,N)-S I prime (semiprime) filters of R0-algebras.

Maybe one can apply this idea to decision making,

data analysis and knowledge based systems.
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12. F. Feng, Y. Li, N. Çaǧman, Generalized uni-int deci-
sion making schemes based on choice value soft sets,

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

1072



J. Zhan et al.

Eur. J. Oper. Res. 220 (2012) 162-170.
13. F. Feng, Y. Li, V. Leoreanu-Fotea, Application of level

soft sets in decision making based on interval-valued
fuzzy soft sets, Comput. Math. Appl. 60 (2010) 1756-
1767.

14. P. Hájek, Metamathematics of Fuzzy Logic, Kluwer
Academic Press, Dordrecht, 1998.

15. Y. Jiang, Y. Tang, Q. Chen, Extending soft sets with
description logics, Comput. Math. Appl. 59 (2010)
2087-2096.

16. Y. Jiang, Y. Tang, Q. Chen, Extending fuzzy soft sets
with fuzzy description logics, Knowledge-Based Sys-
tems 24(2011) 1096-1107.

17. Y. Jiang, Y. Tang, J. Wang, Expressive fuzzy descrip-
tion logics over lattices, Knowledge-Based Systems
23(2010) 150-161.

18. Y.B. Jun, Soft BCK/BCI-algebras, Comput. Math.
Appl. 56 (2008) 1408-1413

19. Y.B. Jun, S.S. Ahn, K J. Lee, Intersection-soft filters
in R0-algebras, Discrete Dyn. Nat. Soc. 2013, Art ID
950897, 7 pp.

20. Y.B. Jun, K.J. Lee, J. Zhan, Soft p-ideals of soft BCI-
algebras, Comput. Math. Appl. 58 (2009) 2060-2068.

21. L. Liu, K. Li, Fuzzy implicative and Boolean filters of
R0-algebras, Inform. Sci. 171(2005) 61-71.

22. L. Liu, K. Li, R0-algebras and weak dually residuated
lattice ordered semigroups, Czeah. Math. J. 56(131)
(2006) 339-348.

23. X. Liu, D. Xiang, J. Zhan, Fuzzy isomorphism the-
orems of soft rings, Neural Comput. Appl. 21(2012)
391-397.

24. X. Liu, D. Xiang, J. Zhan, K.P. Shum, Isomorphism
theorems for soft rings. Algebra Colloq. 19(2012)
649-656.

25. X. Ma, J. Zhan, Y.B. Jun, On (∈,∈ ∨q)-fuzzy filters of
R0-algebras, Math. Logic Quart. 55(2009) 493-508.

26. X. Ma, J. Zhan, Y.B. Jun, Soft R0-algebras based
on fuzzy sets, J. Mult-Val Logic & Soft Comput.
19(2012) 547-563.

27. X. Ma, J. Zhan, Y. Xu, Generalized fuzzy filters of
R0-algebras, Soft Comput. 11(2007) 1079-1087.

28. P.K. Maji, R. Biswas, A.R. Roy, Soft set theory, Com-
put. Math. Appl. 45 (2003) 555-562.

29. P.K. Maji, A.R. Roy, R. Biswas, An applications
of soft sets in a decision making problem, Comput.

Math. Appl. 44 (2002) 1077-1083
30. D. Molodtsov, Soft set theory-first results, Comput.

Math. Appl. 37 (1999) 19-31.
31. D.W. Pei, G.J. Wang, The completeness and applica-

tions of the formal system, Science in China Series F:
Inform. Sci. 45(2002) 40-50.

32. K.Y. Qin, D. Meng, Z. Pei, Y. Xu, Combination of
interval set and soft set, Int. J. Comput. Intell. Sys.
6(2013) 370-380.

33. K.Y. Qin, Z. Hong, On soft equality, J. Comput. Appl.
Math. 234(2010) 1347-1355.

34. A. Sezgin, A.O. Atagun, On operations of soft sets,
Comput. Math. Appl. 61 (2011) 1457-1467.

35. A. Sezgin, A.O. Atagun, N. Çaǧman, Soft intersection
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