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Abstract

Molodtsov’s soft set theory provides a general mathematical framework for dealing with uncertainty. This
paper aims to put forward a new soft set—(M, N)-soft intersection set, which is a generalization of soft
intersection sets. We introduce (M, N)-S I (implicative) filters of Ry-algebras. Some characterizations of
these kinds of filters are established. In particular, we discuss the properties of (M, N)-soft congruences in
Rop-algebras. It can lay a foundation for providing a new soft algebraic tool in considering many problems

that contain uncertainties.

Keywords: Soft set; Ro-algebras; filter; implicative filter; (M, N)-soft congruence; (M, N)-S 1 implica-

tive(Boolean) filter.

1. Introduction

The concept of Ry-algebras was first introduced
by Wang® by providing an algebraic proof of
the completeness theorem of a formal deductive
system37-383145 " 1n 2005, Liu and Li?"*> have ex-
tended the notions of implicative filters and Boolean
filters to Rp-algebras by considering the fuzzifica-
tion of such notions. It can be easily observed that
Ro-algebras are different from the BL-algebras!#46
because the identity x Ay = x® (x — y) holds in BL-

algebras, but it does not hold in Ry-algebras. We
note that Ry-algebras are also different from the lat-
tice implication algebras*!*> because the identity
(x > y) > y=(y — x) — x holds in lattice implica-
tion algebras, but it does not hold in Ry-algebras. Al-
though they are essentially different, they still have
some similarities, that is, they all have the impli-
cation operator —. Therefore, it is meaningful to
generalize the lattice implication algebras and BL-
algebras to Rp-algebras. In 7 Esteva and Godo in-
troduced the MT L-algebra, which is an algebra in-

*Corresponding address: Department of Mathematics, Hubei University for Nationalities, Enshi, Hubei Province, 445000, China. Tel:

13597795069

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

1064



J. Zhan et al.

duced by using a continuous 7-norm and its corre-
sponding residuum. It can be proved that an Ry-
algebra is, in particular a MT L-algebra in which its
t-norm @ is a nilpotent minimum t-norm ’. In partic-
ular, Ma>+?7 discussed fuzzy filters of Ry-algebras.

It is well known that the complexities of mod-
elling uncertain data in economics, engineering,
environmental science, sociology, information sci-
ences and many other fields can not be successfully
dealt with by classical methods. Although proba-
bility theory, fuzzy set theory and rough set the-
ory are well-known and effective tools for dealing
with vagueness and uncertainty. Each of them has
certain inherent limitations. Based on this reason,
Molodtsov 3° proposed a completely new approach
for modeling vagueness and uncertainty, which is
called soft set theory. Since then, especially soft

set operations, have undergone tremendous studied,
such as 23-10.11,28,32,3334

We note that soft set theory emphasizes a
balanced coverage of both theory and practice.
Nowadays, it has promoted a breath of the dis-
cipline of information sciences, intelligent sys-
tems, expert and decision support systems, ex-
pert and decision support systems, knowledge sys-
tems and decision making, and so on. For exam-
ples, see>0-8.12,13.15.16.17.29.4047 = At the same time,
soft set theory has been found its wide-ranging
applications in the algebraic structures, such as
19,18,20,23,24,2643.44  Recently, Cagman and Sezgin
435 made a new approach to soft intersection the-
ory to groups and near-rings. Further, Jun et al.'
applied this idea to Rp-algebras. They introduced
the concept of soft intersection filters of Ry-algebras.
Some new characterizations were provided.

The present paper is organized as follows. In sec-
tion 2, we recall some concepts and results of Ro-
algebras and soft sets. In section 3, we investigate
some characterizations of (M,N)-SI filters of Ry-
algebras. In particular, some important properties
of (M, N)-soft congruences of Ry-algebras are dis-
cussed in section 4. Finally, we study (M, N)-S I im-
plicature(Boolean) fillers of Ry-algebras. It is shown
that (M, N)-S I Boolean filters and (M, N)-S I impli-
cature fillers of Ry-algebras are equivalent in section
5.

2. Preliminaries

By an Ry-algebra®, we mean a bounded lattice L =
(L,<, AV, ,—,0,1), which 7 is an order-reversing
involution and with a binary operation — such that
the following conditions hold:

R)x—>y=y —-x

(R) I - x=x;

R) Y= DA (x—=y) > (x—>2))=y—x;

R)x—>(Y—2=y—(x—>2);

Rs) x> (yVz)=(x—y) = (x—>2);

Re) (x> y) 2> (x> y) > (X Vy)=1.

In any Ry-algebra L, the following statements are
true(see 31):

(a)x<yex—-y=1.

(@) x<y—=x.

(a3) ¥ =x— 0.

(ag)) x—>y)Viy—-x)=1.

(a5) x<y=>x—>72y—>2.

(ag) x<y=>z—->x<7—>).

@) ((x—>y)—>y)—y=x—-y.

(ag) xVy=((x > y) = ) Ay = x) > x).

(a9) xOX' =0,x®x" =1.

(a10) X0y < XAY,XO(Xx > y) < XAY.

(a11) (x©y) 2 z=x—>(y—2).

(a2) x<y = (x0Oy).

(a;3) xOy<z& x<y—> 2.

(a1g) x<y=x0z<y0z

(ais) x > y<(y—2) — (x—2).

(a16) x> )0y —-2)<x—> 2z

Let L be an Ryp-algebra. For any x,y € L, de-
fine xOy=(x—y) and x®&y=x" —y. Itis
proved that ® and @ are commutative, associative
and x®y = (X’ 0y'), and (L,A,V,0,—,0,1) is a
residuated lattice.

Now, we recall some basic concepts of filters in
Ry-algebras.

A non-empty subset F of L is called a filter of L if
it satisfies (F1) 1 € F and (Fp) x,x > ye F = yeF.
A filter F' of L is called a Boolean filter of L if
(F3)xVvx' e F,forall x€ L. Anon-empty subset F of
L is called an implicative filter of L if it satisfies (F)
and (Fy) x > (y >z eF,x—>yeA=>x—>z€F.
We know a filter of L is Boolean if and only it is
implicative(see 31:21:22)
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From now on, L is an Ryp-algebra, U is an initial
universe, E is a set of parameters, P(U) is the power
setof U and A,B,C CE.

Definition 1. 3% A soft set f4 over U is a set defined
by fa: E — P(U) such that f4(x) =0 if x ¢ A. Here
fa is also called an approximate function. A soft set
over U can be represented by the set of ordered pairs
fa={(x, fa(x))lx € E, fa(x) € P(U)}. Itis clear to see
that a soft set is a parameterized family of subsets of
U. Note that the set of all soft sets over U will be
denoted by S (U).

Definition 2. > Let f4, fz € S(U). Then,

(1) f4 is called soft subset of fg and denoted by
fAEfB if fa(x) C fp(x), for all x € E. f4 and fp are
called soft equal, denoted by f4 = fz, if f4Cfz and
Ja2fB; _

(2) The union of f4 and fp, denoted by f1Ufp,
is defined as fAGfB = faup, where faup(x) = fa(x)U
fa(x), for all x e E;

(3) The intersection of f4 and fp, denoted by
fanfp, is defined as faNfg = fanp, Where fanp(x) =
fa(x)N fp(x), forall x € E.

Definition 3. '° (1) A soft set fi over U is called an
S I-filter of L over U if it satisfies:

(S1) fu(x) € fL(1) for any x € L.

(S2) frx = y)N fr(x) € fr(y) for all x,y € L.

(2) A soft set fr over U is called an SI-
implicative filter of L over U if it satisfies (S 1) and

(83) fLlx = (y = 2)N frlx = y) C fr(x — z) for
all x,y,z€ L.

Remark 1. In '°, Jun et al. called these two con-
cepts int-soft filters and int-soft implicative filters,
respectively. But it was first introduced this concept
by Cagman *. In the following paper, we will use

the terminology in 4.

3. (M,N)-SI filters

In this section, we introduce the concept of (M, N)-
S1 filters of Ryp-algebras and investigate some char-
acterizations. From now on, ) C M c N C U.

Definition 4. A soft set fg over U is called an
(M, N)-soft intersection filter (briefly, (M, N)-S I fil-
ter) of L over U if it satisfies:

(M,N)-S I Ry-algebras

S) fr(x)NNC fr(1)UM forall x € L;
Sh) frx—=>y)Nfr(x)NN C fr.(y) UM for all
x,y€L

Remark 2. If f; is an S [-filter of L over U, then f7,
is an (0, U)-S I filter of L over U. Hence, every S I-
filter of L is an (M, N)-S I filter of L, but the converse
is not true.

Example 1. Assume that U = S 3, symmetric group,
is the universal set and let L = {0,a,b,c, 1}, where
O<a<b<c<1. Define’ and — as follows:

x| X -0 a b ¢ 1
0|1 0|1 1 1 1 1
a| c alc 1 1 1 1
b| b b|b b 1 1 1
c| a c|la a b 1 1
1|0 1 10 a b ¢ 1

Then (L,A,V,”,—) is an Ro-algebraﬂ, where
xAy=min{x,y} and x Vy = max{x, y}.

Let M ={(13),(123)} and N ={(1),(12),(13),(123)}.

Define a soft set f; over U by

S ={(1),(12),(123)}, fr(c) =1{(1),(12),(13),(123)}

and fr.(a) = fr.(b) = f.(0) = {(1),(12)}.

Then one can easily check that f; is an (M, N)-
S 1 filter of L over U, but it is not S I-filter of L over
U since fr(c) € fr(1).

The following proposition is obvious.

Proposition 1. If a soft set fi over U is an (M,N)-S 1
filter of L over U, then
(fs(HNNYUM 2 (fs(x)NN)UM forall xe S.

Proposition 2. If f; is an (M,N)-S 1 filter of L over
U, then f; ={x € LI(fL(x)NN)UM = (fL(1)nN)U
M} is a filter of L.
Proof. Assume that fi is an (M,N)-S1 filter of L
over U, then it is clear that 1 € fL*.

For any x,x — y € f}, then

(fLONN)UM = (fr(x > ) NN)UM = (fr.()N
N)YUM.

By Proposition 2, we have (fr(y) "NN)U M C
(fL(HNN)UM.

Since fi is an (M,N)-S1 filter of L over U, we
have
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(fLO)NN)UM = ((fLO)UM)NN)UM
2(ft()NfLx—=>y)NN)UM

=((fLONN)UM)N((f(x = y)NN)UM)

=(fL(DNN)UM.

Hence, (ft(y)NN)UM = (fr(1)NN)U M, which
implies, y € f;. This implies that f; is a filter of L.

Define an ordered relation “Cyny” on S(U) as
follows:
_Forany fi,81 € S(U),0 <M C N C U, we define
Jrewmmgr & frNNCgs UM.
And we define a relation ** =) " as follows:
fL=mn 8L © fLEwmN) gL and gL Ny fL- O

Then, we can denote Definition 4 as follows:

Definition 5. A soft set fr over U is called an
(M, N)-soft intersection filter(briefly, (M,N)-S1 fil-
ter) of L over U if it satisfies:

(S17) fLx)Smm (1) forall x € L;

(S15) fr(x = ¥) N fL(x)Cwmm L) for all x,y €
L.

Proposition 3. If a soft set f; over U is an (M,N)-
S I-filter of L, then for any x,y,z € L.

(D x<y= fLOSwum i) _

2) fulx = y) = fu(l) = fLOSwmnm L)

(3) [L(xOY) =mn) JL)N L) =mN) fLXAY).

4 fL0) =N fL() N fL(X).

) fLlx = NN = DEmm fLlx = 2).

(6) xOy <z= fL(x) N LS fL(2).

(D frlx = & = )N Ly = DSmm filx =
@ —2)). _

®) fulx = (y = 2) N fulx = NCwmmflx —
(x > 2).
Proof. (1) Let x,y € L be such that x <y, then
x—y=1, and so

(fL)NN) = (fL(x)NN)N(fL(1)UM)
=(fLONN)N(fLlx = y)UM)
C (fLNfrlx=>y)NN)UM
C fLIUM,

which implies, fL(x)E(M,N)fL()’)-

(2) Let x,y € L be such that fr(x — y) = fi(1),
then

fL)NN = (fL(x)NN)N(fr(1)UM)
=([L)NN)N(fr(x = y)UM)
c (fix)Nfrlx—>y)NN)UM
C fL)UM,

that is, fL(X)E(M,N)fL(y).

(3) By (a9), xOy < x Ay for all x,y € L, then
by (1), fL(x©NCwmmfL(x)N fL(y). On the other
hand, by (a11) and (1), fL(O)CSmm Ly — (xOy)).
It follows from (S Iy) that fi(x) N fLM)SmnfLy —
(xoy)NfL(y) € fL(xOy). Hence fL(xOYy) =wm.n)
LN L)

By (ay) and (ag), we have~y <x—oyand x0O
(x = y) < xAy. Then fL)SwmnfLlx —y) and
fixo(x— y))Q(M,N)fL(x/\y). Hence, we have

JL() 0 fLEmmfL(x) N frlx = y) =mwN)
JL(xO(x = YN mn) SL(x AYISaan) fL(X) N L),

which implies, fr.(x)N fL(Y) =Ny fLXAY).

Thus, fL(x©y) =) fL(X) N L) =Ny fLxXA
y).

(4) Since xOx’ =0, then it is a consequence of
(3).

(5) By (6) and (a;s), (1) and (3), we can deduce
it.

(7) By (ayp) and (a5), we have (x — (7 —
MOY—2)=((x07) 2y -2 < (x07) -
z=x—> (7 > 2. By (1) and (3), we deduce that
Jilx = @ =20 fily = 2) =mwn frlx = & -
YOO = DSmm[Llx = (27 = 2)).

(8) By (R4) and (ay2), we have

(x=>0—2)0x—-y)=0—->(Kx—-2)0x—>
V) <x— (x> 2).

Hence, by (1) and (3), we can deduce that

filx = (=)0 frlx = y) =mn) frlx = (=
2) O (x = VSN fL(x = (x — 2)). O

Theorem 4. A soft set f; over U is an (M,N)-S1
filter of L over U if and only if it satisfies:

(SI)VYx,ye L, x<y = fL()CummfL()-

(S1y) Yx,y € L, fL(x ©y) =mny fL(x) N fL).
Proof. “= " By Proposition 3(1) and (3).

“&” Let x,y € L. Since x < 1, then by (S I3), we
have fL(X)E(M,N)fL(l), that is, fr(x)NN C fr(H U
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M. This implies that (S I1) holds.

By (a9), x©(x — y) <y. Hence, by (SI3)
and (S1y), fu(x) N fulx = y) =wmn) frxO(x —
WEmnSLY), that is, fr(x)N fr(x = y) NN C
fr(y)U M. This implies that (S I) holds.

Therefore, fr is an (M,N)-S1 filter of L over U.
(|

The following proposition is obvious.

Proposition 5. A soft set fi over U is an (M,N)-S 1
filter of L over U if and only if satisfies:

(SIs)x<y—>z = fL(x)N LS mmfLE).

Theorem 6. If a soft set f; over U is an (M,N)-S1
filter of L over U, then the following are equivalent:
(@) VYayz el filx = (v = )N fulx =
NEMNLx = 2). N
(i) Vx,y € L, fr(x = (x = yNCum fL(x = ¥).
(i) Yx,y,z € L, fu(x = (v = )Smm frl(x =
y) = (x = 2)).
Proof. (i) = (ii) Putting z=y and z = x in (1) and
using (S I1), we can deduce that

JLx—=> UM =(fr(x > y)UM)UM

2(felx = @x—=y)Nfrlx=>x)NN)UM

=(ftx=>@x—->y)Nfu(HNN)UM
2filx—=> x—=>y)N({fL(HUM)NN
2filx—>(x—->y)NN

that is, fr.(x = (x = Y)Sun fL(x = ).

(i) = (iii) By (as) and (a;5), we have

x> (-o2<x>((x—>y) - (x> 2), and so

filx=> (G -22)NNC frlx > (x> y) = (x>
2))UM.

Then

Jfull(x—=y) > (x—>2)UM
=filx=>((x—>y) > 2)UM
=(fLx=> (x> y) = 2))UM)UM
2([tx> (x> ((x—>y) 2 2))NN)UM
=(ftx=> (x> y) > (x—>2)NN)UM
D(filx—>(x—>y) > (x> 2)UM)NN
2(fLx—=> (x—>2)NN,

that is, fi.(x = (v = 2)Sumfi((x = y) = (x =

2)).

(M,N)-S I Ry-algebras

(iit) = (i) By (S I) and (iii), we have

filx->20UM
=(fix—=2)UM)UM
2([L(x—=y) > (x—-> )N frx—>y)NN)UM
D2(fi(x—>y) > (x> 2)UM)NN
2fix—>(—-)Nfrx—>y)NN.

that is, fr(x — (y = 2) N fL(x = Y)Cum) frlx —
2). U

4. (M,N)-soft congruences

In this section, we investigate (M, N)-soft congru-
ences, (M, N)-soft congruences classes and quotient
soft Ryp-algebras.

Definition 6. A soft relation 6 from f7 X f7 to P(U X
U) is called an (M, N)-congruence in L over U X U
if it satisfies:

(Cl) 9(1, 1) =(M,N) 0(x,x), VY xelL.

(C2) 0(x,y) =(m,n) Hiy,x), Vxel.

(C3) 0(x,y) N O(y, 2)Smn0(x,2), ¥ x,y,2 € L.

(Ca) 0(x, ) SmumB(xOz,y02), ¥ x,y,2 € L.

(Cs) 0(x,y)Sunb(x = z,y = 2)NO(z = x,2 =
), ¥ x,y,z€ L.

Definition 7. Let 6 be an (M, N)-congruence in BL-
algebra L over U X U and x € L. Define 6* in L
as 6*(y) = 6(x,y), Yy € L. The set 8 is called an
(M, N)-congruence class of x by 6 in L. The set
L/6 ={6"|x € L} is called a quotient soft set by 6.

Lemma 7. If 6 is an (M,N)-congruence in L
over U X U, then 6(x,y)Smn0(1,1), Vx,y € L.
Proof. By (C)) and (C3), we have 6(1,1) =

0(x, x)§(M, MO NO(Y, x) = 6(x,y). O

Lemma 8. If 0 is an (M,N)-congruence in L over
UxU, then 0" is an (M,N)-S1 filter of L over U.
Proof. For any x € L, we have

0'(1) = 6(1, D2 mmB(1, x) = 6'(x).

This proves that (S I}) holds.

For any x,y € L, by (C3) and (Cs), we have
G(I,y)i(M,N)H(l,x -y NOx — y,y) and O(x —
¥,¥) =0(x = y,1 = y)2m.n:)0(x, 1).

Then
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01, ) 2mum0(L,x — y) N 6x,1) = 6(1,x) N
0(1,x - y),

this is, 6 (y)i(M,N)Hl (x)NO'(x = y). This proves
that (S I) holds. Thus, 0" is an (M,N)-S1 filter of L
over U. a

Lemma 9. Let f; be an (M,N)-S 1 filter of L over U,
then 0(x,y)=fr(x = y)N fL(y — x) is an (M, N)-soft
congruence in L.

Proof. For any x,y,z € L, we have

(1) 6,(1,1) = fr(1 = DN fr(1 = 1) = fi.(1) =
fi(x = x)N fr(x = x) = 0¢(x,x). This proves that
(Cy) holds.

(2) It is clear that (C») holds.

(3) By Proposition 3(5), we have

Qf(x,)’) N Qf(y,Z)
=(fLx =N Ly = ))NLy = 2N friz—y)
=(fLx 2 )N Ly = 2)N Ly = )N frz = y))
= f(N1(A",B")),N1(A™,B7))

CunfLx = 2)N friz — x)
= 0¢(x,2).

Thus, (C3) holds.

(4) Since x > y< (x0z) > (Y07 and y — x <
(r©z) = (xOz), we have fr(x = M<SwmnfL(x©
2) = (yOz)) and fL.(y = DCmm fL(yOz) = (xO2)).

Thus, fu(x — y)N fL(y = )CmumfL(x©z) —
0oNNfil(yo2) = (xO2).

which implies, 0r(x,y)Smun0r(xO2,y©2z). This
implies that (C4) holds.

0)Or(x = z,y—=>2)NO(z— x,2>Y)
=fllx—=>2) > -2DNfl(y =2 > (x> 2)
Nfiz= %)= =N fillz=y) = (@@= X))
2m N Ly = )N frlx — y)

=607(x,y).

Thus, (Cs) holds. Therefore, 6y is an (M, N)-soft
congruence in L. a

Let f; be an (M,N)-S1 filter of L over U and
x € L. In the following, let f* denote the (M,N)-

congruence class of x by 6 in L and L/f the quo-
tient soft set by 6.

Lemma 10. If f; is an (M,N)-S1 filter of L over
U, then f* =) f* if and only if fi(x —y) =mn)
1y = X =) fi(1) for all x,y € L.

Proof. If fi is an (M,N)-S1 filter of L over U,

then f#(v) = €#(v) = 0;(u.v) = fulu = V) O fulv >

W), that is, f*(v) = fr(u = v)N fr(v = w) for all
x.y € L If f¥ =aum) [, then fX(x) =) f*(x), and
so, fr(x = x)= fi(1) =mun Ly = 0N fLlx = ).
Thus, frL(y = x) =) fL(x = y) = fL(1).

Conversely, assume the given condition holds.
By Proposition 3, we have

i > 22mn fLlx = )N fily = 2) and fi(y —
D2mn Ly = )N fr(x — 2).

If fL = %) =Ny fLx = y) =Ny fL(1), then
Jux = 2) 2wy fLy = 2) and fL(y = 2) 2mn)
filx = 2). Thus, fo(x = 2) =aaw) fiy = 2). Simi-
larly, we can prove that fi(z — x) =un) fL(z = y).
This implies that

1@ = fulx > 29N frlz = x) =N fLy = 2N
filz—>y)=f1@) forall z€L.

Hence fx =(M,N) fy.

Denote ffa) = {x € LIf(x) =m,n) f(D}.
Corollary 11. If f is an (M,N)-S1 filter of L over

U, then f* =y f7 if and only if x ~y,, v, where

X~y Y ifand only if x =y € fray andy — x € frq).
Let f be an (M, N)-S I filter of L over U. For any
5 fPeL/f, we define

O

fx \/fy =(M.N) foy’ fx /\fy =(M.N) fx/\y’
(Y = [ and f*— 7 =pn)

Theorem 12. Let f be an (M,N)-S1 filter of L
over U, then L/ f = (L/f,/\,\/,’,—>,f0,f1) is an Ry-
algebra.
Proof.

on L/f are well-defined. In fact, if f* =) f~
and f* =qun) fP, then by Corollary 11, we have
X ~foay Y and a ~p b, and so xVa ~g, yVb.
Thus, £ =y V0. Similarly, we can prove
P =aany (Y = fF and £ =gy 20
Then we can easily check that L] f is an Ry-algebra.
O

We can claim that the above operations

Theorem 13. Let f; be an (M,N)-S I filter of L over
U, then L] f = L/ff(l).
Proof. Define ¢ : L — L/f by ¢(x) = f* for all
xelL.

For any x,y € Lo(xVy) = f* =yn) f*V =
@)V () p(x Ay) = [ =aaw) [ A = @(x) A
e, e(xX') = 1 =Ny (fY) = (p(x))" and p(x —
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V) =Y =un = = o(x) = @(y). Hence ¢
is an epic.
Moreover, x € Kerg = ¢(x) = f! = f* =(M,N)
fl = X ~f l<xe€ ff(]). Hence, Kergp = ff(])-
Thus, L/ f = L/ fsq). o

5. (M,N)-SI implicative (Boolean) filters

In this section, we introduce the concept of (M, N)-
S 1 implicative (Boolean) filters of Rp-algebras and
investigate some of their properties.

Definition 8. A soft set f; over U is called an
(M, N)-soft intersection implicative filter (briefly,
(M, N)-S I implicative filter) of L over U if it sat-
isfies (S 7;) and

(S1e) fL(x— (y = 2))N fLlx = Y)Sumn fLlx— 2)
for all x,y,z € L.

Remark 3. If fs is an (M, N)-S I implicative filter of
L over U, then f is an (@, U)-S I implicative filter of
L over U. Hence, every S I-implicative filter of L is
an (M, N)-S I implicative filter of L, but the converse
is ont true.

Example 2. Assume that U = D> = {< x,y > [x* =
y2 =e,xy = yx} = {e, x,y,yx}, Dihedral group, is the
universal set.

Let L={0,a,b,c,d,1}, where 0 <a<b<c<d<
1.

x| X - 10 a b ¢ d 1
0|1 01 1 1 1 1 1
a|d al|ld 1 1 1 1 1
b| c b|lc ¢ 1 1 1 1
c| b c|b b b 1 1 1
d| a d|la a b ¢ 1 1
110 110 a b ¢ d 1

Then (L, A,V,”,—) is an Ry-algebra.

Let M ={e,y} and N = {e, x,y}.

Define a soft set f; of L over U by f.(1) = {e, x},

Jile) = fu(d) = {e,x,y} and fi(a) = fL.(b) = fL.(0) =
{e,y}.
Then one can easily check that f; is an (M,N)-S1
implicative filter of L over U, but it is ont an S /-
implicative filter of L over U since fi(1) = {e,x} 2
Ji(o).

From Definitions 4 and 8, we have

(M,N)-S I Ry-algebras

Proposition 14. Every (M,N)-S1 implicative filter
of L over U is an (M,N)-S1 filter, but the converse
may not be true as shown in the following example.

Example 3. Consider the soft set f; of S over
U as in Example 1. Let M = {(13)} and N =
{(1),(12),(13),(123)}. We can easily check that f;
is an (M,N)-S1 filter of L over U, but it is not an
(M,N)-S I implicative filter of L over U since
Julb > a)UM = frL(b)UM = {(1),(12)} U{(13)} =
{(D,(12),(13)} 2 {(1),(12),(123)} = fr(1) N N =
folb— (b—>a)N fr(b—b)NN.

Now, we discuss some properties of (M,N)-S1
implicative filters in Ry-algebras.

Theorem 15. Let f; be an (M,N)-S 1 filter of L over
U, then f1 is an (M,N)-S1 implicative filter of L
over U if and only if it satisfies:

(S1) fu(x = (@ = y)N O = DSmm fLlx — 2)
forall x,y,z€ L.

Proof. Assume that fs is an (M,N)-S I implicative

filter of L over U. For any x,y,z € L, we have

fix—>2)UM
= fL(Z/ — x’) UM
2@ =0 >xX)N)NfLZ —-y)NN
= fulx—> @ = y)Nfuly—> 2NN,

that is, fr.(x = (2 = y) N fL(y = DSmn)fL(X > 2).
Thus, (S I7) holds.

Conversely, assume that fi is an (M,N)-S1 filter
of L over U satisfying (S I7). Then

fix—>2)UM
=fi > xX)YUM
2@ > & = yNNf(y) > xX)NN
=filx—> @ = yY)NNfulx—-y) NN
=filx—> @ —-2)NfLx—=>y)NN,

that is, fi(x — (y = 2)) 0 fr.(x = Y)Cun fr(x = 2).
Thus, (S Ig) holds. Therefore, f1 is an (M,N)-S I im-
plicative filter of L over U. O

Theorem 16. Let f; be an (M,N)-S I filter of L over
U, then the following are equivalent:
(@) fr is an (M,N)-S I implicative filter of L.

() fux = 2) =mn) filx = @ — 2), for all
x,y,Z€ L.
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(iti) fr(x = D2mn [y = (x = (& = D) N fL)
for all x,y,z € L.
Proof. (i) = (ii) Assume that fi is an (M,N)-S1

implicative filter of L over U. Putting y =z in (S Ir),

fix—=2UM
=(fix > 20UM)UM
D2(filx= @ =N frz—=2)NN)UM
=(filx—>E =N fL(HNN)UM
D2 filx—> > )N(fL(HUM)NN
2 filx = (Z = 2)NN,

which implies, fi(x — (7 — z))E(M,N) frlx — 2).

On the other hand, x —» 7 < 7/ = (x - 2), we
have fi(x — Z)E(M,N) i@ — (x = 2)). Hence,
fL(x = 2) =N [ = (x> 2)).

(i) = (iii) For any x,y,z € L, we have fi(x — (7' —
D2mn Ly = (x = (& = )N fLy).

By (ii), we have fi(x = z) =mn) frlx = (' —
D2 Ly = (x = (= 2) N fLy).

Thus, (iii) holds.

(iity => (i) Let fr be an (M,N)-SI filter of L
over U satisfying the condition (iii). Then by
Proposition 3.7(7) for all x,y,z € L, fi(x = (7 —
D2 frx — (& = y)N fL(y = 2). Puttingy =1
in (iii), we have

fik—=2)uM
=(fLx>20UM)UM
21 = (x— @ =N fr(HNN)UM
D2(fix—=>E - 2)uMN(fL(H)UM)NN
2(filx—>(EZ - 2)UM)NN
2 fr(x = (@ = y)NfLly = 2NN,

which implies, fi(x — z)i(M,N) filx > (@ > y)Nn
fi(y = z). Thus, (SI7) holds. By Theorem 15, fi
is an (M, N)-S I implicative filter of L over U. O

Theorem 17. Let f; be an (M,N)-S 1 filter of L over
U, then the following are equivalent:

(D) fr is an (M, N)-S I implicative filter of L.

) fL(X) =(M,N) fL(x’ - X), fOl” all x€ L.

(3) fL(0) =mN) fLl(x = y) = x), for all x,y € L.

@ fLO2mm Lz = (x > y) = 0)) N fL(2), for all
X,y,Z € L.

Proof. (1) = (2) By Theorem 16(ii), we have

fu) = frl = x) =N fL(l > X - x) = fL(x' —
X).
(2)= (3) Since X’ <x >y, then (x > y) > x<x' —
x, and so fr(x' = x)2mn fL((x = y) = x). Thus,
from (2), we can deduce thgt

L) =mny fL(X = 0208 fL((x = y) = x).
On the otﬁer hand, since x < (x = y) = x, we
have fi(xX)Smun) fL((x = y) = x). Thus, we can get
F00) =) fr((x— ) = ).
3) = (4) Since IL is an (M,N)-S1 filter of L, then
JL((x = y) = X)2mn [z = (x = y) = )N fL.(2).
It follows from (3) that _

LX) =y fL((x =) = )23 iz = (x =
y) = x) N fL(2).
4)= (1) Since z< x —> z, we have (x - z)' <7’ and
77> x->7< (x> — (x> 2). Thus, we have

fLl(x = 2) = (x = 2)2mm [ = (x> 2). It
follows from (4) that

fL(x — Z)UM
=(fLx=>20UM)UM
2l > (x> 2> 0) > (x—-)NNf(HNN)UM
=(ful(x—=>2) > x—->2)NfL(HNN)UM
2((fLl(x—>2) > (x> 2)UM)N(fL(HUM)NN
2 fi(@ = (x> 2)NN,

which implies, fi(x = 2)2mnfL(Z = (x > 2)).

On the other hand, since x —» 7 <7 — (x = 2),
we have fi(x = Cwm fLl@ = (x > 2)). Thus,
fi(x = 2) =aaw) fo(& — (x = 2)). Therefore, it fol-
lows from Theorem 16 that fi is an (M,N)-S1 im-
plicative filter of L over U. 0O

Finally, we introduce the concept of (M,N)-S1
Boolean filters of Ry-algebras.

Definition 9. Let f; be an (M, N)-S I filter of L over
U, then f is called an (M, N)-S I Boolean filter of L
if it satisfies

SIg) fr(xvx) =(M,N) fr(1), forall x e L.

Theorem 18. A soft set fi over U is an (M,N)-S1
implicative filter of L if and only if it is an (M,N)-S 1
Boolean filter.

Proof. Assume that fi is an (M,N)-S I implicative

filter of L over U. For any x € L, since
¥ = (X2 x)—x) - > x)=(( - x>
)= (X >x)>x)=landx - (¥’ - x)—>x)=1,
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then
L' = x) = x)
= i@ = (@ = 2))
2mn (X = (X = x) = x) = (X' > x)))
NfL(xX' = (X = x) = x)
= fu(D),
and SO, fL((x' el X) e x) =(M,N) fL(l)
Similarly, we can prove fi((x — x') = X') =N
fr(1). Hence, we have
fLxvx)
= fLl((x = x) = ) A ((x = X)) = X))
=N SL(X = x) = )N fr((x = x) - x7)
=Ny Jr().
This proves that fi is an (M,N)-S I Boolean filter of
L.
Conversely, assume that fr is an (M,N)-S1
Boolean filter of L. For any x,y € L, we have

JLx—>y) UM
=(ftlx=>nUM)UM
2(LOVY) =2 (x> y)NfLVY)INN)UM
=(fLl(OVY) > x—=>y)NfL(H)NN)UM
2(fyVvy) = (x—y)UM)NN
=((fLO—=> =Ny = (x—=>y))UM)NN
=(fLHUMNLY = (x> y)UM)NN
2.0/ = (x—>y)NN,

which implies, fi(x = y)2mmfLO" = (x = y)).
On the other hand, since x > y< x — (y) - y),

we have fr(x = y) =mn) fL(x = (' = y)).
Therefore, it follows from Theorem 16 that fi is

an (M, N)-S I implicative filter of L. O

Remark 4. Every (M, N)-S I implicative filters and
(M, N)-S I Boolean filters in Ry-algebras are equiva-
lent.

6. Conclusion

As a generalization of soft intersection filters of
Ry-algebras, we introduce the concepts of (M, N)-S 1
(implicative) filters of Rp-algebras. We investigate
their characterizations. In particular, we describe
(M, N)-soft congruences in Ry-algebras.

To extend this work, one can further investigate
(M, N)-S I prime (semiprime) filters of Ry-algebras.

(M,N)-S I Ry-algebras

Maybe one can apply this idea to decision making,
data analysis and knowledge based systems.
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