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Abstract

This paper focuses on the investigation of fuzzy filters of BL-algebras, an important and popular generic
logical algebra. By studying the equivalent conditions of fuzzy fantastic filter and fuzzy normal filter
of BL-algebras, the relation between these two filters are revealed. Two open problems of BL-algebras,
i.e.,”Under what suitable condition a normal filter becomes a fantastic filter? >’ and ” Under what suitable
condition extension property for normal filter holds? (Extension property for a normal filter)”, are solved

accordingly.
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1. Introduction

Logic algebras and the concept of filters play a vi-
tal role in reasoning mechanism in logic-based rea-
soning systems. Logic algebras are the algebraic
foundation of the above systems and are the alge-
braic counterpart of the logic system. H4jek intro-
duced BL-algebras as algebraic structures for his Ba-
sic Logic['?]. The main example of a BL-algebra
is the interval [0,1] endowed with the structure in-
duced by a continuous t-norm. MV -algebras, Gédel
algebras and product algebras are the most known
classes of BL—algebras[3].

*corresponding author.

From the logical point of view, various filters
correspond to various sets of provable formulae [*].
In [39], the notions of prime filter, Boolean filter,
implicative filters, normal filters, fantastic filters and
positive implicative filters in BL-algebras were pro-
posed, along with their properties investigated. In
[7], several different filters of residuated lattices and
triangle-norm algebras were defined and their mu-
tual dependencies and connections were examined.
In [3:10], filters of pseudo MV -algebras, pseudo BL-
algebras, pseudo effect algebras and pseudo hoops
were further studied.

At present, fuzzification ideas play an important
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role in the study of an algebraic structure['!]. Xu
and Qin [!?] proposed the notions of fuzzy posi-
tive implicative filters in lattice implication algebras.
Jun et al. derived several characterizations of fuzzy
positive implicative filters of lattice implication al-
gebras ['*14]. Some kinds of fuzzy filters of BL-
algebras were further studied[>>'>]. Wang and Xin
solved an open problem in pseudo BL-algebras by
discussing the relation between fuzzy normal and
fuzzy Boolean filter in['®]. In ['7:1819], interval val-
ued (€, € Vq)-fuzzy filters of residuated lattice and
MT L-algebras were studied. Fuzzy filters are not
only an extension of classical filter, but also a useful
tool to infer some important results on classical fil-
ters due to the investigation from different point of
views.

In Section 2, some basic definitions and results
on fuzzy filters and BL-algebras are reviewed. In
Section 3, some kinds of fuzzy filters in BL-algebras
are introduced.

In [], Saeid and Motamed proposed two open
problems that ”Under what suitable condition a nor-
mal filter becomes a fantastic filter? ” and ”’(Exten-
sion property for a normal filter) Under what suit-
able condition extension property for normal filter
holds? “in BL-algebras. In Section 4, by studying
the equivalent condition of fuzzy fantastic filter and
fuzzy normal filter, we reveal the relation between
fuzzy fantastic filter and fuzzy normal filter of BL-
algebras and solved these two open problems.

2. Preliminaries

Here we recall some definitions and results which
will be needed.

Definition 1. (Hijek[']) A BL-algebra is an algebra
(A,V,N,®,—,0,1) of type (2,2,2,2,2,0,0) such
that (A,V,A,0,1) is a bounded lattice, (A,®,1) is
a commutative monoid and the following conditions
hold for all x,y,z € A

AlDxoy<zifandonlyif x <y —z,

(A2x Ny =x0(x =),

(A3)x—=y)V(iy—x)=1.

Proposition 1. (Liu and Li[*]) In a BL-algebra A,
the following properties hold for all x,y,z € A
()y—(x—z)=x—(y—2),

(2)1 - x=x,

(B)x<yiffx—y=1

(4)xVy=((x—=y) =) A (—=x) —x)

B)xLy=>y—=z<x—=z

(6)x<y=2z—=>x<z72—)Y,

(7)x—=y<(z—=x)—= (z—Y),

8)x—=y<(y—2z)— (x—=2),

() x<(x—=y) =y,

(10)x® (x = y) =xAy.

In the sequel, we shall use A to denote a BL-
algebras and agree that the operation V,A,® have
priority towards the operations —.

In a BL-algebra A, we can define: x~ =x — 0 for
any x € A.

MYV -algebras and BL-algebras are closely re-
lated. Indeed, a BL-algebra A is an MV -algebra iff
x~~ =xforall x € A[?].

Here we recall some kinds of filters and fuzzy
filters in BL-algebras.

Definition 2. (Zhang [2!]) A filter of a BL-algebra A
is a nonempty subset F of A such that for all x,y € A

(F)ifx,ye F,thenx®y € F,

F2)ifxe Fandx < y,theny € F.

It is easy to prove the following equivalent con-
ditions of filter in a BL-algebra.

Proposition 2. (Zhang [*']) Let F be a nonempty
subset of a BL-algebra A. Then F is a filter of A if
and only if the following conditions hold

(1)1 €F,

(2) x,x =y € F impliesy € F.

A filter F of a BL-algebra A is proper if F # A.

Definition 3. (Borumand[®]) A filter F of A is called
normal if for any x,y,z€ A,z — ((y > x) = x) € F
and z € F imply (x »y) >y € F.

Definition 4. (Borumand[®])Let F be a nonempty
subset of a BL-algebra A. Then F is called a fan-
tastic filter of A if for all x,y,z € A, the following
conditions hold

(H1eF,

(2)z— (y > x) € F, z € F implies ((x —y) —
y) > x€F.

Definition 5. (Borumand[®])Let F be a nonempty
subset of a BL-algebra A. Then F is called an im-
plicative filter of A if for all x,y,z € A, the following
conditions hold

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

107



DH1leF,
2Q)x—(y—z)€eF,x—ycFimplyx—z€F.

Definition 6. (Borumand[®])Let F be a nonempty
subset of a BL-algebra A. Then F is called a posi-
tive implicative filter of A if for all x,y,z € A, the
following conditions hold

() 1eF,

2Q)x—((y—z)—y eF,xecFimplyyeF.

Definition 7. (Borumand[®])A filter F of A is called
Boolean if xVx~ € F for any x € A,

Definition 8. (Zhang[m]) Let F be a filter of A. F
is called an ultra filter of A if it satisfies x € F or
x~ € F forall x € A.

Definition 9. (Zhang[?']) Let F be a filter of A. F is
called an obstinate filter of A if it satisfies x ¢ F' and
y ¢ F implies x — y € F for all x,y € A.

Definition 10. (Liu and Li[*])A fuzzy filter of a BL-
algebra A is a fuzzy subset f of A such that for all
x,yE€EA

(D) = flx),

Df ) = fE)Afx—=y).

Proposition 3. (Liu and Li[?]) Let f be a fuzzy
set of a BL-algebra A. f is a fuzzy filter of A if and
only if for all x,y,z € A,x — (y — z) = 1 implies
f@) =2 f)Nf).

Corollary 4. (Liu and Li[?]) Let f be a fuzzy set of a
BL-algebra A. fis a fuzzy filter of A if and only if for
all x,y,z € A,x Oy < zimplies f(z) > f(x) A f(y).

Proposition 5. (Liu and Li[*]) Let f be a fuzzy set
of a BL-algebra A. fis a fuzzy filter of A if and only
if

(1) f is order-preserving,

(2) f(x©y) = f(x) Af(y) for any x,y € A.

Corollary 6. (Liu and Li[3]) Let f be an order-
preserving fuzzy set of a BL-algebra A. f is a fuzzy
filter of A if and only if f(x®y) = f(x) A f(y) for
any x,y € A.

We can easily get the following corollaries.

Corollary 7. Let f be a fuzzy filter of a BL-algebra
A, then for any x € A, f(x) = f(xOx) = f(xOxO
.. Ox).

Solutions to Open Problems on Fuzzy Filters

Corollary 8. (Liu and Li[?]) Let f be a fuzzy filter of
a BL-algebra A, then f(x\y) = f(x) A f(y) for any
x,y €A.

Lemma 9. Let f be a fuzzy filter in a BL alge-
bra A. For any x,y € A, if f(x = y) = f(1), then
fx) < fO)-

Proof. Let f(x) =1, thenx € f;. if f(x —y) = f(1),
then x — y € frq), it follows that x — y € f;. f;
is a filter, then we have y € f;. This implies that
f(y) =t = f(x). Dually, if f(x — y) = f(1), then
) < S ) O

3. Some kinds of fuzzy filters of BL-algebras

To discuss the relation among the filters of a BL-
algebra, we establish the fuzzification of them and
obtain some important properies.

Definition 11. Let A be a BL-algebra. A fuzzy filter
f of a BL-algebra A is called fuzzy normal if for any
x,y,Z €A,

f(x=y) =) 2 fle= (=) 2 0)Af(2).

Definition 12. Let f be a fuzzy subset of a BL-
algebra A. Then f is called a fuzzy fantastic filter of
A if for all x,y,z € A, the following conditions hold
(1) (1) > f(x),
P §2) f(x=y) =) =x) = flz—= = x)A
2).

Definition 13. Let f be a fuzzy subset of a BL-
algebra A. Then f is called a fuzzy implicative fil-
ter of A if for all x,y,z € A, the following conditions
hold

(1) £(1) = f(x),

Q) fx=2) 2 fx= =) Afx—=y).

Definition 14. Let f be a fuzzy subset of a BL-
algebra A. Then f is called a fuzzy positive implica-
tive filter of A if for all x,y,z € A, the following con-
ditions hold

(D f(1) = f(x),

@ fy) = flx=((y—=2) =) Af(x).
Definition 15. (Liu and Li[>])Let f be a fuzzy filter

of A. Then f is a fuzzy Boolean filter of A, if for all
x€A, f(xvx)=f(1).
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Definition 16. (Zhang, Jun and Doh['°])A fuzzy set
f of A is called a fuzzy ultra filter of A if forallx € A
it is a fuzzy filter of A that satisfies the following
conditions

fx)=f(1)or f(x~)= f(1) forall x € A.

Definition 17. (Zhang, Jun and Doh["°])A fuzzy set
f of A is called a fuzzy obstinate filter of A if it is
a fuzzy filter of A that satisfies the following condi-
tions

F(x)# £(1) and £(3) # £(1) imply f(x—y) = £(1)
and f(y —x) = f(1)

for all x,y € A.

Theorem 10. (Zhang, Jun and Doh["3])Every fuzzy
obstinate filter of a BL-algebra is equivalent to a
Sfuzzy ultra filter.

Theorem 11. Let f be a fuzzy filter of
a BL-algebra A. Then f is a fuzzy nor-
mal(fantastic,(positive)implicative, Boolean,obstinate,
ultra) filter of A if and only if for each t € [0,1], f; is
either empty or a normal(fantastic,(positive)
implicative,Boolean,obstinate,ultra) filter of A.

Proof. Suppose f is a fuzzy normal filter of A. For
any x,y,z € A, if f; # <, and z,z = ((y = x) —
x) € fi, then f((x =) = y) = flz—= (0 = x) =
x))Af(z) > t,wehave (x > y) >y € fi,ie. fiisa
normal filter.

Conversely, suppose that for each 7 € [0, 1], f; is
either empty or a normal filter. Letr = f(z — ((y —
x) = x))Af(z), thenz — ((y = x) = x),z € f;. This
implies that f; is a normal filter. So (x —y) =y € f;,
e f((x—¥) =) 2 fz= (1 =) =) AF()
and hence f is a fuzzy normal filter.

In the same way, we can get the other results. [

Theorem 12. Let f be a fuzzy filter
of a BL-algebra A. f is a fuzzy nor-
mal(fantastic,(positive )implicative, Boolean,obstinate,
ultra) filter of A if and only if fy1) is a nor-
mal(fantastic,(positive )implicative, Boolean,obstinate,
ultra) filter of A.

Proof. Necessity is obvious. Suppose fy(1) is a nor-
mal filter, for any ¢ € [0, 1], if f; # ¢, suppose z —
((y = x) = x),2 € fra1), then (x = y) =y € fr)s
flz = ((y = x) = x)) = f(1) and f(z) = f(1),

so f((x=y) =y) =/(1) = flz > (0 = x) =
x)) A f(2), thus f is a fuzzy normal filter of A.
In the similar way, we get the other results. O

Corollary 13. Let F be a nonempty sub-
set of a BL-algebra A. F is a nor-
mal(fantastic,(positive )implicative, Boolean,obstinate,
ultra) filter of A if and only if xr is a fuzzy nor-
mal(fantastic,(positive )implicative, Boolean,obstinate,
ultra) filter of A where Xr is the characteristic func-
tion of F.

4. The relation among the fuzzy filters of
BL-algebras

In[®], there are two open problems, i.e., 1) "Under
what suitable condition a normal filter becomes a
fantastic filter? ” and 2) ”(Extension property for a
normal filter) Under what suitable condition exten-
sion property for normal filter holds? ” To solve the
open problems, it is very useful to discuss the rela-
tion between fuzzy fantastic filter and fuzzy normal
filter of BL-algebras. In this section, we investigate
the relation among these two filters of a BL-algebras.
After giving the equivalent conditions of these two
fuzzy filters, we present the relation between fuzzy
fantastic filter and fuzzy normal filter of BL-algebras
and solve the two open problems.

Theorem 14. Let f be a fuzzy filter of a BL-algebra
A. fis a fuzzy normal filter if only if f((y — x) —
x)=f((x —y) —=y)forall x,y € A.

Proof. Let f be an fuzzy normal filter of A and
let f((y > x) —x)=¢. Then (y > x) > x € f;.
Since 1 = ((y —=x) = x)=(y—x) > x€ fi, 1 € f,
and f; is a normal filter, thus (x — y) = y) € f;, so
fl(x—=y)—y) >t=f((y = x) = x). Dually we
can get f((x = y) = y) < f((y = x) = x).
Conversely, let f(z— ((y = x) = x)) A f(z) =1,
then z — ((y = x) = x),z € f;. Since f is a filter,
then (y — x) — x € f;, then we get that (x — y) —
YE fr,thus f((x = y) = y) >t =f(z— ((y = x) =
x)) A f(z). Hence f is a normal filter of A. O

Theorem 15. Let f be a fuzzy filter of a BL-algebra

A. fis a fuzzy normal filter if only if f(x~~) = f(x)
forall x € A.
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Proof. Necessity is obvious when y = 0 in the
above theorem.

Conversely, forall x,y € A, let f((x = y) = y) =
t,then (x »y) =y € f;. Wheny =0, thenx™~ € f;,
so we get thatx € f;, thusx < (y — x) — x € f;. Then
f((y—=x)—x)>t=f((x > y) —y). Dually we
can get f((y = x) = x) < f((x —y) — ). Hence f
is a fuzzy normal filter of A. m|

Theorem 16. Let f be a fuzzy implicative filter of a
BL-algebra A. Then f is a normal filter if and only if
f((x —=y) = x) = f(x) for any x,y € A.
Proof. Suppose f is a fuzzy implicative filter of
a BL-algebra A satisfying f((x — y) = x) = f(x)
for any x,y € A. Let f((x - y) = y) =t. Then
we have (x > y) > y< vy —=x) = (x—=y) —
x)=(x—=y) = ((y = x) = x). Since F is a fil-
ter, then (x - y) = ((y > x) = x) € fi. And we
have x < (y = x) = x, so ((y 2 x) = x) > y <
x—y, thus (x = y) = (y—=>x) = x) < (((y—
x) = x) —y) = ((y = x) = x). Then we get that
((y = x)—=x) =y = ((y > x) = x) € f;, then
we can conclude (y — x) —» x € f, ie. f((y —
x) = x) =2t=f((x—y) —y). Dually we can get
f((y = x) = x) < f((x—y) —y). Therefore f is a
fuzzy normal filter.

Conversely, let f((x — y) — x) =1, then (x —
y) — x € f,. By Corollary 2 of[®], we get that
f((x—=y)—=x) < f(x). Since (x > y) > x>xand f
is isotone, we can easily get f((x —y) — x) = f(x).
O

Corollary 17. Let f be a fuzzy filter of A satisfying
f((x—=y) = x) = f(x) forany x,y € A. Thenfis a
Sfuzzy normal filter.

Corollary 18. Let f be a fuzzy filter of A satisfying
f(x~ = x) = f(x) for any x € A. Then f is a fuzzy
normal filter.

According to the above theorem and corollaries
we have

Theorem 19. Let f be a fuzzy implicative filter of A.
Then for any x,y € A, the following conditions are
equivalent:

(1) fis a fuzzy normal filter,

(2) fis a fuzzy filter of A satisfying f((x — y) —
%) = f(x),

Solutions to Open Problems on Fuzzy Filters

(3) fis a fuzzy filter of A satisfying f(x~ — x) =
f().
Theorem 20. (Liu and Li[>])Let f be a fuzzy filter
of A. The following are equivalent:

(1) fis a fuzzy Boolean filter of A,

(2) f((x = y) = x) = f(x) forall x,y € A,
(3) f(x~ — x) = f(x) for all x € A.

Theorem 21. Let f be a fuzzy Boolean filter of A,
then for all x,y € A

(1) f((y—=x) = x) = y)=flx—=y)

21— a) = )

(B 16) = F)
Proof. (1)Assume f(x — y) =1, then x — y € f;.
From y — x < ((y = x) = x) — x, we get (y —
x) = ((h—=x)=x)=y) 2 (= x) = x) —=x) =
((y—=x) —>x)—>y)=2x—y€Ef;. Thatis, (y —
x) = ((y = x) =»x) 2> y) € fi. And, y < ((y—
x) = x)=y,y—x=(((y—=x) —=x)—>y) —>x. We
canget ((((y =»x) = x) =y)—x) = (((y—=>x) —
x)—=y)=(y—x) = (((y—=x) —x)—y) € f;. That
is, (y = x) =x) = y) = x) = ((h = x) = x) >
y) € f;. Using the above Theorem, we have ((y —
x)—=x)=>ye fiie, f((h—=x)—=x)—=y) >t It
is easy to see f(((y = x) = x) —y) <1, then we get
JUy—=x) = x) =y) =1

@) From f(xVx~) = f(1) = fF(((x = ) =
X )A((x = x) =2 x) =f((x = x) =2 x)A
f((x —=x)—=x),weget f(x—=x")—x)=f(1),
and by Lemma, we get f(x —»x~) = f(x7).

(3) Let x =0in (1) and by Lemma 9, we can get
the result. O

Corollary 22. Each fuzzy Boolean filter of A is a
fuzzy normal filter.

Theorem 23. Let f be a fuzzy filter of a BL-algebra
A. Then the followings are equivalent:

(1) fis a fantastic filter,

(2) fy = x) = f(((x = y) = y) = x) for any
X,y €A,

(3) f(x~ —x) = f(1), forall x € A,

(4 f(x=y)=y) =) 2 fx=22)Afly—2)
forall x,y,z € A.
Proof. (1) = (2). Let f be a fuzzy fantastic filter
of A and f(y - x) =¢t. Then y — x € f;. Then
11— (y—x)=y—x€ fyand 1 € f;, hence ((x —
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y) =y) = x€ foie, f((x—=y) =y) —x) 21 =
f(y = x). Since ((x > y) > y) 2 x<y—x, we
can get f(((x > y) —y) = x) < f(y = x). Thus
Fl(x—=y) = y) = x)=f(y—x).

(2) = (1). let a fuzzy filter f satisfy the con-
dition and let f(z — (y = x)) A f(z) =¢, then z —
(y —x) € fyand z € f;. Then y — x € f;, therefore
fl((x—=y)—y)—x)>tie, (x—>y)—=y) —x€E
f;- Thus f is a fantastic filter.

(2) = (3). Lety=0'in (2).

(3) = (4). Let f(x > 2) A f(y — z) =1 for all
x, 9,2 €A, then x —» z,y -z € f;. Since x — z <
77 =2 x €fi,y—>z<z7 =y € f,s0 (z7 —
X )Nz =y )efi. And(z7 = x )A (2 =y )=
oAy )= 2y O —ox)=7 —
y o 2 x=20)=2 =2y 0k—=>0 —
0)=z =y O@x—=>y ).

And(z7 =y O(x—=y )=z =y O@kx—
V20 o=y )20 0k=y) ==
Y )= (=) 2y T 2yEfis0z 2y O(x—
VEfi. Andz -y Ox—=y) <O O —
V) =z =((x—y)—=y )=z €f. Fur-
ther (x—=y) =y )=z )= ((x—=y) =2y) =
) z2((x=2y)=y) =2 ((k=y) =y ) 2y—
y =l€efi,so((x—=y) =y =z~ €f. And
(x=y)=y)=z )= (x=y)—=y)—=2)2
- = z€ fi,s0 ((x—>y)—y) —z€ f,. Then
f(x=y)=y) =) 2t=fx=2)Nfy—2).
(4) = (2). Obvious when z = x. O

Corollary 24. Each fuzzy fantastic filter of A is a
fuzzy normal filter.

Corollary 25. Each fuzzy normal filter of A is
a fuzzy fantastic filter if the inverse condition of
Lemma 9 holds.

Proof. For any fuzzy filter f of A, f is a fuzzy nor-
mal filter if and only if f(x~7) = f(x) for allx € A
if and only if f(x77) < f(x) for all x € A, then we
get f(x77 —x) = f(1) forx € A, ie., f is a fuzzy
fantastic filter. d

Theorem 26. Let f be a fuzzy filter of a BL-algebra
A. Then the followings are equivalent

(1) fis a fuzzy implicative filter,

(2) fy = x)=f(y— (y = x)) for any x,y € A,

3) fy—=x) =2 flz— (y—= (y—x))) A fl(z) for
any x,y,z € A,
(4) f(x = xOx) = f(1) for all x € A.

Proof. (1) = (2). Let f be a fuzzy implicative fil-
ter of A and f(y — (y —» x)) =t¢. Theny — (y —
X) € f;. Andy —y=1€ f, hencey > x € f, i.e.,
f(y—=x)>t=f(y— (y—x)). The inverse inequa-
tion is obvious.

(2) = (3). let f be a fuzzy filter satisfying the
condition and let f(z — (y = (y = x))) A f(z) =1,
thenz — (y — (y —x)) € fyand z € f;. Theny —
(y = x) € fi, therefore f(y = x)=f(y—= (y—x)) >
tie, f(y—=x) = flz—= (= 0 —=x)Af(2).

B)=(1). Let fx = (y = 2)) A f(x = y) =t
forall x,y,z € A, thenx — (y — z),x — y € f;. Since
x=(y—=z)=y> (=)< (x—=y) > (x> (x—
7)) € fi, sox — z € f; and f is a fuzzy implicative
filter.

(1) = (4). Let f be a fuzzy implicative filter of
A. Andforallx€A, f(x = (x = xOx)) = f(xOx—
x®x)=f(1),f(x = x)=f(1),s0 f(x > xOx) =
£(1).

(4) = (1). let a fuzzy filter f satisfy the condi-
tion and let f(x — (y = 2)) A f(x — y) = ¢, then
x—(y—2z) € f,and x > y€ f;. Then (x —
(y—=2) 0 —=y)OxOx< (y—2z) Oy <z, there-
fore (x> (y—2)0x—y) <xOx—z< (x—
xOx) = (x—=2z) € fi,sox—z € fi,ie., f(x—2z7)>
t=f(x— (—2)Af(x—Yy),and fis a fuzzy im-
plicative filter. O

Theorem 27. Let f be a fuzzy filter of a BL-algebra
A. Then the the following statements are equivalent:
(1) fis a fuzzy positive implicative filter,
(2) f(x) = f((x = y) = x) for any x,y € A,
(3) f((x~ = x) = x) = f(1) for any x € A.

Proof. (1) = (2). Let f be a fuzzy implicative filter
of Aand f((x —y) —x)=t. Then (x > y) > x € f;.
And 1 - (x—=y) = x)=(x—y) > x€ f; and
1€ fi,hence x € f;,i.e., f(x) >t = f((x = y) —x).
The inverse inequality is obvious.

(2) = (1). let f be a fuzzy filter satisfying the
condition and let f(x — ((y = z) = y)) A f(x) =1,
then x - ((y > z) —y) € f; and x € f;. Then
(y = z) =y E fi, therefore y € f;,1.e., f(y) > f(x —
(—=2) =) A f).
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2) =
0) = (" = x) = x))

x) = x)) = 0) =

x=({((x~ = x) = x)
(7 = x) = x) = f(1),
0) = ((x~ —x) = x))
x) = f(1).

(3) = (2). let f be a fuzzy filter satisfying the
condition and let f((x — y) — x) =¢, then (x —
y) > x<x —x€ fi. And f((x~ —x) = x) =
f(1), then (x~ — x) — x € f;, therefore x € f;, so
f(x) = f((x = y) = x). The inverse inequality is
obvious. O

(3). ForVx € A, f(((x~ — x) = x)
= f((x" = x) = (((
x) 2z ((x~ = x) = x)
—0) = (x = 0)
then f((((x~ — x)
= f(1). So f((x~

ii\\/

Corollary 28. Each fuzzy positive implicative filter
of A is equivalent to a fuzzy Boolean filter.

Theorem 29. Every fuzzy positive implicative filter
of A is a fuzzy fantastic filter of A.

Proof. Suppose f is a fuzzy positive implicative
filter and for any x,y € A, let f(y — x) = ¢, then
y—=x€fi, Wehave x < (x > y) = y) —x
thus (((x = y) = y) = x) =y < x — y. Further,
(((x=y) = y) = x) = y) = (x=y) =y) =
)2 (x=y) = ((k=y)=y)=x)=(x—=y) =
y) = ((x—y) —x) > y—x. Since y — x € f;, hence
also (((x = y) = y) = x) = y) = (x> y) =
y) = x) € f;. Thus we get ((x = y) —>y) > x € f,
and hence f is a fuzzy fantastic filter. ad

Corollary 30. Let f be a fuzzy implicative filter of a
BL-algebra A. Then fis a fuzzy normal filter if only
if fis a fuzzy positive implicative filter of A.

Corollary 31. Let f be a fuzzy positive implicative
filter of A. Then f is a fuzzy normal filter.

Theorem 32. Every fuzzy normal and implicative fil-
ter of a BL-algebra is a fuzzy positive implicative
filter.

Proof. Suppose f is a fuzzy normal and implica-
tive filter of a BL-algebra A, For any x,y,z € A, let
FOANfx—= ((y >2) > y)) =t, then x € f; and

= ((y = 2) = y) € fi, then (y = 2) =y € fi,
and (y > z) > y< (y—z) = ((y = z) = 2), hence
(y—=2z)— ((y—=2) = 2) € f;. Since f; is an implica-
tive filter, we can get (y — z) — z € f;. Then we get
(z—y)—y€ef,. From(y—z) > y<z—y, we

Solutions to Open Problems on Fuzzy Filters

getz — y € f;, combined with (z — y) — y € f;, then
Yy € f;. So f; is a positive implicative filter of A, and
thus f is a fuzzy positive implicative filter of A. O

Corollary 33. Every fuzzy implicative filter satisfy-
ing f((y—=x)—=x)=f((x—=y)—y)forallx,y €A
of a BL-algebra A is a fuzzy positive implicative fil-
ter.

We can get the following theorem.

Theorem 34. Every fuzzy normal and implicative fil-
ter of a BL-algebra is a fuzzy fantastic filter.

Proof. Suppose f(y — x) =1, theny — x € f;. We
havex < ((x = y) = y) = x, thus ((x = y) = y) —
x) =y < x —y. Further, ((x —>y) = y) = x) =
y) = ((x=y) =y) = x) > (x—=y) = ((x—=y) =
y)=x)=((x=y)=y) > ((x—=y) =x) >y —x
Since y — x € f;, hence also ((((x = y) = y) —
x) —=y) = ((x—=y)—y) —x) € f;. Sowe get
((x —y) —y) = x € f;, and hence f is a fuzzy fan-
tastic filter. O

Theorem 35. Every fuzzy normal and obstinate filter
of a BL-algebra is a fuzzy fantastic filter.

Proof. Suppose f is a fuzzy normal and obstinate
filter of a BL-algebra A, then f(x™ ) = f(x). If
F ) = £(6) = £(1), then f(x —x) > f(x) =
f(1),thus f(x~~ — x) = f(1). Further, if f(x™7) =
f(x) # f(1), since f is a fuzzy obstinate filter, then
f(x™~ —x) = f(1), and hence f is a fuzzy fantastic
filter. O

By Theorem 10, we have

Theorem 36. Every fuzzy normal and ultra filter of
a BL-algebra is a fuzzy fantastic filter.

By Theorem 34, Theorem 35, Theorem 36 and
Corollary 13, Corollary 25, we can give answers to
the first open problem presented in [®]respectively.

Theorem 37. (I)Every normal filter of an MV-
algebra is equivalent to a fantastic filter.

(2)Every normal and implicative filter of a BL-
algebra is a fantastic filter.

(3)Every normal and obstinate filter of a BL-
algebra is a fantastic filter.

(4)Every normal and ultra filter of a BL-algebra
is a fantastic filter.
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For the second open problem presented in [©],
since the extension property for a fantastic filter
holds[??], and further by the above theorems, we
have the following theorem.

Theorem 38. (Extension property for a normal fil-
ter) Under one of the following conditions extension
property for normal filter holds

(1)If A is an MV-algebra.

(2)F is a normal and implicative filter of A.

(3)F is a normal and obstinate filter of A.

(4)F is a normal and ultra filter of A.

5. Conclusion

By studying the equivalent condition of fantastic fil-
ter, we reveal the relation between fantastic filter
and normal filter of BL-algebras and solve two open
problems regarding the relationship between these
two filters of BL-algebras. In the future work, we
will extend the corresponding filter theory to differ-
ent algebraic structures, and study the fuzzy congru-
ence relations induced by the fuzzy filters.
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