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Abstract

The notions of doubt Atanassov’s intuitionistic fuzzy sub-implicative ideals and doubt Atanassov’s in-
tuitionistic fuzzy P-ideals of BCI-algebras are introduced. We show that an Atanassov’s intuitionistic
fuzzy subset of BCI-algebras is an Atanassov’s intuitionistic fuzzy sub-implicative ideal if and only
if the complement of this Atanassov’s intuitionistic fuzzy subset is a doubt Atanassov’s intuitionistic
fuzzy sub-implicative-ideal. We prove that any doubt Atanassov’s intuitionistic fuzzy P-ideal is always a
doubt Atanassov’s intuitionistic fuzzy sub-implicative ideal. Moreover, some other properties about doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideals and doubt Atanassov’s intuitionistic fuzzy P-ideals
of BCI-algebras are given.

Keywords: BCI-algebra, implicative BCI-algebra, doubt Atanassov’s intuitionistic fuzzy ideal, fuzzy sub-
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1. Introduction

After the introduction of fuzzy sets by Zadeh 1, there

has been a number of generalisation of this funda-

mental concept. The notion of Atanassov’s intu-

itionistic fuzzy sets introduced by Atanassov 2,3, is

one among them. In 1966, Imai and Iśeki 4,5,6 in-

troduced the notion of BCI-algebras. Xi 7 applied

the concept of fuzzy set to BCI-algebras and gave

some properties of it. After that Jun and Meng in-

vestigated the properties of fuzzy BCI-algebras and

fuzzy ideals 8. Liu and Meng 9 introduced the no-

tion of sub-implicative ideals in BCI-algebras. In

2002, Jun 10 introduced fuzzy sub-implicative ideals

in BCI-algebras. In 2012, Palaniappan et al. 11 intro-

duced the notions of Atanassov’s intuitionistic fuzzy

sub-implicative ideals and Atanassov’s intuitionistic

fuzzy sub-commutative ideals of BCI-algebras. So-

lairaju 12 introduced the notion of Atanassov’s intu-

itionistic fuzzy P-ideal of BCI-algebra and investi-

gated some related properties.

In 2011, Mostafa 13 introduced anti fuzzy sub-

implicative ideals of BCI-algebras and Jianming and

Zhisong 14 defined doubt fuzzy P-ideals of a BCI-

algebra. Senapati et al. have presented several

results on BCK/BCI-algebras, BG-algebra and B-

algebra 15,16,17,18,19.

In 20, the authors have studied doubt Atanassov’s

intuitionistic fuzzy H-ideals in BCK/BCI-algebras.

In this paper, we define doubt Atanassov’s in-
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tuitionistic fuzzy sub-implicative ideals and doubt

Atanassov’s intuitionistic fuzzy P-ideals in BCI-

algebras. We also investigate its properties. We

give conditions for a doubt Atanassov’s intuitionistic

fuzzy ideal to be a doubt Atanassov’s intuitionistic

fuzzy sub-implicative ideals in BCI-algebras. Rela-

tions among doubt Atanassov’s intuitionistic fuzzy

p-ideals and doubt Atanassov’s intuitionistic fuzzy

sub-implicative ideals are also investigated.

2. Preliminaries

Now here we give some already known results

which will be used in this paper.

An algebra (X ;∗,0) of type (2,0) is called a BCI-

algebra if it satisfies the following axioms for all

x,y,z ∈ X :

(A1) ((x∗ y)∗ (x∗ z))∗ (z∗ y) = 0

(A2) (x∗ (x∗ y))∗ y = 0

(A3) x∗ x = 0

(A4) x∗ y = 0 and y∗ x = 0 imply x = y
A partial ordering ”�” on a BCI-algebra X can be

defined by x � y if and only if x∗ y = 0.
Any BCI-algebra X satisfies the following properties

for all x,y,z ∈ X :

(P1) (x∗ y)∗ z = (x∗ z)∗ y
(P2) x∗ y � x
(P3) (x∗ z)∗ (y∗ z)� (x∗ y)
(P4) x � y ⇒ x∗ z � y∗ z,z∗ y � z∗ x.
(P5) x∗0 = x
(P6) 0∗ (x∗ y) = (0∗ x)∗ (0∗ y)
(P7) x∗ (x∗ (x∗ y)) = x∗ y
Throughout this paper, X always means a BCI-

algebra without any specification.

A BCI-algebra is said to be implicative if it sat-

isfies: (x∗ (x∗ y))∗ (y∗ x) = y∗ (y∗ x).
A non-empty subset I of a BCI-algebra X is

called an ideal of X if

(i) 0 ∈ I
(ii) x∗ y ∈ I and y ∈ I then x ∈ I, for all x,y ∈ X .

A non-empty subset I of a BCI-algebra X is said

to be a sub-implicative ideal 9 of X if

(i) 0 ∈ I
(ii) ((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z ∈ I and z ∈ I imply

y∗ (y∗ x) ∈ I, for all x,y,z ∈ X .
A fuzzy set A= {〈x,μA(x)〉 : x∈X} in X is called

a doubt fuzzy sub-implicative ideal 13 of X if

(i) μA(0)� μA(x)
(ii) μA(y ∗ (y ∗ x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗
z)
∨

μA(z), for all x,y,z ∈ X .
The present paper is done on Atanassov’s intu-

itionistic fuzzy set.

An Atanassov’s intuitionistic fuzzy set A in a

non-empty set X is an object having the form A =
{x,μA(x),λA(x)/x ∈ X}, where the function μA :

X → [0,1] and λA : X → [0,1], denote the degree

of membership and the degree of non-membership

of each element x ∈ X to the set A respectively and

0 � μA(x)+λA(x)� 1, for all x ∈ X .

For the sake of simplicity, we represent

the Atanassov’s intuitionistic fuzzy set A =
{〈x,μA(x),λA(x)〉 : x ∈ X} by A = (X ,μA,λA) or

(μA,λA).
The two operators used in this paper are defined as:

If A = (μA,λA) is an Atanassov’s intuitionistic

fuzzy set then,

ΠA = {(x,μA(x),μA(x))/x ∈ X}

♦A = {(x,λ A(x),λA(x))/x ∈ X}.
For the sake of simplicity, we also use x

∨
y for

max(x,y), and x
∧

y for min(x,y).
An Atanassov’s intuitionistic fuzzy set A = (μA,λA)
in X is called an Atanassov’s intuitionistic fuzzy

ideal 21 of X , if it satisfies the following axioms:

(i) μA(0)� μA(x),λA(0)� λA(x),
(ii) μA(x)� μA(x∗ y)

∧
μA(y),

(iii) λA(x)� λA(x∗ y)
∨

λA(y), for all x,y ∈ X .

Let A = (μA,λA) be an Atanassov’s intuitionistic

fuzzy subset of a BCI-algebra X , then A is called a

doubt Atanassov’s intuitionistic fuzzy subalgebra 20

of X if

(i) μA(x∗ y)� μA(x)
∨

μA(y),
(ii) λA(x∗ y)� λA(x)

∧
λA(y), for all x,y ∈ X .

An Atanassov’s intuitionistic fuzzy set A =
(μA,λA) in a BCI-algebra X is called a doubt

Atanassov’s intuitionistic fuzzy ideal 20 if

(i) μA(0)� μA(x);λA(0)� λA(x)
(ii) μA(x)� μA(x∗ y)

∨
μA(y)

(iii) λA(x)� λA(x∗ y)
∧

λA(y), for all x,y ∈ X .
A non-empty subset I of a BCI-algebra X is said

to be a P-ideal 22 of X if
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(i) 0 ∈ I
(ii) (x ∗ z) ∗ (y ∗ z) ∈ I and y ∈ I then x ∈ I, for all

x,y,z ∈ X .
A fuzzy set A= {〈x,μA(x)〉 : x∈X} in X is called

a doubt fuzzy P-ideal 14 of X if

(i) μA(0)� μA(x)
(ii) μA(x)� μA((x∗z)∗(y∗z))

∨
μ(y), for all x,y,z∈

X .

3. Doubt Atanassov’s intuitionistic fuzzy
sub-implicative ideals in BCI-algebras

In this section, we define doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideals in BCI-

algebras and investigate its properties.

Definition 1. Let A = (μA,λA) be an Atanassov’s

intuitionistic fuzzy subset of a BCI-algebra X , then

A is called a doubt Atanassov’s intuitionistic fuzzy
sub-implicative ideal of X (briefly, DAIFSI-ideal)

if

(i) μA(0)� μA(x),λA(0)� λA(x)
(ii) μA(y ∗ (y ∗ x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗
z)
∨

μA(z)
(iii) λA(y ∗ (y ∗ x)) � λA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗
z)
∧

λA(z), for all x,y,z ∈ X .

Theorem 1. Let A = (μA,λA) in X be a doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideal
of a BCI-algebra X. Then, if the inequility x � z
holds in X, then
(i) μA(x)� μA(z) and (ii) λA(x)� λA(z).

Proof: Let x,z ∈ X be such that x � z then x∗ z = 0

and since A is a doubt Atanassov’s intuitionistic

fuzzy sub-implicative ideal of X , so

μA(y ∗ (y ∗ x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗
z)
∨

μA(z). when y = x, then using (A3) and (P5),

we get μA(x)� μA(x∗ z)
∨

μA(z) = μA(0)
∨

μA(z) =
μA(z). Therefore, μA(x)� μA(z).

Again, λA(y∗(y∗x))� λA(((x∗(x∗y))∗(y∗x))∗
z)
∧

λA(z). when y = x, then using (A3) and (P5),

we get λA(x)� λA(x∗ z)
∧

λA(z) = λA(0)
∧

λA(z) =
λA(z). Therefore, λA(x)� λA(z). This completes the

proof. �

Proposition 2. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideal

of a BCI-algebra X. Then μA(0 ∗ (0 ∗ x)) � μA(x)
and λA(0∗ (0∗ x))� λA(x), for all x ∈ X.

Proof: μA(0 ∗ (0 ∗ x)) � μA(((x ∗ (x ∗ 0)) ∗ (0 ∗
x))∗ z)

∨
μA(z) = μA(((x∗x)∗ (0∗x))∗ z)

∨
μA(z) =

μA((0 ∗ (0 ∗ x)) ∗ z)
∨

μA(z). When z = x we get,

μA(0 ∗ (0 ∗ x)) � μA((0 ∗ (0 ∗ x)) ∗ x)
∨

μA(x) or,

μA(0∗ (0∗ x))� μA(0)
∨

μA(x) [by using (A2)].

Therefore, μA(0∗ (0∗ x))� μA(x), for all x ∈ X .

Again, λA(0 ∗ (0 ∗ x)) � λA(((x ∗ (x ∗ 0)) ∗ (0 ∗
x))∗ z)

∧
λA(z) = λA(((x∗ x)∗ (0∗ x))∗ z)

∧
λA(z) =

λA((0 ∗ (0 ∗ x)) ∗ z)
∧

λA(z). When z = x we

get, λA(0 ∗ (0 ∗ x)) � λA((0 ∗ (0 ∗ x)) ∗ x)
∧

λA(x)
or, λA(0 ∗ (0 ∗ x)) � λA(0)

∧
λA(x) [by using A2].

Therefore, λA(0∗ (0∗ x))� λA(x), for all x ∈ X . �

Example 1. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 0 0

1 1 0 0 1

2 2 1 0 2

3 3 3 3 0

Let A = (μA,λA) be an Atanassov’s intuitionistic

fuzzy set of X defined by

X 0 1 2 3

μA 0.1 0.4 0.5 0.6
λA 0.8 0.6 0.5 0.4

Then A is a doubt Atanassov’s intuitionistic fuzzy

sub-implicative ideal of X .

Theorem 3. Every doubt Atanassov’s intuition-
istic fuzzy sub-implicative ideal of X is a doubt
Atanassov’s intuitionistic fuzzy subalgebra of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X , then

(i) μA(y ∗ (y ∗ x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗
z)
∨

μA(z), and (ii) λA(y∗(y∗x))� λA(((x∗(x∗y))∗
(y∗ x))∗ z)

∧
λA(z), for all x,y,z ∈ X .

If y = x, then from (i) and (ii), μA(x) � μA(x ∗
z)
∨

μA(z) and λA(x) � λA(x ∗ z)
∧

λA(z), for all

x,y,z ∈ X . This also implies that, μA(x ∗ z) �
μA((x ∗ z) ∗ z)

∨
μA(z) and λA(x ∗ z) � λA((x ∗ z) ∗

z)
∧

λA(z), for all x,y,z ∈ X . Again, ((x ∗ z) ∗ z) �

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

242



T. Bej and M. Pal

x ∗ z � x, [by using (P2) and (P4) ]. Hence by The-

orem 3.2, μA((x ∗ z) ∗ z) � μA(x). Thus, μA(x ∗
z)� μA(x)

∨
μA(z) and also, λA((x∗ z)∗ z)� λA(x).

So, λA(x ∗ z) � λA(x)
∧

λA(z). Hence, A is a doubt

Atanassov’s intuitionistic fuzzy subalgebra of X . �
Theorem 4. Every doubt Atanassov’s intuition-
istic fuzzy sub-implicative ideal of X is a doubt
Atanassov’s intuitionistic fuzzy ideal of X.

Proof:Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X , then

(i) μA(0) � μA(x);λA(0) � λA(x), (ii) μA(y ∗ (y ∗
x))� μA(((x∗(x∗y))∗(y∗x))∗z)

∨
μA(z), and (iii)

λA(y∗(y∗x))� λA(((x∗(x∗y))∗(y∗x))∗z)
∧

λA(z),
for all x,y,z ∈ X .
If y = x, then from (ii) and (iii), μA(x) � μA(x ∗
z)
∨

μA(z) and λA(x) � λA(x ∗ z)
∧

λA(z), for all

x,y,z ∈ X .

Hence, A is a doubt Atanassov’s intuitionistic

fuzzy ideal of X . �
But the converse does not hold in general. There

is some doubt Atanassov’s intuitionistic fuzzy ideals

of X , which are not a doubt Atanassov’s intuitionis-

tic fuzzy sub-implicative ideals of X . It can be veri-

fied by the following example:

Example 2. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 0 0

1 1 0 0 1

2 2 1 0 2

3 3 3 3 0

Let A = (μA,λA) be an Atanassov’s intuitionistic

fuzzy set of X defined by

X 0 1 2 3

μA 0 0.5 0.5 0.6
λA 1 0.5 0.5 0.4

which is a doubt Atanassov’s intuitionistic fuzzy

ideal of X . But, A is not a doubt Atanassov’s

intuitionistic fuzzy sub-implicative ideal of X , as

μA(2 ∗ (2 ∗ 1)) � max{μA(((1 ∗ (1 ∗ 2)) ∗ (2 ∗ 1)) ∗
0),μA(0)}. Because it implies that, μA(1) � μA(0),
which is a contradiction.

We now give a condition for a doubt Atanassov’s

intuitionistic fuzzy ideal of X to be a doubt

Atanassov’s intuitionistic fuzzy sub-implicative

ideal of X .

Theorem 5. If a doubt Atanassov’s intuitionistic
fuzzy ideal of X satisfies the inequalities, μA(y∗ (y∗
x))� μA((x∗ (x∗ y))∗ (y∗ x)), and λA(y∗ (y∗ x))�
λA((x ∗ (x ∗ y)) ∗ (y ∗ x)), for all x,y ∈ X, then it be-
comes a doubt Atanassov’s intuitionistic fuzzy sub-
implicative ideal of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy ideal of X satisfying the inequali-

ties, μA(y ∗ (y ∗ x)) � μA((x ∗ (x ∗ y)) ∗ (y ∗ x)), and

λA(y ∗ (y ∗ x)) � λA((x ∗ (x ∗ y)) ∗ (y ∗ x)), for all

x,y ∈ X . Now, μA(y ∗ (y ∗ x)) � μA((x ∗ (x ∗ y)) ∗
(y∗ x))� μA(((x∗ (x∗ y))∗ (y∗ x))∗ z)

∨
μA(z), and

λA(y∗ (y∗ x))� λA((x∗ (x∗ y))∗ (y∗ x))� λA(((x∗
(x ∗ y)) ∗ (y ∗ x)) ∗ z)

∧
λA(z), for all x,y,z ∈ X , [be-

cause A is a doubt Atanassov’s intuitionistic fuzzy

ideal]. Hence, A is a doubt Atanassov’s intuitionis-

tic fuzzy sub-implicative ideal of X . This completes

the proof. �

Lemma 6. If X is an implicative BCI-algebra, then
every doubt Atanassov’s intuitionistic fuzzy ideal of
X is an DAIFSI-ideal of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s

intuitionistic fuzzy ideal of an implicative BCI-

algebra X , then μA(x)� max{μA(x∗ z),μA(z)}, and

λA(x) � min{λA(x ∗ z),λA(z)}, for all x,z ∈ X . So,

μA(y ∗ (y ∗ x)) � max{μA(y ∗ ((y ∗ x)) ∗ z),μA(z)},

and λA(y∗(y∗x))� min{λA(y∗((y∗x))∗z),λA(z)}.

But X is implicative BCI-algebra, then ((x ∗ (x ∗
y)) ∗ (y ∗ x)) = (y ∗ (y ∗ x)). Hence μA(y ∗ (y ∗ x)) �
max{μA(((x∗(x∗y))∗(y∗x))∗z),μA(z)} and λA(y∗
(y∗ x))� min{λA(((x∗ (x∗ y))∗ (y∗ x))∗ z),λA(z)},

for all x,y,z ∈ X . This completes the proof. �

Theorem 7. If X is an implicative BCI-algebra,
then an Atanassov’s intuitionistic fuzzy set A of X is
a doubt Atanassov’s intuitionistic fuzzy ideal of X if
and only if it is an DAIFSI-ideal of X.

Proof: It can be proved by applying Lemma 6 and

Theorem 4 . �
Let us illustrate the Theorem 5, Lemma 6 and
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Theorem 7 using following example.

Example 3. Let X = {0,1,2} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2

0 0 2 1

1 1 0 2

2 2 1 0

Here X is an implicative BCI-algebra. Let A =
(μA,λA) be an Atanassov’s intuitionistic fuzzy set of

X defined by

X 0 1 2

μA 0 0.8 0.8
λA 1 0.2 0.2

Hence, A is a doubt Atanassov’s intuitionistic fuzzy

ideal as well as doubt Atanassov’s intuitionistic

fuzzy sub-implicative ideal of X .

Theorem 8. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideal
of X. Then, so is ΠA = {〈x,μA(x),μA(x)〉/x ∈ X}.

Proof: Since A = (μA,λA) is a doubt Atanassov’s

intuitionistic fuzzy sub-implicative ideal of X , then

μA(0) � μA(x) and μA(y∗ (y∗ x)) � max{μA(((x ∗
(x ∗ y)) ∗ (y ∗ x)) ∗ z),μA(z)}. Now, μA(0) �
μA(x), or 1 − μA(0) � 1 − μA(x), or μA(0) �
μA(x), for any x ∈ X . Now for any x,y,z ∈ X , μA(y∗
(y∗x))� max{μA(((x∗(x∗y))∗(y∗x))∗z),μA(z)}.
This gives, 1− μA(y ∗ (y ∗ x)) � max{1− μA(((x ∗
(x ∗ y)) ∗ (y ∗ x)) ∗ z),1 − μA(z)} or, μA(y ∗ (y ∗
x))� 1−max{1−μA(((x∗ (x∗ y))∗ (y∗ x))∗ z),1−
μA(z)}. Finally, μA(y ∗ (y ∗ x)) � min{μA(((x ∗
(x ∗ y)) ∗ (y ∗ x)) ∗ z),μA(z)}. Hence, ΠA =
{(x,μA(x),μA(x))/x ∈ X} is a doubt Atanassov’s

intuitionistic fuzzy sub-implicative ideal of X . �

Theorem 9. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideal
of X. Then so is ♦A = {〈x,λ A(x),λA(x)〉/x ∈ X}.

Proof: Since A = (μA,λA) is a doubt Atanassov’s

intuitionistic fuzzy sub-implicative ideal of X , then

λA(0)� λA(x). Also, λA(y∗ (y∗ x))� min{λA(((x∗
(x∗ y))∗ (y∗ x))∗ z),λA(z)}.

Again, we have, λA(0) � λA(x), or 1−λ A(0) �
1− λ A(x), or λ A(0) � λ A(x), for any x ∈ X . Also

for any x,y,z ∈ X , λA(y∗ (y∗x))� min{λA(((x∗ (x∗
y))∗ (y∗ x))∗ z),λA(z)}.

This implies, 1 − λ A(y ∗ (y ∗ x) � min{1 −
λ A(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z),1− λ A(z)}. That is,

λ A(y ∗ (y ∗ x) � 1−min{1− λ A(((x ∗ (x ∗ y)) ∗ (y ∗
x))∗z),1−λ A(z)} or, λ A(y∗(y∗x)� max{λ A(((x∗
(x ∗ y)) ∗ (y ∗ x)) ∗ z),λ A(z)}. Hence, ♦A =

{〈x,λ A(x),λA(x)〉/x ∈ X} is a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X . �

Theorem 10. Let A = (μA,λA) be an
Atanassov’s intuitionistic fuzzy set in X. Then
A = (μA,λA) is a doubt Atanassov’s intuitionis-
tic fuzzy sub-implicative ideal of X if and only
if ΠA = {〈x,μA(x),μA(x)〉/x ∈ X} and ♦A =

{〈x,λ A(x),λA(x)〉/x ∈ X} are doubt Atanassov’s in-
tuitionistic fuzzy sub-implicative ideals of X.

Proof: The proof is similar to those of Theorem 8

and Theorem 9. �
Let us illustrate the Theorem 8, Theorem 9 and

Theorem 10 using the following example.

Example 4. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 0 3

1 1 0 0 3

2 2 2 0 3

3 3 3 3 0

Let A = (μA,λA) be a doubt Atanassov’s intu-

itionistic fuzzy sub-implicative ideal of X defined by

X 0 1 2 3

μA 0 0.3 0.5 0.6
λA 0.8 0.6 0.5 0.4

Then ΠA = {〈x,μA(x),μA(x)〉/x ∈ X}, where

μA(x) and μA(x) are defined as follows:

X 0 1 2 3

μA 0 0.3 0.5 0.6
μA 1 0.7 0.5 0.4
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Also ♦A = {〈x,λ A(x),λA(x)〉/x ∈ X},whose

λA(x) and λ A(x) are defined by

X 0 1 2 3

λ A 0.2 0.4 0.5 0.6
λA 0.8 0.6 0.5 0.4

So, it can be verified that ΠA and ♦A are doubt

Atanassov’s intuitionistic fuzzy sub-implicative ide-

als of X .

Theorem 11. An Atanassov’s intuitionistic fuzzy
set A = (μA,λA) is a doubt Atanassov’s intuitionis-
tic fuzzy sub-implicative ideal of a BCI-algebra X if
and only if the fuzzy sets μAand λ A are doubt fuzzy
sub-implicative ideals of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X . Then it

is obvious that μA is a doubt fuzzy sub-implicative

ideal of X , and from Theorem 9, we can prove that

λ A is a doubt fuzzy sub-implicative ideal of X .

Conversely, let μA be a doubt fuzzy sub-

implicative ideal of X . Therefore μA(0) � μA(x)
and μA(y ∗ (y ∗ x)) � max{μA(((x ∗ (x ∗ y)) ∗ (y ∗
x)) ∗ z),μA(z)}, for all x,y,z ∈ X . Again, let

λ A is a doubt fuzzy sub-implicative ideal of

X , so, λ A(0) � λ A(x), gives 1 − λA(0) � 1 −
λA(x), implies λA(0)� λA(x).

Also, λ A(y ∗ (y ∗ x)) � max{λ A(((x ∗ (x ∗
y)) ∗ (y ∗ x)) ∗ z),λ A(z)} or, 1 − λA(y∗ (y∗ x)) �
max{1 − λA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z),1−λA(z)}
or, λA(y∗ (y∗ x)) � 1−max{1− λA(((x ∗ (x ∗ y)) ∗
(y ∗ x)) ∗ z),1−λA(z)}. Finally, λA(y∗ (y∗ x)) �
min{λA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z),λA(z)}, for

all x,y,z ∈ X . Hence, A = (μA,λA) is a doubt

Atanassov’s intuitionistic fuzzy sub-implicative

ideal of X . �
Corollary 12. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy sub-implicative ideal
of a BCI-algebra X. Then the sets, DμA =
{x ∈ X/μA(x) = μA(0)} and DλA = {x ∈ X/λA(x) =
λA(0)} are sub-implicative ideals of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X . Obvi-

ously, 0 ∈ DμA and 0 ∈ DλA . Now, let x,y,z ∈ X ,
such that (((x∗ (x∗ y))∗ (y∗ x))∗ z) ∈ DμA , z ∈ DμA .

Then μA(((x∗(x∗y))∗(y∗x))∗z) = μA(0) = μA(z).
Now, μA(y ∗ (y ∗ x)) � max{μA(((x ∗ (x ∗ y)) ∗ (y ∗
x))∗ z),μA(z)}= μA(0).

Again, since μA is a doubt fuzzy sub-implicative

ideal of X , μA(0) � μA(y ∗ (y ∗ x)). Therefore,

μA(0) = μA(y∗ (y∗x)). It follows that, (y∗ (y∗x)) ∈
DμA , for all x,y,z ∈ X . Therefore, DμA is an sub-

implicative ideal of X .

Also, let x,y,z ∈ X , such that (((x ∗ (x ∗ y)) ∗
(y ∗ x)) ∗ z) ∈ DλA , z ∈ DλA . Then λA(((x ∗ (x ∗ y)) ∗
(y∗ x))∗ z) = λA(0) = λA(z). Now, λA(y∗ (y∗ x))�
min{λA(((x∗ (x∗ y))∗ (y∗ x))∗ z),λA(z)}= λA(0).

Again, since λ A is a doubt fuzzy sub-implicative

ideal of X , λA(0) � λA(y ∗ (y ∗ x)). Therefore,

λA(0) = λA(y∗ (y∗x)). It follows that, (y∗ (y∗x)) ∈
DλA , for all x,y,z ∈ X . Therefore, DλA is an sub-

implicative ideal of X . �
Definition 2. Let A = (μA,λA) be an Atanassov’s

intuitionistic fuzzy set of X , and t,s ∈ [0,1], then μ
level t-cut and λ level s-cut of A, is as followes:

μ�
A,t = {x ∈ X/μA(x)� t}

and λ�
A,s = {x ∈ X/λA(x)� s}.

Theorem 13. If A= (μA,λA) is a doubt Atanassov’s
intuitionistic fuzzy sub-implicative ideal of X, then
μ�

A,t and λ�
A,s are sub-implicative ideals of X for any

t,s ∈ [0,1].

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy sub-implicative ideal of X , and let

t ∈ [0,1] with μA(0)� t. So, 0 ∈ μ�
A,t . Let x,y,z ∈ X

be such that (((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z) ∈ μ�
A,t and

z ∈ μ�
A,t . Therefore, μA(((x∗ (x∗y))∗ (y∗x))∗ z)� t

and μA(z) � t . Since μA is a doubt fuzzy sub-

implicative ideal of X , it follows that, μA(y ∗ (y ∗
x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z)

∨
μA(z) � t and

hence (y ∗ (y ∗ x)) ∈ μ�
A,t , for all x,y,z ∈ X . There-

fore, μ�
A,t is an sub-implicative ideal of X for t ∈

[0,1]. Similarly, we can prove that λ�
A,s is an sub-

implicative ideal of X for s ∈ [0,1]. �
Theorem 14. If μ�

A,t and λ�
A,s are either empty or

sub-implicative ideals of X for all t,s ∈ [0,1], then
A = (μA,λA) is a doubt Atanassov’s intuitionistic
fuzzy sub-implicative ideal of X.

Proof: Let μ�
A,t and λ�

A,s be either empty or sub-
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implicative ideals of X for all t,s∈ [0,1]. For any x∈
X , let μA(x) = t and λA(x) = s. Then x ∈ μ�

A,t ∩λ�
A,s,

so μ�
A,t 
= φ 
= λ�

A,s. Since μ�
A,t and λ�

A,s are sub-

implicative ideals of X , therefore 0 ∈ μ�
A,t ∩ λ�

A,s.

Hence, μA(0) � t = μA(x) and λA(0) � s = λA(x),
where x ∈ X . If there exist x

′
,y

′
,z

′ ∈ X such that

μA(y
′ ∗(y′ ∗x

′
))>max{μA(((x

′ ∗(x′ ∗y
′
))∗(y′ ∗x

′
))∗

z
′
),μA(z

′
)}, then by taking, t0 = 1

2
(μA(y

′ ∗(y′ ∗x
′
))+

max{μA(((x
′ ∗ (x′ ∗ y

′
))∗ (y′ ∗ x

′
))∗ z

′
),μA(z

′
)}). We

have, μA(y
′ ∗ (y

′ ∗ x
′
) > t0 > max{μA(((x

′ ∗ (x
′ ∗

y
′
)) ∗ (y′ ∗ x

′
)) ∗ z

′
),μA(z

′
)}. Hence, y

′ ∗ (y′ ∗ x
′
) /∈

μ�
A,t0 ,(((x

′ ∗ (x′ ∗y
′
))∗ (y′ ∗x

′
))∗ z

′
) ∈ μ�

A,t0 and z
′ ∈

μ�
A,t0 , that is μ�

A,t0 is not a sub-implicative ideal of

X , which is a contradiction. Therefore, μA(y ∗ (y ∗
x)) � μA(((x ∗ (x ∗ y)) ∗ (y ∗ x)) ∗ z)

∨
μA(z), for any

x,y,z ∈ X .

Finally, assume that there exist p,q,r ∈ X such

that λA(q ∗ (q ∗ p) < min{λA(((p ∗ (p ∗ q)) ∗ (q ∗
p)) ∗ r),λA(r)}. Taking s0 = 1

2
(λA(q ∗ (q ∗ p) +

min{λA(((p ∗ (p ∗ q)) ∗ (q ∗ p)) ∗ r),λA(r)}), then

min{λA(((p ∗ (p ∗ q)) ∗ (q ∗ p)) ∗ r),λA(r)} > s0 >
λA(q∗(q∗ p). Therefore, ((p∗(p∗q))∗(q∗ p))∗r)∈
λ�

A,s and r ∈ λ�
A,s but (q ∗ (q ∗ p) /∈ λ�

A,s . Again a

contradiction. This completes the proof. �

4. Doubt Atanassov’s intuitionistic fuzzy
P-ideals in BCI-algebras

In this section, we define doubt Atanassov’s intu-

itionistic fuzzy P-ideals in BCI-algebras and inves-

tigate its properties.

Definition 3. Let A = (μA,λA) be an Atanassov’s

intuitionistic fuzzy subset of a BCI-algebra X , then

A is called a doubt Atanassov’s intuitionistic fuzzy
P-ideal of X (briefly, DAIFP-ideal) if

(i) μA(0)� μA(x),λA(0)� λA(x)
(ii) μA(x)� max{μA((x∗ z)∗ (y∗ z)),μA(y)}
(iii) λA(x)� min{λA((x∗ z)∗ (y∗ z)),λA(y)}, for all

x,y,z ∈ X

Example 5. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 3 2

1 1 0 3 2

2 2 2 0 3

3 3 3 2 0

Let A = (μA,λA) be a doubt Atanassov’s intu-

itionistic fuzzy set of X defined by

X 0 1 2 3

μA 0 0.5 0.6 0.6
λA 1 0.5 0.4 0.4

Then A = (μA,λA) be a DAIFP-ideal of X .

Theorem 15. Every doubt Atanassov’s intuitionis-
tic fuzzy P-ideal of X is a doubt Atanassov’s intu-
itionistic fuzzy ideal of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s

intuitionistic fuzzy P-ideal of X , then (i) μA(0) �
μA(x); λA(0)� λA(x), (ii) μA(x)� max{μA((x∗ z)∗
(y∗ z)),μA(y)}
and (iii) λA(x)� min{λA((x∗z)∗(y∗z)),λA(y)}, for

all x,y,z ∈ X . If we put z = 0, then from (ii) and

(iii), we get, μA(x) � μA((x ∗ 0) ∗ (y ∗ 0))
∨

μA(y)
and λA(x) � λA((x ∗ 0) ∗ (y ∗ 0))

∧
λA(y), for all

x,y ∈ X . Hence, every DAIFP-ideal in X satis-

fies the inequalities: μA(x) � μA(x ∗ y)
∨

μA(y) and

λA(x)� λA(x∗ y)
∧

λA(y), for all x,y ∈ X . Hence, A
is a doubt Atanassov’s intuitionistic fuzzy ideal of

X . �
But the converse does not hold in general. It can

be verified by the following example:

Example 6. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 0 3

1 1 0 0 3

2 2 2 0 3

3 3 3 3 0

Let A = (μA,λA) be a doubt Atanassov’s intuitionis-

tic fuzzy ideal of X defined by
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X 0 1 2 3

μA 0 0.3 0.4 0.5
λA 1 0.7 0.6 0.5

But A = (μA,λA) is not a doubt Atanassov’s in-

tuitionistic fuzzy P-ideal of X , since μA(2) = 0.4
and max(μA((2 ∗ 3) ∗ (1 ∗ 3)),μA(1)) = μA(1) =
0.3, which implies μA(2) � max(μA((2 ∗ 3) ∗ (1 ∗
3)),μA(1))

Now we give a condition for the Atanassov’s in-

tuitionistic fuzzy ideal A = (μA,λA) of X to be a

doubt Atanassov’s intuitionistic fuzzy P-ideal of X .

Proposition 16. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy ideal of a BCI-
algebra X. If (i) μA(x∗y)� μA((x∗ z)∗ (y∗ z)) and
(ii) λA(x∗ y)� λA((x∗ z)∗ (y∗ z)), for all x,y,z ∈ X,
then A is a DAIFP-ideal of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy ideal of X satisfying (i) μA(x∗y)�
μA((x ∗ z) ∗ (y ∗ z)) and (ii) λA(x ∗ y) � λA((x ∗
z) ∗ (y ∗ z)), for all x,y,z ∈ X . Then μA((x ∗ z) ∗
(y∗ z))

∨
μA(y)� μA(x∗y)

∨
μA(y)� μA(x). Again,

λA((x ∗ z) ∗ (y ∗ z))
∧

λA(y) � λA(x ∗ y)
∧

λA(y) �
λA(x). This completes the proof. �
Proposition 17. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy P-ideal of a BCI-
algebra X. Then μA(x)� μA(0∗(0∗x)) and λA(x)�
λA(0∗ (0∗ x)), for all x ∈ X .

Proof: Since A is a DAIFP-ideal of X , then μA(x)�
μA((x ∗ z) ∗ (y ∗ z))

∨
μA(y) and λA(x) � λA((x ∗

z) ∗ (y ∗ z))
∧

λA(y), for all x,y,z ∈ X . Now putting

z = x and y = 0 we get, μA(x) � μA((x ∗ x) ∗ (0 ∗
x))

∨
μA(0) = μA(0 ∗ (0 ∗ x))

∨
μA(0) = μA(0 ∗ (0 ∗

x)). And λA(x) � λA((x ∗ x) ∗ (0 ∗ x))
∧

λA(0) =
λA(0∗ (0∗ x))

∧
λA(0) = λA(0∗ (0∗ x)).

Therefore, μA(x) � μA(0 ∗ (0 ∗ x)), and λA(x) �
λA(0∗ (0∗ x)), for all x ∈ X . �
Corollary 18. Let A = (μA,λA) be a doubt
Atanassov’s intuitionistic fuzzy P-ideal of a BCI-
algebra X. Then the sets, DμA = {x ∈ X/μA(x) =
μA(0)} and DλA = {x ∈ X/λA(x) = λA(0)} are P-
ideals of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s

intuitionistic fuzzy P-ideal of X . Obviously,

0 ∈ DμA and DλA . Now, let x,y,z ∈ X , such

that (x ∗ z) ∗ (y ∗ z) ∈ DμA , and y ∈ DμA . Then

μA(x) � max{μA((x ∗ z) ∗ (y ∗ z)),μA(y)} = μA(0).
But μA(0) � μA(x), for all x ∈ X . Therefore,

μA(0) = μA(x). It follows that, x ∈ DμA , for all

x,y,z ∈ X . Therefore, DμA is a P-ideal of X .

Also, let x,y,z∈X , such that(x∗z)∗(y∗z)∈DλA ,
and y ∈ DλA . Then λA(x) � max{λA((x ∗ z) ∗ (y ∗

z)),λA(y)} = λA(0). But, λA(0) � λA(x), for all

x ∈ X . Therefore, λA(0) = λA(x). It follows that,

x ∈ DλA , for all x,y,z ∈ X . Therefore, DλA is a P-

ideal of X . �
Theorem 19. Every doubt Atanassov’s intuitionistic
fuzzy P-ideal of X is a doubt Atanassov’s intuition-
istic fuzzy sub-implicative ideal of X.

Proof: Let A = (μA,λA) be a doubt Atanassov’s in-

tuitionistic fuzzy P-ideal of X , then A is a doubt

Atanassov’s intuitionistic fuzzy ideal of X by The-

orem 15 .

Now, (0∗(0∗(y∗(y∗x))))∗((x∗(x∗y))∗(y∗x))

= (0∗ ((x∗ (x∗ y))∗ (y∗ x)))∗ (0∗ (y∗ (y∗ x)))
[by P1]

= ((0∗ (x∗ (x∗ y)))∗ (0∗ (y∗ x)))∗ ((0∗ y)∗ (0∗
(y∗ x)))[ by P6 ]

= (((0∗ x)∗ (0∗ (x∗ y)))∗ (0∗ (y∗ x)))∗ ((0∗ y)
∗(0∗ (y∗ x)))

� ((0∗ x)∗ (0∗ (x∗ y)))∗ (0∗ y)[ by P3]

= ((0∗ x)∗ (0∗ y))∗ (0∗ (x∗ y))[ by P1]

= (0∗ (x∗ y))∗ (0∗ (x∗ y))[ by P6]

= 0[ by A3]

Hence, (0∗(0∗(y∗(y∗x))))� ((x∗(x∗y))∗(y∗
x)).

Since, A = (μA,λA) is a doubt Atanassov’s intu-

itionistic fuzzy ideal, then μA is order preserving and

λA is order reversing so, μA(0∗ (0∗ (y∗ (y∗ x)))) �
μA((x ∗ (x ∗ y)) ∗ (y ∗ x)) and λA(0 ∗ (0 ∗ (y ∗ (y ∗
x))))� λA((x∗ (x∗ y))∗ (y∗ x)).
But by Proposition 17, we have μA(y ∗ (y ∗ x)) �
μA(0∗ (0∗ (y∗ (y∗ x)))) and λA(y∗ (y∗ x))� λA(0∗
(0 ∗ (y ∗ (y ∗ x)))). Hence, μA(y ∗ (y ∗ x)) � μA((x ∗
(x ∗ y)) ∗ (y ∗ x)) and λA(y ∗ (y ∗ x)) � λA((x ∗ (x ∗
y)) ∗ (y ∗ x)). By Theorem 5, we see that A =
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(μA,λA) is a doubt Atanassov’s intuitionistic fuzzy

sub-implicative ideal of X . �
But, the converse of Theorem 19 does not hold

in general, which is established by Example 4. As,

μA(2)� μA((2∗3)∗ (1∗3))
∨

μA(1).

Theorem 20. Union of any two doubt Atanassov’s
intuitionistic fuzzy P-ideals of X, is also a doubt
Atanassov’s intuitionistic fuzzy P-ideal of X.

Proof: Let A = (μA,λA) and B = (μB,λB) be

two doubt Atanassov’s intuitionistic fuzzy P-

ideals of X . Again let, C = A ∪ B = (μC,λC),
where μC = μA ∨ μB and λC = λA ∧ λB. Let

x,y,z ∈ X , then, μC(0) = max{μA(0),μB(0)} �
max{μA(x),μB(x)} = μC(x) and λC(0) =
min{λA(0),λB(0)} � min{λA(x),λB(x)} = λC(x),
for all x ∈ X .

Also,

μC(x) = max{μA(x),μB(x)}
� max{max[μA((x∗ z)∗ (y∗ z)),μA(y)],

max[μB((x∗ z)∗ (y∗ z)),μB(y)]}
= max{max[μA((x∗ z)∗ (y∗ z)),μB((x∗ z)

∗(y∗ z))],max[μA(y),μB(y)]}
= max[μC((x∗ z)∗ (y∗ z)),μC(y)].

Similarly, we can prove that, λC(x) � min[λC((x ∗
z)∗ (y∗ z)),λC(y)].
This completes the proof. �

Theorem 21. Let A and B be two Atanassov’s
intuitionistic fuzzy subsets of X, such that one is
contained into another. Also A and B are two
doubt Atanassov’s intuitionistic fuzzy P-ideals of X.
Then the intersection of A and B is also a doubt
Atanassov’s intuitionistic fuzzy P-ideal of X.

Proof: Let A = (μA,λA) and B = (μB,λB) be two

doubt Atanassov’s intuitionistic fuzzy P-ideals of

X . Again let, D = A∩B = (μD,λD), where μD =
min{μA,μB} and λD =max{λA,λB}. Let x∈X , then

μD(0)=min{μA(0),μB(0)}�min{μA(x),μB(x)}=
μD(x) and λD(0) = max{λA(0),λB(0)} �
max{λA(x),λB(x)}= λD(x).

Also, for x,y,z ∈ X

μD(x) = min{μA(x),μB(x)}
� min[max{μA((x∗ z)∗ (y∗ z)),μA(y)},

max{μB((x∗ z)∗ (y∗ z)),μB(y)}]
= max[min{μA((x∗ z)∗ (y∗ z)),μB((x∗ z)∗

(y∗ z))},min{μA(y),μB(y)}],
[because one is contained into another]

= max[μD((x∗ z)∗ (y∗ z)),μD(y)].

Again,

λD(x) = max{λA(x),λB(x)}
� max[min{λA((x∗ z)∗ (y∗ z)),λA(y)},

min{λB((x∗ z)∗ (y∗ z)),λB(y)}]
= min[max{λA((x∗ z)∗ (y∗ z)),λB((x∗ z)∗

(y∗ z))},max{λA(y),λB(y)}],
[because one is contained into another]

= min[λD((x∗ z)∗ (y∗ z)),λD(y)].

This completes the proof. �
We now proof the Theorem 20 and Theorem 21

by the following example.

Example 7. Let X = {0,1,2,3} be a BCI-

algebra with the following Cayley table:

∗ 0 1 2 3

0 0 0 0 3

1 1 0 0 3

2 2 2 0 3

3 3 3 3 0

Let A = (μA,λA) be an Atanassov’s intuitionistic

fuzzy set of X defined by

X 0 1 2 3

μA 0 0.7 0.7 0.8
λA 1 0.3 0.3 0.2

Then A = (μA,λA) is a doubt Atanassov’s intuition-

istic fuzzy P-ideal of X .

Again, let B = (μB,λB) be an Atanassov’s intuition-

istic fuzzy set of X defined by

X 0 1 2 3

μB 0 0.4 0.4 0.5
λB 1 0.6 0.6 0.5
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Then B = (μB,λB) is a doubt Atanassov’s intuition-

istic fuzzy P-ideal of X .

We also assume that P = A∪B = (μP,λP), where

μP = μA∨μB and λP = λA∧λB and P is defined as:

X 0 1 2 3

μP 0 0.7 0.7 0.8
λP 1 0.3 0.3 0.2

Then P = (μP,λP) is a doubt Atanassov’s intuition-

istic fuzzy P-ideal of X .

Now let, Q = A ∩ B = (μQ,λQ) where μQ =
μA ∧μB and λQ = λA ∨λB.
Then Q is an Atanassov’s intuitionistic fuzzy set of

X which can be defined as:

X 0 1 2 3

μQ 0 0.4 0.4 0.5
λQ 1 0.6 0.6 0.5

Then it is clear that Q = (μQ,λQ) is a doubt

Atanassov’s intuitionistic fuzzy P-ideal of X .

5. Conclusions

Hope that this work will develop a deep impact on

the upcoming research works in this particular field

and at the same time, it will prove to be very help-

ful in the scholastic study of other concerned fields

to open up new horizons of interest, erudition and

innovations.
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